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1. Introduction and main results

An essentially free, ergodic, non-singular action G ~ (X, p) of a countable group G on
a standard probability space is said to be orbit equivalence (OE) superrigid if the group
G and its action on (X, u) can be entirely retrieved from the orbit equivalence relation
R(G ~ X)={(x,g8-x) | x € X, g € G}. Especially in the case where u is a G-invariant
probability measure, several OE-superrigidity theorems were proven in the context of
Popa’s deformation/rigidity theory; see, for example, [DIP19, Ioa08, Pop05, Pop06].

Beyond the probability measure-preserving setting, OE-superrigidity results are more
scarce; see, for example, [DV21, Ioald, PV08]. In all these cases, the group action G ~
(X, n) has one of the following Krieger types: IIj, Il or III; (see §2 for definitions).
There is a conceptual reason why it is harder to prove OE superrigidity for actions of
type IlI,, A € [0, 1). One typically proves OE superrigidity for G ~ (X, n) by showing
that every measurable 1-cocycle w : G x X — A with values in an arbitrary countable
group A is cohomologous to a group homomorphism é : G — A. When the measure p is
not G-invariant, the logarithm of the Radon-Nikodym derivative d(g~! - v)/dju provides
a l-cocycle w : G x X — R. In type III, with X € [0, 1), this 1-cocycle is ‘essentially’
similar to a 1-cocycle with values in a countable group. Therefore, cocycle superrigidity
tends to fail.

In this paper, we obtain the first OE-superrigidity results in type III, when A # 1.
In Theorem C, we prove OE superrigidity for the affine action of dense subgroups
G < SL(n,R) x R" on X = R". These actions can be of type III, for any A € (0, 1]. In
this result, OE superrigidity holds in its strongest possible form: for every essentially free,
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ergodic, non-singular action A ~ (Z, ¢) that is stably orbit equivalent to G ~ (X, u),
there exists an injective group homomorphism § : G — A such that A ~ (Z,¢) is
isomorphic to the induction of G ~ (X, w) along §.

In Theorem C, we also prove that this strongest form of OE superrigidity can basically
never hold for actions of type Illp. In type Iy, it is necessary to further reduce the
other action A ~ (Z, ¢): after writing A ~ Z as an induction of Ag ~ Zp, we need
to take a quotient Ag/ X ~ Zp/ X by a normal subgroup ¥ whose action on Zy admits a
fundamental domain, before arriving at an action that is conjugate with G ~ (X, w).

This leads to a second, slightly weaker version of OE superrigidity that we denote,
without too much inspiration, as OE superrigidity (v2). In Theorem A and Corollary B,
we then prove that natural skew product actions of dense subgroups of SL(n, R) are OE
superrigid (v2), of type Illp, with any prescribed associated flow.

Before stating our main results, we make this terminology more precise. Note that the
concepts of (stable) orbit equivalence, induced actions, conjugate actions, etc., are recalled
in §2.

Beyond the probability measure-preserving setting, one cannot distinguish between
orbit equivalence and stable orbit equivalence. Therefore, induced actions will appear in
any OE-superrigidity statement. We thus formally define the following property for a free,
ergodic, non-singular action G ~ (X, p).

o OE superrigidity (vl) of G ~ (X, n): any free, ergodic, non-singular action that is
stably orbit equivalent to G ~ (X, p) is conjugate to an induction of G ~ (X, u).

As we prove in Theorem C, this (v1) of OE superrigidity can basically never hold for
actions of type IIlp, but does hold for several actions of type III, with A € (0, 1]. For
actions of type Illy, unavoidably the following extra freedom is needed, accommodating
the canonical stable orbit equivalences that come with induction and with quotients by
normal subgroups whose action admits a fundamental domain.

o OE superrigidity (v2) of G ~ (X, n): if a free, ergodic, non-singular action A ~
(Z, ¢) is stably orbit equivalent to G ~ (X, ), there exist subgroups £ < Ag < A
and a non-negligible Zy C Z such that A ~ Z is induced from Ag ~ Zp, ¥ <1 Ay
is normal, the action ¥ ~ Zy admits a fundamental domain and G ~ (X, u) is
conjugate with Ao/ X ~ Zo/X.

To obtain technically less involved statements, one may restrict to simple actions: in
Definition 4.1, we say that a free, ergodic, non-singular action G ~ (X, u) is simple if the
action is not induced and if G has no non-trivial normal subgroups whose action on (X, )
admits a fundamental domain. Then both versions of OE superrigidity for a simple action
G ~ (X, n) immediately imply that any stably orbit equivalent simple action must be
conjugate to G ~ X, bringing us back to a statement that looks similar to the probability
measure-preserving setting.

We use the following skew product construction to obtain OE-superrigid actions of
type IIlp. Given any non-singular ergodic action G ~ (X, u) of type III;, with logarithm
of the Radon—Nikodym cocycle denoted by @ : G x X — R, and given any ergodic flow
R ~* (Y, n), we consider

CAXxY,uxn):g:-(x,y)=(8 X, tygx) (V). (L1)
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We prove in Proposition 3.4 that this action is ergodic and that its associated flow is given
by the adjoint flow @, a new concept that we introduce in Definition 3.2. Since the adjoint
operation is involutive, meaning that the adjoint of @ is isomorphic to «, the skew product
construction (1.1) provides a streamlined way of defining group actions with a prescribed
associated flow.

The main result of this paper is the following OE-superrigidity theorem for actions of
type Illp.

THEOREM A. Let G ~ (X, ) be afree, ergodic, non-singular action of type III,. Assume
that G is finitely generated and has trivial center. Assume that the Maharam extension
of G ~ (X, n) is simple and cocycle superrigid with countable targets. Denote by  :
G x X — R the logarithm of the Radon—Nikodym cocycle.

For any ergodic flow R ~* (Y, n), the action G ~ (X X Y, u X n) defined in (1.1) is
OE superrigid (v2) and has associated flow Q.

We provide a more precise version of Theorem A as Corollary 5.6 below. In this more
precise version, the possible group actions Ag ~ Zy with normal subgroup ¥ <1 Ag that
appear in the definition of OE superrigidity (v2) are explicitly described.

As we explain in Example 5.7 and Theorem 5.8, there are many concrete type III;
actions G ~ (X, ) satisfying the assumptions of Theorem A. In particular, we obtain the
following result.

Recall that given a commutative ring A and an integer n > 2, the group E (n, A) is the
subgroup of SL(n, .A) generated by the elementary matrices having 1s on the diagonal and
an element of A as an off-diagonal entry. For several rings, including Z[S~'] where S is
a finite set of prime numbers and the ring of integers Ok of an algebraic number field, we
have that E(n, A) = SL(n, A) (see Example 6.8 for references and more examples).

COROLLARY B. Let n > 3 be an odd integer and let A C R be a subring containing an
algebraic number that does not belong to 7.. Assume that A is finitely generated as a ring.
For every ergodic flow R ~* (Y, n), consider the action

Bn, A, @) : E(n, A) ~n(R" xY)/R:A-(x,y) = (Ax, y)
where R A~ R" x Y i1+ (x,y) = (¢""x,1-y).

(1)  The actions B(n, A, o) are essentially free, ergodic, simple and OE superrigid (v2),
with associated flow @.

(2) The actions B(n, A, @) and B(n', A', a') are stably orbit equivalent if and only if
n=n', A= A and a is isomorphic to o’.

We prove Corollary B as Corollary 6.7 below, in which we also describe the outer
automorphism group Out(R(n, A, o)) of the orbit equivalence relations R(n, A, a) of
the actions S8(n, A, o) appearing in Corollary B. In Remark 6.9, we also show that the
family of group actions B(n, A, @) in Corollary B is large and complex in a descriptive
set-theoretic sense of the word.

As mentioned above, OE superrigidity (v1) is impossible for actions of type IIlj, but
does happen for actions of type III, when A € (0, 1]. The precise result goes as follows
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and provides the first examples of OE superrigidity (v1) for actions of type III; with
A € (0, 1). Examples of type III; were given before; see, for example, [PV08, Theorem 5.8]
and [DV21, Proposition 3.3], as well as Corollary 4.7 below.

THEOREM C

(1) Let n >3 be an integer, p a prime number and 0 < A < 1. Consider the ring
A=7Z[x 27", p~1. Define the subgroup T < GL(n, A) of matrices A with
det A € A%. Then the action of T x A" on R" by (A, a) - x = A(a + x) is essentially
free, ergodic, simple, of type III,. It is OF superrigid (vI).

(2) Let G ~ (X, ) be any essentially free, ergodic, simple, type Illy action. Then
G ~ (X, u) is not OF superrigid (vI).

We prove Theorem C at the end of §4.

For every free, ergodic, non-singular action G ~ (X, ) of a countable group G,
the crossed product M = L°°(X) x G is a factor. A group action G ~ (X, ) is called
W*-superrigid if G ~ (X, n) can be entirely recovered from this group measure space
construction L*>°(X) x G. This is a strictly stronger property than OE superrigidity, and
both properties coincide if one can prove that M has a unique (group measure space)
Cartan subalgebra; see, for example, [PV09]. When dealing with actions that are not
measure-preserving, and especially with actions of type IIlp, the same nuances as with OE
superrigidity appear and we get the natural definitions of W*-superrigidity (v1) and (v2).

For none of the concrete actions in Corollary B and Theorem C is it known whether
the crossed product has a unique (group measure space) Cartan subalgebra, up to unitary
conjugacy. Nevertheless, repeating the construction of [Vael3, Proposition D], we obtain
ad hoc examples of group actions that are W*-superrigid (v2), of type IIly, with a
prescribed associated flow. We explain this in Remark 6.10.

2. Preliminaries

Recall that an action of a countable group G on a standard probability space (X, u) is
called non-singular if it preserves Borel sets of measure zero. We write (g - w)(Uf) =
w(g~!-U) and consider the Radon-Nikodym derivatives d(g - n)/du, which are well
defined almost everywhere. Given a non-singular action G ~ (X, ) of a countable group
G on a standard probability space (X, i), we consider the associated Maharam extension

GAXxR:g-(x,5) =(g-x,w(g,x)+s), 2.1)

where (g, x) = log(d(g~" - w)/dw)(x) is the logarithm of the Radon—Nikodym
1-cocycle. We may and always will assume that w is a strict 1-cocycle, meaning that
the cocycle identity holds everywhere. We equip X x R with the G-invariant o -finite
measure du(x) x e ds. One considers the measure-scaling action

RAXxR:t-(x,s)=(x,t+5s), (2.2)

which commutes with the Maharam extension G ~ X x R. Denote by (Y, n) the space
of ergodic components of G ~ X x R, together with the non-singular factor map
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m: X x R — Y. Since the actions of G and R on X x R commute, there is an essentially
unique non-singular action R ~ (Y, n) such that for all € R, we have that 7 (¢ - (x, 5)) =
t-mw(x,s) for almost every (a.e.) (x,s) € X x R. The action R ~ (Y, n) is Krieger’s
associated flow of the action G ~ (X, ).

By [Zim84, Proposition B.5], after discarding from (X, ) a G-invariant Borel null
set, we may assume that the factor map w : X x R — Y is strictly G-invariant and
R-equivariant, that is, (g - (x,s)) = w(x,s) and w(x,s +¢) =1t -w(x,s) forall g € G,
teRand (x, s) € X x R. Writing ¥ (x) = 7 (x, 0), we have found a Borelmap ¢ : X - Y
satisfying

m(x,s)=s-¥(x) and Y(g-x) = (—w(g, X)) ¥x) (2.3)

forallx e X,s eR, g € G.

Let G ~ (X, ) be an essentially free, ergodic, non-singular action of a countable
group G on a non-atomic standard probability space (X, ). Recall that the fype of this
action is defined as follows: if there exists a G-invariant probability measure v ~ p, the
action is of type IIj; if there exists a G-invariant infinite measure v ~ u, the action is
of type Il; in all other cases, the action is of type III. Also recall that G ~ (X, u) is
of type IIj or Il if and only if the associated flow is isomorphic to the translation action
R ~ R. When the associated flow is not the translation action, there are three possibilities:
if Y is reduced to one point, the action is said to be of type IIl;; if the associated flow is
isomorphic to the periodic flow R ~ R/Z log A with 0 < A < 1, the action is said to be
of type IlI, ; finally, when the associated flow is properly ergodic, the action is said to be
of type Ilp.

Two non-singular actions G ~ (X, u) and A ~ (Z, ¢) are said to be conjugate if
there exist an isomorphism of groups § : G — A and a non-singular isomorphism A :
(X, ) = (Z,¢) such that A(g-x) =46(g)- A(x) for all g € G and ae. x € X. Two
non-singular actions G ~ (X, u) and G ~ (Z, ¢) of the same group G are said to be
isomorphic if there exists a non-singular isomorphism A : (X, u) — (Z, ¢) such that
A(g-x)=g -Ax)forallg € Gandae.x € X.

Two essentially free, ergodic, non-singular actions G ~ (X, u) and A ~ (Z, ¢) are
called stably orbit equivalent if there exist non-negligible Borel sets / C X,V C Z and
a non-singular isomorphism A : &/ — V suchthat AU NG -x) =V N A - A(x) for a.e.
x € U. The actions are called orbit equivalent if we may choose { = X and V = Z. When
the actions are both of type Il or type III, stable orbit equivalence is the same as orbit
equivalence. Recall that the associated flow is invariant under stable orbit equivalence.

We say that a non-singular action G ~ (X, u) is induced if there exist a proper
subgroup Go < G and a Gy-invariant Borel set Xo C X such that the sets (g - X0)g¢eG/G,
are disjoint and u(X \ G - Xo) = 0. We then say that G ~ X is induced from Go ~ Xp.
Given any non-singular action Go ~ (Xo, po) and a larger countable group G contain-
ing Gy, there is, up to isomorphism, a unique non-singular action G ~ X that is induced
from Go ~ X(. Note that by construction, if G ~ X is induced from Gy ~ Xy, then
G ~ X and Go ~ X are stably orbit equivalent. For later reference, we record the
following lemma.
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LEMMA 2.1. An ergodic non-singular action G ~ (X, ) is not induced if and only if for
every action G ~ I of G on a countable set I, every G-equivariant Borel map X — 1 is
constant almost everywhere.

Proof. If G ~ (X, ) is not induced, G ~ I and ¢ : X — [ is G-equivariant, we can
take ip € I such that Xg = {x € X | ¢(x) = ip} is non-negligible. Defining Gy = {g €
G | g -ip = i}, it follows that X¢ is Go-invariant and that (g - Xo)geG/G, 15 a partition
of X, up to measure zero. Since G ~ X is not induced, it follows that Gy = G and that
Xo = X, up to measure zero. This means that ¢ is essentially constant.

If G ~X is induced from Gg ~ Xo, the map x — gGo for x € g- Xp is a
G-equivariant map X — G/Gy that is not essentially constant. O

An essentially free, non-singular action ¥ ~ (X, ) is said to admit a fundamental
domain if there exists a Borel set &/ C X such that all g -U, g € ¥, are disjoint and
w(X \ ¥ -U) = 0. In that case, the quotient X/ X is a well-defined standard measure space
and identified with (U4, w).

3. Adjoint flows and type Illy actions with prescribed associated flow
We say that a flow R ~ (Z, ¢) scales the o-finite measure ¢ if t - ¢ = ¢’ ¢ forallt € R.

PROPOSITION 3.1. Let R ~ (Y, n) be an ergodic flow. Up to isomorphism, there is a
unique non-singular ergodic action R* ~ (Z, ¢) of R? on a standard, o -finite measure
space (Z, ¢) such that the actions of both R x {0} and {0} x R scale the measure ¢ and
such that R ~ Z/({0} x R) is isomorphicto R ~ Y.

Proof. Denote by w : R x Y — R the logarithm of the Radon—Nikodym cocycle. Define
the measure y on R by dy () = e~ dt. Define (Z, ) = (Y x R, n x y) and define the
action

R~ (Z,8): (t,r)- (v, 8) = (t -y, 0(t, y) +1+7+5).

Both the actions by (¢,0) and by (0,r) scale the measure ¢. By construction,
Z/{0} xR)=7Y.

Now assume that R?> ~ (Z’, ¢’) is a non-singular ergodic action such that the actions
of both R x {0} and {0} x R scale the measure ¢’ and such that R ~ Z'/({0} x R) is
isomorphic to R » Y. We prove that R ~ (Z',¢') is isomorphic to R? ~ (Z, 7).

Since the action of {0} x R scales the measure ¢’ and R ~ Z’/({0} x R) is isomorphic
toR ~ Y, we find a o -finite measure ' ~ 1 on Y and a measure-preserving isomorphism
A (Y xR, 1 xy)— (Z,¢) such that for all (, r) € R?,

Alt-y, ¢, y)+r+s)=(t,r) A(y,s) forae.(y,s) €Y xR,
where ¢ : R x ¥ — Ris a 1-cocycle. Precomposing A with the measure-preserving map

Y xR uxy)—> ¥ xR u xy):(y,s)— (y,logdu' /dn)(y) + s)
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and replacing ¢ by a cohomologous 1-cocycle, we may assume that u' = w. Expressing
that the action of R x {0} scales the measure p x y gives us that (¢, y) = w(¢, y) +¢.
So we have found the required isomorphism. O

Given the uniqueness of R?> ~ (Z,¢) in Proposition 3.1, we get the following
well-defined notion of an adjoint flow and we automatically have that this adjoint is
an involutive operation: the adjoint of @ is isomorphic to «.

Definition 3.2. Given an ergodic flow R % (Y, ), the adjoint flow R AY (?,ﬁ) is
defined as the ergodic flow R ~ Z/(R x {0}), where R?> ~ Z is the unique action given
by Proposition 3.1.

Note that we can also define the adjoint flow @ more concretely. Denoting by w : R x
Y — R the logarithm of the Radon—-Nikodym cocycle of an ergodic flow R ~* Y, we
consider the quotient (¥ x R)/R, where R is actingby ¢ - (y,s) = (£ -y, t + w(t, y) + ).
On this quotient, we let R act by translation in the second variable. This is the adjoint
flow @.

From this concrete description, it immediately follows that « = & whenever the flow
o admits a finite or o-finite equivalent R-invariant measure. In general, o need not be
isomorphic to @, as the following example shows.

Example 3.3. Let R ~* (Y, n) be the ergodic flow given as the induction of an ergodic,
type III; action Z ~*° (Y, no). We prove that the adjoint flow & is not isomorphic to «.

Recall that the induced flow « is defined as follows. Consider the action R x Z ~
RxYy:(t,n)-(s,y)=—n+s,n-y). Then o is defined as the action of R on
(R x Yy)/({0} x Z). To determine the adjoint flow @, denote by w : Z x Yy — R the
logarithm of the Radon—-Nikodym cocycle for . Denote by A the Lebesgue measure on
R and define the measure y such that (dy /d1)(t) = e~'. Then consider the action

RxZxRARXxYyxR,Axnoxy):(t,nr) (s,y,5)
=(t—n+s,n-y,t+omy)+r+s).

The action of {0} x Z x {0} is measure-preserving. The actions of R x {(0, 0)} and
{(0,0)} x R are measure-scaling. By construction, « is given by R ~ (R x Yy x R)/
({0} x Z x R). We conclude that the adjoint flow @ is given by R ~ (R x ¥y x R)/
(R x Z x {0}).

By construction, the flow o comes with an R-equivariant map ¥ — R/Z. We prove that
such an R-equivariant map does not exist for the adjoint flow @. Assuming the contrary, we
findamap6 : R x Yy x R — R/Z that is invariant for the action of R x Z x {0} and that
is equivariant for the action of {(0, 0)} x R. By the invariance under R x {(0, 0)} and the
equivariance under {(0, 0)} x R, the map # must be of the form 0(s, y,s’) = —s +s' +
¢(y) where ¢ : Yo — R/Z. The invariance under {0} x Z x {0} then says that

wm,y)+en-y)=¢(y) foralln € Zandae.y €Y.

This means that the map Yo x R — R/Z : (y, s) — s 4+ ¢(y) is invariant under the action
Z~YyxR:n-(y,s) =(m-y, o, y)+s). This action is ergodic because Z ~ Yy is
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assumed to be of type III;. So the map (y, s) — s + ¢(y) is essentially constant, which is
absurd. So we have proven that & is not isomorphic to «.

PROPOSITION 3.4. Let G ~ (X, t) be a non-singular ergodic action of type Ill;, with
logarithm of the Radon—Nikodym cocycle w : G x X — R. Let R ~* (Y, n) be any
ergodic flow. Then the action

GAXxY,uxn:g-(x,y)=(g X, dyx)(V) (3.1

is ergodic and has associated flow Q.

Proof. Let R ~ (Z, ¢) be the unique action given by Proposition 3.1, associated with
the ergodic flow R ~ (Y, ). Consider the action

GXRAXXZ,uxt):(g,r) (x,2)=(g-x, (w(g,x),r)-2). (3.2)

The action of {e} x R scales the measure, while the action of G x {0} is measure-
preserving. By definition, the action of G on (X x Z)/({e} x R) is isomorphic to
G ~ X x Y. It thus follows that the action in (3.2) is the Maharam extension of
G ~ X x Y together with its measure-scaling action of R.

By the uniqueness of R?> ~ (Z, ¢), we may as well identify (Z, ¢) = (R x Y, Yy X7)
with

(t,r)-(s,@:(t+r+;/3\(r,')7)+s,r~A),

where E: R x Y — R is the logarithm of the Radon-Nikodym cocycle for the adjoint
flow R ~* Y. Then the action in (3.2) becomes

GXRAXXxRxY,uxyxm:(gr) - (s
=(g-x,0(g x)+BEr V) +r+sr-.

Since G ~ (X, ) is ergodic and of type III;, the Maharam extension G ~ X x R is
ergodic. It follows that the G-invariant functions on X x R x Y are the functions that only
depend on the Y-variable. Since R ~ Y is ergodic, we conclude that the action in (3.2) is
ergodic. We have proven that the action in (3.1) is ergodic and that its associated flow is
identified with @ : R ~ Y. O

4. Versions of OF superrigidity in the type IlI setting

Definition 4.1. We say that a free, ergodic, non-singular action G ~ (X, ) of a countable
group G is simple if the action is not induced and if there are no non-trivial normal
subgroups ¥ <1 G for which ¥ ~ (X, n) admits a fundamental domain.

The motivation for this ad hoc notion of simplicity is the following. When G ~ (X, u)
is induced from Gy ~ X, we have a canonical stable orbit equivalence between G ~ X
and Gop ~ Xo. When ¥ < G is a normal subgroup such that ¥ ~ (X, ) admits a
fundamental domain, we have a canonical stable orbit equivalence between G ~ X and
G/¥ ~ X/Z.Sowhen G ~ (X, ) is not simple, there always is a certain absence of OE
superrigidity and describing all stably orbit equivalent actions is necessarily cumbersome.
For this reason, we mainly restrict ourselves to simple actions in this paper.

https://doi.org/10.1017/etds.2022.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.112

Orbit equivalence superrigidity for type Il actions 4201

Recall that a non-singular action G ~ (X, ) of a countable group G on a standard
probability space (X, n) is called cocycle superrigid with countable target groups if
every l-cocycle 2 : G x X — A with values in a countable group A is cohomologous
to a group homomorphism 6 : G — A, viewed as a 1-cocycle that is independent of the
X-variable.

Recall from the introduction the two versions (v1) and (v2) of OE superrigidity. For
simple actions, version (vl) of OE superrigidity turns out to be equivalent to cocycle
superrigidity with countable targets.

PROPOSITION 4.2. Let G ~ (X, ) be any free, ergodic, non-singular, simple action.
Then G ~ (X, n) satisfies OF superrigidity (vl) if and only if G ~ (X, u) is cocycle
superrigid with countable targets.

Proof. The implication from cocycle superrigidity to OE superrigidity was first proven, in
a probability measure-preserving setting, in [Zim84, Proposition 4.2.11]. The version that
we need is literally proven in [DV21, Lemma 2.4].

Conversely, assume that Q2 : G x X — A is a l-cocycle with values in a countable
group A. Consider the free, non-singular, ergodic action

GXANXXxA:(ga) (x,b) =(g-x,§2(g,x)ba_1).

By construction, this action is stably orbit equivalent to G ~ X. Assume that this action is
conjugate to an induction of G ~ X. We have to prove that €2 is cohomologous to a group
homomorphism.

Take an injective group homomorphism é : G — G x A : 8(g) = (81(g), 62(g)) and a
measure space isomorphism A : X — Z C X x Asuchthat G x A ~ X x A isinduced
from §(G) ~ Z and A is a conjugacy with respect to 8.

Since the action of A on X x A admits a fundamental domain, the same is true
for the action Ker §; ~ X. Since G ~ X is simple, we find that §; is faithful. Since
8(G) C 61(G) x A and since G x A ~ X x A is induced from §(G) ~ Z, we find a
fortiori that G x A ~ X x A is induced from 61(G) x A ~ Z; with Zy C Z;. Since
Z1 is A-invariant, we find that Z; = X¢ x A and conclude that G ~ X is induced
from 8;(G) ~ Xp. Since G ~ X is simple, we conclude that 61(G) = G. So §; is an
automorphism of the group G.

Define the group homomorphism y:G — A:y =680 51_1. We have 4(g) =
(61(g), ¥ (81(g))) and the map

¥ (G x N)/8(G) > A: (g, )3(G) = y (k™!

is a bijection satisfying ¥ ((g,a) i) = y(@)y@)a=" for all (g,a) € G x A and
i €(GxAN/5G).

Since G x A ~ X x A is induced from §(G) ~ Z, we find a (G x A)-equivariant
map from X x A to (G x A)/6(G). We denote by 6 its composition with . By
A-equivariance, we get that 6(x,a) = 6p(x)a, where 6y : X — A is a Borel map.
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Expressing the G-equivariance gives us that

Q(g, x) =0o(g-x) " y(g) bo(x),

so that €2 is cohomologous to a group homomorphism. O

As an essential ingredient to prove the first part of Theorem C, as well as to prove
Corollary B, we need to establish cocycle superrigidity for linear and for affine actions
on R”. We first recall the notion of essential cocycle superrigidity introduced in [DV21,
Definition B]. We only formulate the version for connected Lie groups, which is the one
that we need in this paper.

Definition 4.3. [DV21, Definition B] A countable dense subgroup I' < G of a connected
Lie group G, with universal cover 7 : G — G and T = 7~ 1(I"), is said to be essentially
cocycle superrigid with countable targets if for every 1-cocycle w : I' x G — A of the
translation action I' ~ G with values in a countable group A, the lifted 1-cocycle @ :
I'xG—>A:d=wo (m x m) is cohomologous to a group homomorphism § : I > A.

In [DV21, Propositions 4.1 and 4.2], it was proven that for every integer n > 3,
non-empty set of prime numbers S and real algebraic number field Q & K C R with
ring of integers Ok, the dense subgroups SL(n, Z[S~!]) and SL(n, Ok) of SL(n, R) are
essentially cocycle superrigid with countable targets. We prove the same result for a much
larger family of dense subgroups of SL(n, R) and also for their corresponding subgroups
of SL(n, R) x R".

For every integer n > 2 and commutative ring A, we denote by SL(n, A) and GL(n, A)
the groups of n x n matrices with entries in A and determinant 1, belonging to A*.
Whenever 1 <i,j <n with i # j and a € A, we denote by e;;(a) € SL(n, A) the
elementary matrix with 1s on the diagonal, a in position ij and Os elsewhere. We denote
by E(n, A) C SL(n, A) the subgroup generated by the elementary matrices. By Suslin’s
theorem (see [HOMS89, Theorem 1.2.13]), for all n > 3, E(n, A) is a normal subgroup of
GL(n, A). For several rings A, it is known that E (n, A) = SL(n, A) (see Example 6.8 for
references).

THEOREM 4.4. Let A C R be any countable subring containing an algebraic number that

does not belong to Z. Let n > 3 and let E(n, A) <" < SL(n, A) be any intermediate

subgroup.

(1)  The dense subgroup I' < SL(n, R) is essentially cocycle superrigid with countable
targets.

(2) Thedense subgroup ' x A" < SL(n, R) x R" is essentially cocycle superrigid with
countable targets.

Before proving Theorem 4.4, we need two elementary lemmas, which are essentially
contained in [Ioal4, Lemma 5.1].

LEMMA 4.5. Let G be a connected locally compact second countable group and letT" < G
be a countable dense subgroup. Then the translation action I' ~ G is ergodic and not
induced.
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Proof. Let To <I" be a subgroup and 7w : G — I'/Tp a Borel map such that
w(gh) = gm(h) for all g €T" and a.e. h € G. We have to prove that  is essentially
constant. Since I'/T'g is countable, the set U = {(h, k) € G x G | w(h) = w(k)} is
non-negligible.

Since w(gh) = gm(h) when g € I', the set I/ is essentially invariant under the diagonal
translation action I' ~ G x G. By continuity, {/ is essentially invariant under the diagonal
translation action of G. We thus find a non-negligible Borel set ¥V C G such that, up to
measure zero, Y = {(h, hk) | h € G,k € V}.

Define Gg = {k € G | w(h) = w(hk) for a.e. h € G}. Since V is non-negligible, Gy is
also non-negligible. By definition, G is a subgroup of G. So G must be an open subgroup
of G. Since G is connected, we conclude that Go = G. This means that 7 is essentially
constant. O

The following lemma is also essentially contained in [Ioal4, Lemma 5.1] and allows us
to extend cocycle superrigidity from a subgroup I'y < T to its normalizer N1 (T'p). Such a
result goes back to [Pop05, Proposition 3.6].

LEMMA 4.6. Let I' ~ (X, n) be a free, ergodic, non-singular action and let Q : T" x
X — A be a 1-cocycle with values in a countable group A. Let I'g < T" be a subgroup
and let (Xy, wy)ye(r,y be the ergodic decomposition of the action I'o ~ (X, ), with
corresponding factor map 7 : (X, u) — (Y, n). Assume that for n-a.e. y € Y, the action
Lo ~ (Xy, py) is not induced.

If for every h € Ty, the function x — 2 (h, x) factors through w, then x — (g, x)
factors through 7 for every g € Nr(I'g).
Proof. Fix g € Nr(I'g) and denote by o : I'g — I’y the automorphism a(h) = ghg_l.
Since for every i € ', the function x +— Q (h, x) factors through 7, we find a measurable
family (8y)yey of group homomorphisms 8y, : I'go — A such that Q(h, x) = 8z (x)(h) for
all h € I'p and a.e. x € X. Applying the 1-cocycle relation to gh = a(h)g gives us that
Q(g, h-x) 8r)(h) = Sr(gx)(a(h)) R2(g, x) forae. x € X.

For every g € N1 (I'g), the map x — (g - x) is ['g-invariant. We can thus define the
non-singular action N (I'g) ~ (Y, 1) such that w(g - x) = g - w(x) for all g € Nr(Ip)
and a.e. x € X. We conclude that for a.e. y € Y, we have

Q(g, h-x) = 8g.y(a(h)) (g, x) 8, ()~ for py-ae. x € X,. (4.1)

The action I'g ~ (Xy, uy) is ergodic and not induced. Also (4.1) is saying that the
map X, — A :x > Q(g, x) is I'g-equivariant, where I'g is acting on A by h-A =
8g.y(a(h)) A éy(h)_l. By Lemma 2.1, the map x — (g, x) is essentially constant on
(Xy, wy). Since this holds for a.e. y € Y, we have proven that x — €2(g, x) factors
through . O

Note that Lemma 4.5 also implies the following result, which we will use in combination
with Lemma 4.6: if G is a locally compact second countable group and I' < G is a
countable subgroup whose closure H = T is connected, then the map 7 : G — H\G :
m(g) = Hg realizes the ergodic decomposition of the translation action I' ~ G and, for
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every Hg € H\G, the action of I" on 7~ !(Hg) is isomorphic to the translation action
I' ~ H and thus not induced by Lemma 4.5.

Proof of Theorem 4.4. By our assumption, the ring A contains a rational number
q € Q\ Z or an irrational algebraic number «. In the first case, by taking a multiple of g,
we find a prime p and a positive integer N € N \ {0} with p { N such that Np~! € A. Since
p 1N, we can take integers a, b € Z such that aN + bp = 1, so that p~! =aNp~! 4+ b.
We conclude that p_l € A and denote Ay = 7Z[ p“]. In the second case, we define the
algebraic number field K = Q(«). Let d > 2 be the degree of the minimal polynomial
of a. The ring Ok of integers of K is a finitely generated Z-module that is contained in K,
which has {1, «, . . ., ad_l} as a Q-vector space basis. We can thus take a positive integer
N € N\ {0} such that NOg C Z[a] C A. We denote Ay = Z + NOg.

We start by proving that E(n, Ag) < SL(n, R) is essentially cocycle superrigid with
countable targets. When Ay = Z[p_l], we know by [HOMS89, Theorem 4.3.9] that
En, Ag) = SL(n, Ag) and we know from [DV21, Proposition 4.1] that SL(n, Ap) <
SL(n, R) is essentially cocycle superrigid with countable targets.

Next consider the case where Ay = Z + NOkg. The ring A; = Ok /(NOk) is finite
and the kernel of the canonical homomorphism SL(n, Og) — SL(n, A;) is contained in
SL(n, Ag). Thus, SL(n, Ag) < SL(n, Ok) has finite index. Using the real and complex
embeddings of K, the group SL(n, Ok) is an irreducible lattice in a product of copies
of SL(n,R) and SL(n, C); see, for example, [PR94, Theorems 5.7 and 7.12]. The
groups SL(n, R) and SL(n, C) both have property (T); see, for example, [BHVO0S,
Theorem 1.4.15]. Then the finite-index subgroup SL(n, Ag) of SL(n, Ok) is also such an
irreducible lattice. In particular, SL(n, Ag) satisfies Margulis’s normal subgroup theorem.
Since E (n, Ap) is an infinite normal subgroup of SL(n, Ap), we conclude that E (n, Ay) <
SL(n, Ag) has finite index. So E(n, Ap) is also an irreducible lattice in a product of
copies of SL(n, R) and SL(n, C). By part 2 of [DV21, Theorem C] (and this is essentially
[Ioal4, Theorem B]), we get that E(n, Ag) < SL(n, R) is essentially cocycle superrigid
with countable targets.

We also need the following observation: given a countable dense subgroup I' of
a connected Lie group G with universal cover m : G — G, the subgroup I' < G is
essentially cocycle superrigid with countable targets if and only if the translation action
of the dense subgroup I'=7"YT) on G is cocycle superrigid with countable targets.
One implication is obvious. So assume that I' < G is essentially cocycle superrigid with
countable targets and that  : I'xG—> Aisa 1-cocycle with values in a countable
group A. Since the action of Ker 7 on G admits a fundamental domain, w is cohomologous
with a I-cocycle w; satisfying w1(g, x) = eforall g € Kerw and a.e. x € G. This means
that w1 (g, x) = w2 (w(g), m(x)) for all g € [ and ae. x € 5, where wy : I' x G — A is
a l-cocycle. By our assumption, w1, and hence also w, is cohomologous with a group
homomorphism from T to A.

We then prove statement (1). Take E(n, A) < I' < SL(n, A). We write G = SL(n, R)
and denote by = : G — G its universal cover. Since n > 3, Ker 7 is a central subgroup
of order 2 in G. Define T' = 7' (). Let w : T x G — A be a l-cocycle, with lift @ :
T'x G — A. We have to prove that @ is cohomologous to a group homomorphism.
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Since we have proven that E(n, Ap) < G is essentially cocycle superrlgld it follows
from the observation above that @ is cohomologous with a 1-cocycle y : I' x G — A that
has the property that x — ¥ (g, x) is essentially constant for every g € 7~ (E(n, Ap)).

Write [n] = {1, ..., n}. For every k € [rn] and for every subring B C R, we define
the following subgroups of E(n, BB): the group Cx(B) = Bl generated by {ejx (D) | i €
[n]\ {k}, b € BY; the group R;(B) = B"~! generated by lej(D) | j € [n]\ {k}, b € B});
and the group Hy(B) = E(n — 1, B) generated by {e;; (b) | i, j € [n]\ {k},i # j, b € B}.
Note that Hy (83) normalizes both Cy(B) and Ry (B). If B C R is dense, Hy(B), Cr(B) and
Ry (B) are also dense in Hy(R), Cx(R) and Ry (R) respectively, and the latter are closed
subgroups of G.

Since R is simply connected, there is for all i # j a unique continuous group homo-
morphism 2‘,-]- :R — G such that n(@}j (t)) =e;j(t) for all t € R. When i, j € [n]\ {k}
and s, t € R, the image 7 ([€jx(7), €k (s)]) of the commutator equals the identity element.
Thus, [E}k(t),zjk(s)] € Ker w for all s,¢ € R. By connectedness of R2, we find that
¢ix(t) commutes with ¢ (s). There thus is a unique continuous group homomorphism
Ci(R) = G : ein(t) > @ (1), . .

For every k € [n] and subring B C R, we denote by Cy (B) the subgroup of G generated
by {€ix(b) | i € [n]\ {k}, b € B}. Note that Ck(R) is a connected closed subgroup of G
andthat 7 : C r(R) = Ci(R) is an isomorphism. We also have that Ck (R) is the connected
component of the 1dent1ty in 7 =1 (Cx(R)) and that Ci (B) = Cy ®R) Nz~ N (Cr(B)).

Define Ck G — Ck(R)\G ck(x) = Ck(R)x Since Ck(.A) commutes with @(Ao)
and since Ck (Ap) is dense in Ck (R), it follows from Lemmas 4.5 and 4.6 that for every
g€ Ck(.A) the map x — y (g, x) factors through cy.

Take g € 7~ ' (H; (A)Ci(A)). Since g normalizes 7~ (Cx (R)), the element g also nor-
malizes its connected component of the identity Ck (R). Since g normalizes 7~ (Cx(A))
as well, it follows that g normalizes Ci(A). Another application of Lemmas 4.5 and 4.6
then says that the map x +— y (g, x) factors through cy.

Fix i #j and fix g € 7 '(e; ;(A)). In the following paragraphs, we prove that
x — y(g, x) is essentially constant.

We have proven that the map x — y (g, x) factors through ¢ for all k # i. This means
that forall b # i,a # b andt € R, we have y (g, €,,(t)x) = y(g, x) fora.e. x € G. Since
we can reason analogously using the subgroups Rk, we also get for all @ # j, b # a and
t € Rthat y (g, eah(t)x) =vy(g,x)forae.x € G.

Define T = {h e G | y(g, hx) =y(g,x) forae. x € G }. Then T is a closed sub-
group of G.Define T = n(T). By the previous paragraph, e, (R) C T whena # b,a # j
orb #i. Whena = j and b = i, we choose ¢ € [n] \ {i, j} and note that for all # € R,

eac(t) ecp(1) eqe(—1) ecp(—1) = eyp(t),

so that again e, (R) C T. It follows that T = G. The closed subgroup T C G thus has
index at most 2, so that 7 C G is open. Since G is connected, it follows that 7 = G. This
means that x — y (g, x) is essentially constant.

We have thus proven that x — y(g,x) is essentially constant for every g €
7Y (E(n, A)). Since 7~ (E(n, A)) is a normal subgroup of T, a final application of
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Lemmas 4.5 and 4.6 implies that x — y (g, x) is essentially constant for every g € r.
This concludes the proof of statement (1).

To prove statement (2), we still write G = SL(n, R) with universal cover 7 : G — G.
Note that G x R” is the universal cover of G x R". Let o : TCx A" x (GxR"Y - A
be a 1-cocycle, with lift @ : (T x A" x (6 x R") — A.

By the same argument as at the beginning of this proof, E (n, Ag) x Ajj is an irreducible
lattice in a product of copies of SL(n, R) x R" and SL(n, C) x C". By [BHV08, Corollary
1.4.16], these groups have property (T). By part 2 of [DV21, Theorem C], it follows that the
dense subgroup E(n, Ag) x Aj of SL(n, R) x R" is essentially cocycle superrigid with
countable targets.

By the observation at the beginning of the proof, we thus find that @ is cohomol-
ogous with a 1-cocycle y such that x — y (g, x) is essentially constant for every g €

7 Y E®n, Ay)) x Aj- Denote by 6 : G x R" — G the natural quotient map. Since Aj is
dense in R” and since A" commutes with A?, it follows from Lemmas 4.5 and 4.6 that
x > y(a, x) factors through 6 for all a € A". Since A" is a normal subgroup of ' x A",
another application of Lemmas 4.5 and 4.6 implies that x — y (g, x) factors through 6 for
allg e T x A",

We thus find a Borel map y; : (T' x A") x G — A such that for all g € T x A"
and a.e. x € G X R", we have y (g, x) = y1(g, 0(x)). From now on, we denote by g
the elements of I' and we denote by a the elements of A”". The restriction of y; to
F'xGisa I-cocycle for the translation action I' ~ G. Above, we have proven that
this action is cocycle superrigid with countable target groups. Choose a Borel map ¢ :
G — Aanda group homomorphlsm §: T — A such that vi(g, y) = 0(gy)" 1 8(g) o(y)
for all g € T and ae. y € G. Replacing y with the cohomologous 1-cocycle (g, x) —

0O (gx)) y(g, x) @ ()", we may thus assume that y1(g, y) = é(g) forall g € T and
ae.ye€ G. We denote 8y(a) = y1(a, y) and note that §, : A" — A is a measurable family
of group homomorphisms. To conclude the proof of the theorem, we have to show that for
alla € A", the e map y —> dy(a) is essentially constant.

When g € T, we have that (g) € SL(n, A") so that n(g)(a) € A". The group law in
I' x A" can then be expressed by g a = 7(g)(a) g for all g € T', a € A". Applying the
1-cocycle relation for y, we conclude that

Sey(m(g)a) = 8(g) 8y(a) 8(g)~' forallgeT,ae A"andae. y € G. (4.2)

Fix i € [n]. Using the notation introduced above, denote by L;(A) the subgroup of T’
generated by H;(A) and R;(A). Similarly define L;(R). Then L;(A) is dense in L;(R)
and L;(R) consists of the matrices A € SL(n, R) satisfying A(e;) = e;, where ¢; is the
ith standard basis vector. Since the inclusion SL(n — 1, R) = H;(R) < SL(n, R) induces
a surjective homomorphism between the fundamental groups, we get that 7~ (L; (R)) is a
connected subgroup of G.

For every a € A, denote ¢;(a) = ae; € A". It follows from (4.2) that for all g €
7 (L;(A)), we have dgy(ei(a)) = 8(g) 8y(ei(a)) 8(g)~!. By Lemma 4.5, for every
fixed i € [n] and a € A, the map y — 8,(e;(a)) is invariant under left translation by
the connected group n_l(Li(R)), and thus of the form y — ;(n(y)_l(ei)) for some
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Borel map ¢ : R” — A. This means that we find measurable families (p; ;) ern of group
homomorphiims piz A — Asuchthaté,(e;(a)) = Pi x ()~ (er) (@) foralli € [n],a e A
andae.y € G.

Take i # j. We now apply (4.2) for g € T with m(g) =e;j(—1) and ¢;(a) € A". We
conclude that

Sey(ej(@)) 8gy(ei(@)™" = 8gy(ej(a) — ei(a)) = 8gy(m(g)ej(a))
=8(g) 8y(ej(@) 8(e) "

Since (g) " (e;) = ¢; and n(g)’l(ej) = ¢; + ej, we find that
—1 —1
Pz en+r (1))@ Piz(y)1(en (@ = 8(8) Pjr(y)-1(e;)(@) 8(8)

foralla € A and ae. y € G. Since n > 3, the map G— R"xR": Y (n(y)_l(ei),
Jr(y)_l (e;)) is a non-singular factor map. We thus conclude that

Pjutv(@) piu(@ ™" =8(g) pjy(a)8(g)~" foralla € Aandae. (u,v) € R" x R".
(4.3)

Denote by P the Polish group of Borel maps from R” to A, where two such maps are
identified if they are equal almost everywhere, where the topology is given by convergence
in measure and where the group law is defined pointwise. For every v € R"” and F € P,
define F, € P by Fy(u) = F(u + v). Then the map R” — P : v > F, is continuous.
Fix a € A and define F,G € P by F(u) = pj,(a) and G(u) = pi,u(a)’l. Then the
map R" — P : v+ F, G is continuous. By (4.3), this map takes values in the discrete
subgroup A < P of constant functions. Since R” is connected, it follows that v — F), is
essentially constant. That means that we find group homomorphisms p; : A — A such
that p; ,(a) = pj(a) forae. y e R".

We conclude that for all j € [#] and every a € A, the map y +— 8, (e;(a)) is essentially
constant. So y — &,(a) is also essentially constant for every a € A”. This concludes the
proof of the theorem. O

The first part of Theorem C can now be immediately deduced from Theorem 4.4.
We state and prove the following more general version.

COROLLARY 4.7. Let A C R be any countable subring containing an algebraic num-
ber that does not belong to 7. Let F C A* be a subgroup and n >3 an integer.
Define T' < GL(n, A) as the group of matrices with det A € F. Consider the action of
G=TxA"on X =R"by (A,a)-x = A(a + x).

The action G ~ X is essentially free, ergodic, non-singular, simple and cocycle
superrigid with countable targets. So the action is also OE superrigid (v1).

Denote by T the closure of {|a| | a € F} in R If T =R, the action is of type III;.
If T = A\, the action is of type III;,. If T = {1}, the action is of type .

Proof. Since A" is dense in R”, by Lemma 4.5, the action A" ~ R” is ergodic and
not induced. A fortiori, G ~ R”" is ergodic and not induced. Assume that X <1 G is a
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normal subgroup whose action on R” admits a fundamental domain. Write ¥y = ¥ N .A”".
Let (A,a) € . If A # 1, thenforall b € A",

(1,1 —A)b) =1, b)(A,a)(1,b) (A, a) ez

so that 3y # {0}. Since X is globally invariant under SL(n, A), the closure of X in R"
is a non-trivial closed subgroup of R” that is globally invariant under SL(%, R). So X
is dense in R”. It follows that X¢ ~ R" is ergodic, contradicting the assumption that
3o ~ R" admits a fundamental domain. So A = 1, and we have proven that ¥ C A".
If ¥ # {0}, we again find that X is dense in R”. So X is trivial, and we have proven that
G ~ R" is a simple action.

Write Gy = SL(n, A) x A". By Theorem 4.4, the dense subgroup G of SL(n, R) x
R”" is essentially cocycle superrigid with countable targets. By [DV21, Proposition 3.3],
the action Go ~ R" is cocycle superrigid with countable targets. As mentioned above,
this action is ergodic and not induced. Since Gy is a normal subgroup of G, it follows
from Lemma 4.6 that G ~ R" is also cocycle superrigid with countable targets. By
Proposition 4.2, the action is also OE superrigid (v1).

The Maharam extension of G ~ R" can be identified with the action G ~ R" x R
given by

(A,a) - (x,s) = (A(a +x), log | det A| +s).

Since the translation action A" ~ R” is ergodic, it follows that the G-invariant functions
on R" x R are precisely the functions on R that are invariant under translation by all
log | det A|, A € GL(n, A), det A € F. So these are the functions on R that are invariant
under translation by {log |a| | a € F}, so that the type of G ~ R" is as described in the
corollary. O

PROPOSITION 4.8. Let G ~ (X, 1) be a free, ergodic, non-singular action of type Ill.
If G ~ X is not induced, then G ~ X is not cocycle superrigid with countable targets.
If G ~ X is simple, then G ~ (X, ) is not OF superrigid (v1).

Proof. Let G ~ (X, ) be a free, ergodic, non-singular action of type IIIp. Assume that
every l-cocycle Q : G x X — Z is cohomologous to a group homomorphism. We prove
that G ~ X must be an induced action. By Proposition 4.2, this suffices to prove the
proposition.

Combining [Sch79, Theorem 2.7 and Remark 2.9] and [JS85, Theorem 2.1], we
find a free, ergodic, probability measure-preserving action Z ~ (Y, ) and a Borel map
7w : X — Y such that m,(u) ~n and (G - x) C Z - w(x) for a.e. x € X. Since all free,
ergodic, probability measure-preserving actions of Z are orbit equivalent, we may assume
that the action Z ~ (Y, n) is the profinite Z ~ Z,, viewed as the inverse limit of
7.~ 7)27, k € N.

Define the 1-cocycle Q: G x X — Z such that 7(g-x) = Q(g, x) - w(x) for all
g€ G and ae. x € X. By our assumption, we find a Borel map ¢ : X — Z and a
group homomorphism § : G — Z such that Q(g, x) = —¢(g - x) + 5(g) + ¢(x) for all
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g €G and ae. x € X. Define the Borel map 71 : X — Y : m1(x) = ¢(x) - m(x). By
construction, (g - x) = §(g) - w1 (x).

Note that 771 is not essentially constant, since otherwise 7 (x) takes values in a countable
set for a.e. x € X, contradicting m,(u) ~ n. We can then choose k € N large enough
such that, denoting by ¥ : Zo — 7 /27 the canonical quotient map, 6 = ¥ o 7 is not
essentially constant. Since 6(g - x) = §(g) + 6(x) forall g € G and a.e. x € X, it follows
that the action G ~ (X, ) is induced in a non-trivial way. O

Proof of Theorem C. This now follows immediately from Corollary 4.7 and
Proposition 4.8. O

5. Cocycle and OE superrigidity for actions of type Il
Let G ~ (X, ) be a non-singular action, with logarithm of the Radon-Nikodym
I-cocycle  : G x X — R. Consider the Maharam extension G ~ X x R, together with
the commuting measure-scaling action R »~ X x R (see (2.1) and (2.2)). Denote by
R ~ (Y, n) the associated flow. As explained at the start of §2, we have a strictly
G-invariant and R-equivariant Borel map 7 : X Xx R — Y and we define ¢ : X — Y
by (2.3).

Given a subgroup Ag < A, we denote by Cp(Ag) ={g € A | gh =hgforall h € Ag}
the centralizer of Ag inside A.

THEOREM 5.1. Let G ~ (X, u) be a non-singular action of a countable group G
on a standard probability space (X, ). Let w : G x X — R be the logarithm of the
Radon—Nikodym cocycle and let G ~ ()~(' , L) be the Maharam extension, with ergodic
decomposition ()ny, ﬁy)yey, associated flow R ~ (Y, n) and Borel map ¥ : X — Y as
in(2.3).

Let A be a countable group. Assume that G is finitely generated and that for n-a.e.
y €Y, the ergodic action G (i ys ly) is not induced and cocycle superrigid with
target A. Then for any 1-cocycle Q : G x X — A, there exist a group homomorphism
8 :G — A and a strict 1-cocycle y : R x Y — Cx(8(G)) such that Q2 is cohomologous
with the 1-cocycle

GxX— A:(gx) () y(-wlg, x), ¥(x)).

Proof. Define the 1l-cocycle €:(G xR)x X — A:Q((g, 1), (x,5) = (g, x).
First restrict $ to a 1-cocycle for the action G ~ X with ergodic decomp051t10n
given by = : X > Y. As explained in detail in [FMWO04], we may consider Q as
a measurable family (Qy)yey of lcocycles for the measurable family of actions
G (X ys iy). By assumption, n-a.e. Qy is cohomologous to a group homomorphism
8y : G — A.

By [FMW04, Corollary 3.11], we find a Borel family of group homomorphisms &y :
G — A, indexed by y € Y, and a Borel map ¢ : X — A such that for all g € G, we have
that

Q((g, 0), (x,9) = 9((g,0) - (x,5) " 8r(e)(g) @(x,5) for l-ae. (x,5) € X.
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Define the 1-cocycle ¥ : (G x R) x X — A by

W((g, 1), (x,5)) = p((g, 1) - (x,9) (g 1), (x,9)) p(x,5) 7.

By construction, W ~ Q as 1-cocycles for G x R ~ X and for all geG, V(g 0),
(%, 8)) = 8xx.)(g) for fi-ae. (x,s) € X. Define &i(x,s) =¥ ((e, 1), (x,5)). From the
1-cocycle relation for W applied to (g, 0)(e, t) = (g, t) = (e, t)(g, 0), it follows that for
allr e R, g € G, we have

G(g - (x,5) = 81 (&) G (X, 8) Srrs)(g) ™ for fi-ae. (x,s) € X. (5.1)

Fix t € R. Then (5.1) is saying that for n-a.e. y € Y, ¢ is a G-equivariant Borel map from
(fy, ﬁy) to the countable set A on which G is acting by g - A = 8,.,(g)Ad, (g)’l. Since
we assumed that for n-a.e. y € Y, the action G ~ ()? s /'Iy) is not induced, it follows that
for n-a.e. y € Y, the map ¢ is i,-almost everywhere constant on X ¥

We thus find a Borel map y9: R x ¥ — A such that for all # € R, we have that
Li(x,8) = yo(t, w(x,s)) for p-ae. (x,s)€ X. Since §~2((e, 1), (x,s)) =e, we have
G(x,8) =p(x,t+5) @o(x, s)_1 for pi-a.e. (x, s) € X. Therefore, for every ¢ € R,

v, m(x,s)) = @(x, t+5) @(x, s)_1 for pi-a.e. (x, s) € X. (5.2)
Soyp: R xY — Aisal-cocycle. Then (5.1) is saying that for all t € R, g € G, we have

813(8) = yo(t, ) 8y(g) yo(t, )™ forn-ae.yeY. (5.3)

Since G is finitely generated, the set of group homomorphisms from G to A is
countable. We thus find a group homomorphism § : G — A such that 6, = 6 for all y in
a non-negligible Borel subset// C Y. Combining (5.3) with the ergodicity of R ~ (Y, n),
it follows that J, is conjugate to § for n-a.e. y € Y. We then find a Borel map p : ¥ — A
so that §,(g) = p(») 7' 8(g) p(y) for n-ae. y € Y and all g € G. Replacing ¢(x, s) by
p(m(x, s))¢(x, s), we may assume that 6, = § forn-a.e. y €Y.

The 1-cocycle W : (G x R) x X — A thus has the property that for all g € G and
teR,

V((g.0), (x,5) =3d(g) and W((e, 1), (x,5) = p(, 7(x,s))

for pi-a.e. (x,s) € X. The cocycle identity for W then forces yy to take values almost
everywhere in the centralizer C (§(G)).

Choose a strict 1-cocycle y : R x ¥ — CA (6(G)) such that for every ¢ € R, we have
that y (¢, y) = y(t, y) for n-ae. y € Y. Define the Borel map 6 : X —> Ca(8(G)):
0(x,s) = y(s, ¥(x)). Consider the cohnomologous 1-cocycle W ~ W defined by

Wi((g, 1), (x,9) = 0((g, 1) - (x, )" W((g, 1), (x, ) O(x,5).

Since y is a strict 1-cocycle, we find for every t € R and g € G that Wy ((e, 1), (x,5)) = e
and Wi((g, 0), (x,s)) =8(g) y(—w(g, x), ¥ (x)) for fi-a.e. (x,s) € X. So, defining the
1-cocycle

Yo :G x X — A:Wo(g, x) =48(g) y(—w(g, x), ¥(x)),
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we have proven that the I-cocycles €2 and Wy are cohomologous when viewed as
I-cocycles for G x R ~ X. The R-invariance of both 1-cocycles forces the Borel function
implementing the cohomology 2 ~ W to be essentially R-invariant as well. We have thus
proven that Q ~ W. O

Remark 5.2. The conclusion of Theorem 5.1 can also be formulated in the following way.
Consider the Maharam extension, together with its measure-scaling action, G x R ~ X =
X x R. The conclusion of Theorem 5.1 says that the 1-cocycles for G x R ~ X x R
given by

(g, 1), (x, 1) = Q2(g,x) and  ((g,7), (x,1)) = 8(g) y(—w(g, x), ¥ (x)),

and which are both trivial on R, are cohomologous. But using the map (x,?) —
y(t, ¥(x)), this second Il-cocycle is also cohomologous to ((g,7r), (x,t)) — &(g)
y(r,m(x, 1)), where m : X x R — Y is the ergodic decomposition of G ~ X x R.

Theorem 5.1 applies in particular to the type III actions of the form (1.1). This then leads
to the following cocycle superrigidity result.

THEOREM 5.3. Let G ~ (X, n) be a free, ergodic, non-singular action of type II.
Denote by w : G x X — R the logarithm of the Radon—Nikodym cocycle. Let R ~ (Y, 1)
be an ergodic flow and consider

CGAXxY:g-(x,y)=(g-x, 0(gx)y) (54

asin(1.1).

If G is finitely generated and if the Maharam extension of G ~ (X, ) is not induced
and cocycle superrigid with countable targets, then every 1-cocycle Q2 : G x X X Y — A
for the action (5.4) with values in a countable group A is cohomologous with a 1-cocycle

of the form
GxXxY—>A:(gx,y) 88y x),y),
where § : G — A is a group homomorphismand y : R x Y — Cp(6(G)) is a 1-cocycle.

Proof. As in the proof of Proposition 3.4, we take the unique action R?> ~ (Z, ¢) given by
Proposition 3.1, associated with the ergodic flow R ~ (Y, n). Identify ¥ = Z/({0} x R)
and denote by m; : Z — Y the corresponding factor map. Also write Y=2 /(R x {0})
and denote by m : Z — Y the corresponding factor map. The Maharam extension of G ~
X x Y together with its measure-scaling action of R is then given by

GXxRAXXZ:(gt) (x,2)=(g-x, (w(g, x),1)-2).

The map (x, z) — m2(z) identifies the associated flow of the action G ~ X x Y with
RAY. Identifying Z = R x Y, the ergodic decomposition of G ~ X x Z is almost
everywhere given by the Maharam extension G ~ X x R of the initial type III; action
G ~ X.So G n X x Y satisfies the assumptions of Theorem 5.1.

Let A be a countable groupand 2 : G x X x Y — A a 1-cocycle. Define the 1-cocycle

Q: (GxR)x (X xZ)— A: SNZ((g, 1), (x,2) = Q(g, (x, 71(2))).
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It follows from Theorem 5.1 and Remark 5.2 that £ is cohomologous with €21, where
Q1((g, 1), (x,2)) = 8(g) n1(t, m2(2)),

with § : G - A a group homomorphism and y; : R x Y —> CA(6(G)) a l-cocycle.
Define the 1-cocycle

1 iR X Z = CAB(G)) : 7 ((r, 1), 2) = y1 (1, m2(2)).

Since the action of {0} x R on Z is measure-scaling, y] is cohomologous to a 1-cocycle
y, of the form y»((r, 1), z) = y(r, m1(2)), where y : R x ¥ — CA(8(G)) is a 1-cocycle.
Choose a Borel map ¢ : Z — Cx (6(G)) implementing this cohomology, so that for all
(r, 1) € R?, we have

y(r, m @) =@((r,1) - 2) ni(t, m2(2)) p(z)~" forae.z e Z.
Define the 1-cocycle 25 : (G x R) x (X x Z) - A by

Q((g, 1), (x,2)) = @((@(g, x), 1) - 2) Q1((g, 1), (x,2) ().

By construction, Q~ 2, and

Q((g, 1), (x,2)) = 8(g) y(w(g, x), 71(2)).

Since both € and €2, are trivial on {0} x R, this means that €2 is cohomologous with the
1-cocycle

GxXxY:(gx,y)— 58 yw(g, x),y). [

Remark 5.4. When G ~ (X, u) is a free, ergodic, non-singular action of type III,
with Maharam extension G ~ (X, ) whose ergodic decomposition is denoted by
(}N( s ﬁy)yey, it follows from [Tak03, Theorem XII.1.1] that for a.e. y € Y, the action
G (X y> iy) is of type Il. To give examples where Theorem 5.1 applies, we thus need
cocycle superrigidity for concrete actions of type Il For the specific actions appearing in
Theorem 5.3, by construction, the actions G (i s iZy) are almost everywhere the same.

Both Theorems 5.1 and 5.3 immediately lead to OE-superrigidity results. We start with
the following result.

COROLLARY 5.5. Let G be a finitely generated group with trivial center and let
G ~ (X, n) be an essentially free, non-singular, ergodic action. Let v : G x X — R
be the logarithm of the Radon—Nikodym cocycle and let G ~ ()? , 1) be the Maharam
extension, with associated flow R ~ (Y, n) and Borelmap v : X — Y asin (2.3). Assume
that for n-a.e. y € Y, the action G ~ ()?y, Ity) is simple and cocycle superrigid with
countable target groups.

Then G ~ (X, n) satisfies the OE-superrigidity property (v2) defined in the
introduction.

More precisely, any free non-singular ergodic action that is stably orbit equivalent to
G ~ (X, ) is conjugate to an induction of an action of the form

GXANXXxA:(g,a) (x,b)=(g x,y(—w(g,x), W(x))ba_l), (5.5

where A is a countable group and y : R x Y — A is a strict 1-cocycle.
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Proof. Let ' ~ (Z, ¢) be a free, ergodic, non-singular action and let A : U/ C X — Z
be a stable orbit equivalence between G ~ X and I' ~ Z. By ergodicity of G ~ (X, i),
we can choose a Borel map 6 : X — G such that6(x) = eforallx e fand O(x) -x e U
for a.e. x € X. Define Ag: X = Z : Ag(x) = A(O(x) - x). We then define the Zimmer
I-cocycle 2 : G x X — I such that Ag(g - x) = Q(g, x) - Ag(x) for all g € G and a.e.
x € X.

To translate the cocycle superrigidity Theorem 5.1 to an OE-superrigidity theorem, we
use the connection with measure equivalence as developed in [Fur98, §3] (see also [DV21,
Lemma 2.2] for a result that exactly suits our purposes). Define the action

GNAXxT:ig-(x,b)=1(g- x,2(g, x)b), (5.6)

which commutes with the right translation action by I' in the second variable. By the
results cited above, the action G ~ X x I' admits a fundamental domain and there is
a natural isomorphism of I'-actions « : G\(X x I') — Z with the property that A(x) €
I' a(x,e)forae. x eld.

By Theorem 5.1, we find a group homomorphism é : G — I' and a 1-cocycle y : R x
Y — Cr(8(G)) such that 2 is cohomologous with the 1-cocycle

Q:GxX—>T:Q(gx) =68y y(—w(g, x), ¥x)).

Let ¢ : X — I" be a Borel map such that 21(g, x) = ¢(g - x) (g, x) (p(x)_l. The map
(x, b) — (x, ¢(x)b) implements an isomorphism between the action G ~ X x I" in (5.6)
and the action

GNAXxT:g-(x,b)=(g-x,R1(g, x)b). 5.7

Moreover, the action and the isomorphism commute with the I'-action. We thus still
find an isomorphism of I'-actions «1 : G\(X x I') — Z with the property that A(x) €
I' aj(x,e)forae. x €.

The 1-cocycle S~21 G xX: ﬁl(g, (x,5)) = Q1(g, x) for the Maharam extension
G X is, by construction, cohomologous with the 1-cocycle (g, (x, s)) — §(g). Since
the action G ~ X x I" admits a fundamental domain, a fortiori, the same holds for the
actionG ~ X x I : g-(x,s,b) = (g (x,5), §(g)b), and thus for the action Ker § ~ X.
Since we assumed that a.e. action G ~ X y is simple, the normal subgroup Ker § must be
trivial. So § : G — T is faithful. Define A = Cr(6(G)). Since G has trivial center, §(G) N
A = {e}. We have thus found a subgroup §(G) x A < T.

Since €2 takes values in §(G) x A, the action I' ~ G\(X x I') is induced from
8(G) x A ~ G\(X x §(G) x A).Under the natural identification G\ (X x §(G) x A) =
X x A and the isomorphism § x id : G x A — §(G) x A, this last action is precisely the
action given by (5.5). O

In exactly the same way as Theorem 5.3 is deduced from Theorem 5.1, we can deduce
the following result from Corollary 5.5. We thus omit the proof. Note that Theorem A is
contained in the following corollary.

COROLLARY 5.6. Let G ~ (X, 1) be a free, ergodic, non-singular action of type II;.
Assume that G is finitely generated and has trivial center. Assume that the Maharam
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extension of G ™~ (X, ) is simple and cocycle superrigid with countable targets. Denote
by w: G x X — R the logarithm of the Radon—Nikodym cocycle. Let R ~ (Y, ) be an
ergodic flow and consider

GAXxY:ig-(x,y)=(8 x, (g x)y) (5.8)
asin (1.1).
Then G ~ (X x Y, u x n) satisfies the OE-superrigidity property (v2) defined in the
introduction.

More precisely, any free non-singular ergodic action that is stably orbit equivalent to
the action (5.8) is conjugate to an induction of an action of the form

GXANXXYXxA:(g,a) (x,y,b) =(g -x,w(g,x) -y, y(w(g, x), y)ba_l),
5.9)

where A is a countable group and y : R x Y — A is a 1-cocycle.

There are several concrete group actions that satisfy the assumptions of Corollary 5.6.
We start with the following example of [PV08].

Example 5.7. Whenever n > 5 is an odd integer and G < SL(n, R) is a lattice, the action
G ~ R"/RY satisfies the hypotheses of Corollary 5.6. Indeed, by [PV08, Theorem 1.3],
the Maharam extension G ~ R" is cocycle superrigid. Moreover, these groups G have
property (T), so that they are finitely generated. Since n is odd, G has trivial center. By
[PV08, Lemmas 5.6 and 6.1], the action G ~ R" is doubly ergodic and not induced.
By Margulis’s normal subgroup theorem, a normal subgroup of G is either trivial (because
n is odd) or of finite index, and thus acting ergodically on R”. So the action G ~ R" is
simple.

In the following theorem, we prove that all the assumptions of Corollary 5.6 are satisfied
for the action G ~ R"/R* when G ranges over a broad family of dense subgroups
SL(n,R) and n > 3 is an odd integer. This then leads to the proof of point (1) in
Corollary B (see Corollary 6.7 below).

THEOREM 5.8. Let A C R be any countable subring containing an algebraic number that
does not belong to 7. Let n > 3 be an integer and E(n, A) < G < SL(n, A). Then the
linear action G ~ R" is essentially free, ergodic, non-singular, not induced and cocycle
superrigid with countable targets. If n is odd, then G has trivial center and the action is
simple. If A is finitely generated as a ring, then E (n, A) is a finitely generated group.

Proof. Since G < SL(n, R) is dense, it follows from Lemma 4.5 that the action G ~ R”
is ergodic and not induced. By density of G < SL(n, R), the center of G belongs to the
center of SL(n, R), which is trivial if n is odd. If n is odd and ¥ <1 G is a normal subgroup
whose action on R” admits a fundamental domain, then the closure T of ¥ in SL(n, R)
is, by density of G, a normal subgroup of SL(#, R). Since n is odd, it follows that either
¥ = {1} or £ = SL(n, R). In the second case, ¥ is a dense subgroup of SL(n, R), so that
Y ~ R” is ergodic. It thus follows that ¥ = {1}.
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By Theorem 4.4, G < SL(n, R) is essentially cocycle superrigid with countable targets.
By [DV21, Proposition 3.3], the action G ~ R" is cocycle superrigid with countable

targets.
By [HOMS89, Proposition 4.3.11], the group E(n, A) is finitely generated when n > 3
and A is finitely generated as a ring. O

6. Conjugacy and classification results
In Corollary 5.5, we proved that free, non-singular, ergodic actions G ~ (X, u) with a
sufficiently rigid Maharam extension G ~ (f , 1) satisfy the OE-superrigidity property
(v2) and we described all stably orbit equivalent actions. We now prove the following
complete classification up to conjugacy of this class of stably orbit equivalent actions.
For the formulation of the following proposition, note that every conjugacy of actions
(and actually every stable orbit equivalence) gives rise to a canonical associated isomor-
phism between the associated flows.

PROPOSITION 6.1. Let G ~ (X, i) be an essentially free, non-singular, ergodic action.
Make the same assumptions as in Corollary 5.5. Whenever y : R x Y — A is a strict
1-cocycle with values in a countable group A and whenever o : G x A — T is a faithful
group homomorphism to a countable group T, we denote by B(y, o) the I"-action defined
as the induction of the action

By):GxAnXxA:(ga) (x,b)=(g-x,y(—o(gx), y(x)ba~")  (6.1)

along the embedding o : G x A — T.

(1) An essentially free, non-singular, ergodic action is stably orbit equivalent to
G ~ (X, u) if and only if it is conjugate to B(y, o) for some y, o as above.

(2) The actions B(y, o) and B(y’, ') are conjugate if and only if there exist subgroups
Ao < A, A6 < A/, an automorphism 8 € Aut(G), group isomorphisms p : Ay —
Ay and a : T — T, and a 8-conjugacy A : X — X' with associated isomorphism
Ao : Y — Y of flows such that:
e v,y are cohomologous to strict 1-cocycles yy, y;, that take values in Ao, Aj;
o a(o(g,a) =0'(8(g), pla)) forall g € G and a € Ao,
e the l-cocycles poyy and yjo (id x Ag) are cohomologous as 1-cocycles

RxY — Aj.

Point (1) of Proposition 6.1 is just a repetition of Corollary 5.5. We deduce point (2) of
Proposition 6.1 from the following two results. First, in Proposition 6.2, we describe when
and how an action of the form B(y) in (6.1) is induced. Second, in Proposition 6.3, we
prove when two actions of the form S(y) are conjugate.

For our main family of group actions G ~ X x Y defined in (1.1), it then remains to
analyze when two such actions are conjugate. Under the appropriate assumption, we prove
in Proposition 6.4 that this happens if and only if the G-actions G ~ X are conjugate and
the flows R ~ Y are isomorphic. In particular, we find the outer automorphism groups of

these type Il orbit equivalence relations.
Before proving Proposition 6.1, we clarify the following subtle point. When y and
y’ are strict 1-cocycles that are cohomologous, expressed by the almost everywhere
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equality y'(z, y) = @(t - y) y(t, y) ¢(y) ™", there is a natural isomorphism A, between
the actions B(y) and B(y’). This follows immediately by observing that the Maharam
extension of B(y), together with its commuting R-action, is isomorphic to

GXAXRAXxRxA: (g,a,t)~(x,s,b):(g~x,a)(g,x)—|—t+s,y(t,rr(x,s))ba_l).
(6.2)

Moreover, the map
¢:X><]R><A—>XXA:<I>(x,s,b):(x,y(s,lp(x))flb) (6.3)

is R-invariant and (G x A)-equivariant.
Then the map (x, s, b) — (x, s, p(7(x, 5))b) is a well-defined isomorphism between
the Maharam extensions. Taking the quotient by the action of R, we find A/ .

PROPOSITION 6.2. Let G ~ (X, ) be an essentially free, non-singular, ergodic action
with Maharam extension G ()? , 1) and associated flow R ~ (Y, ). Assume that for
n-a.e. y € Y, the action G ~ (fy, Ity) is not induced. Let y : R x Y — A be a strict
1-cocycle with values in a countable group A.

The action B(y) in (6.1) is induced from a subgroup T" < G x A acting on
ZCXxAifand only if T = G x Ao for a subgroup Ao < A, y is cohomologous
with a strict 1-cocycle yy taking values in Ao and Ay, (Z) = X x Ayp.

Proof. If y takes values in Ao, we have by construction that 8(y) is induced from G x Ag
acting on X x Ag. So we only prove the converse and assume that 8(y) is induced from
' ~ Z. Write I = (G x A)/T". Consider the Maharam extension of S(y) given by (6.2).
Since B(y) is induced from I' ~ Z, we find a Borel map 6 : X x R x A — [ that is
R-invariant and (G x A)-equivariant.

Since for a.e. y € Y, we have that G ~ fy is not induced, the G-equivariance of
6 implies that 6(x, s, b) = 61 (7w (x, s), b), where 61 : Y x A — [. In particular, 6 is a
G-invariant map. It follows that G x {e} C I', so that ' = G x Ag for some subgroup
Ao < A. From now on, we identify I = A/Ag, on which G acts trivially.

The A-equivariance of 6 implies that 6; is also A-equivariant and thus of the form
61(y, b) = b~16,(y)A¢ for some Borel map 6, : ¥ — A. Expressing the R-invariance of
0 and thus the invariance of 61 under the actiont - (y, s) = (¢ - y, y (¢, y)s), we find that

b'0,(y) Ao = 01(y, b) = 01t - y, y (1, )b) = b~y (1, ) "'02(t - y) Ao.

This means precisely that the cohomologous 1-cocycle yy(z, y) = 6,(¢ - Wy, 6 (y)
takes values in Ag. Using the notation introduced before the proposition, this also means
that A, (Z) = X x Ao. O]

PROPOSITION 6.3. For i € {1,2}, let G; ~ (X;, i) be essentially free, non-singular,
ergodic actions with Maharam extension G; ()?,‘, ;) and associated flow R ~
(Yi, ni). Assume that for ni-a.e. y € Y;, the action G; ()N(i,y, i.y) is simple. Assume
that the groups G; have trivial center. Let y; : R x Y; — A; be strict 1-cocycles.

The actions B(y;) given by (6.1) are conjugate if and only if there exist group
isomorphisms & :G1 — Gy, p: A — Ay and a S-conjugacy A : X1 — Xo such
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that, denoting by Ag: Y| — Yo the associated isomorphism of flows, the 1-cocycles
vy o (id X Ag) and p o y| are cohomologous.

Proof. We start by proving the following claim. Under the assumptions of Proposition 6.2,
if the group G has trivial center and if ¥ << G x A is a normal subgroup whose action on
X x A admits a fundamental domain, then ¥ C {e} x A.

Since ¥ ~ X x A admits a fundamental domain, a fortiori, the same holds for the
action of ¥ on X x R x A given in (6.2). Since G ~ )?y is simple for a.e. y € Y, there is
no non-trivial normal subgroup of G whose action on X x R x A admits a fundamental
domain. Hence, X N (G x {e}) = {(e, e)}. Now let (g, a) € X be an arbitrary element. We
have to prove that g = e. By normality of X, also (hgh™', a) = (h, e)(g, a)(h,e)"! € %.
Since (g,a) € ¥, also (hgh~'g~!, ¢) € . Since we have proven that ¥ intersects
G x {e} trivially, it follows that hgh~'g~! = e for all 4 € G. This means that g belongs
to the center of G, which is assumed to be trivial. This proves the claim.

Now assume that A : X1 x A1 — X2 X Ay is a conjugacy with respect to the group
isomorphism §; = G| X A1 — Gy x Aj. Since the action of {e} x A; on X; x A; has
X; x {e} as a fundamental domain, the claim above implies that §; ({e} x A1) = {e} x As.
We define the group isomorphism p : A — A such that &;(e, a) = (e, p(a)) for all
a e Al.

For every i € {1,2}, we consider the Maharam extension G; x A; x R ~ X; X
R x A; given by (6.2), together with the factor map ®; : X; x R x A; — X; X A;
defined by (6.3). Therefore, A; canonically lifts to a non-singular isomorphism
Ay : X1 xRx A — X xR x Aj that is R-equivariant and a §j-conjugacy. Since
A, is a p-conjugacy for the actions of A;, the map A, must be of the form Aj(x, s, b) =
(Az(x,5), ¢ (x, 5)p(b)).

Since §1(e, a) = (e, p(a)) where p : A| — A, is an isomorphism, the isomorphism &
must be of the form §;(g, a) = (§(g), ¢(g)p(a)), where § : G — G is an isomorphism
and o : G; — Aj is a group homomorphism. Expressing that Az((g,e) - (x, s, e)) =
(8(g), @(g)) - Aa(x, s, e), we find that £(g - (x, 5)) "' = a(g)¢(x, s)~ L. By our assump-
tions, for a.e. y € Yq, the action G| ~ X 1,y is not induced. Therefore, a(g) = e for all
geGrand ¢(x,s) = ¢(m(x,s)) where ¢; : Y1 — As.

By construction, A3z : X1 x R — X x R is R-equivariant and a §-conjugacy. After
replacing o by an equivalent probability measure, we find that A3(x, s) = (A(x), s),
where A : X — X, is a measure-preserving §-conjugacy, so that wy(5(g), A(x)) =
w1(g, x). The §-conjugacy A : X; — X; induces an isomorphism Ag:Y; — Y of
associated flows. By construction, Ag o 71 = 7 o A3.

Since A, is R-equivariant, we also find that

0@ -mi(x,8) p(ni(t, w(x, ) = 12 (t, m2(Ax), 5)) {1((x, 5)).

This means precisely that the 1-cocycles y» o (id x Ag) and p o y; are cohomologous. [

Proposition 6.1 is now an immediate consequence of Corollary 5.5 and Propositions 6.2
and 6.3. For completeness, we include a detailed argument.

https://doi.org/10.1017/etds.2022.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.112

4218 S. Vaes and B. Verjans

Proof of Proposition 6.1. Point (1) was already proven in Corollary 5.5. To prove point (2),
we start with the easy implication. If we are given all the data mentioned in point (2), we
replace u’ by the equivalent measure A, (), so that w’(8(g), A(x)) = w(g, x). We replace
y. ¥ by the cohomologous 1-cocycles yp, y;. Further replacing y, by a cohomologous,
Af-valued l-cocycle, we may assume that p oy = yjo (id x Ag). By construction,
A x p defines a (§ x p)-conjugacy of the actions S(yp) and ﬂ(yé).

Denote by oy, 06 the restriction of 0,0’ to G x Ag, G x A6. Since o ooy =
a(; o (8 x p), it follows from the previous paragraph that the actions B(yy, op) and
B(y5 0y) are a-conjugate. By construction, the first action is isomorphic to B(y, o)
and the second action is isomorphic to B(y’, o). We have thus proven that B(y, o) and
B(y’, o) are conjugate.

Conversely, assume that there is an a-conjugacy between 8(y, o) and B(y’, ¢’). When
an ergodic group action ' ~ Z is induced from both I'g ~ Zp and I'1 ~ Z1, there exists
a g € I'such that ' ~ Z is induced from the action of I'g N gl'1g ' on Zg N g - Z;. After
composing « with an inner automorphism and using Proposition 6.2, we find subgroups
Ag < A and A < A’ such that (o (G x Ag)) = 0'(G x Aj) and such that y, y’ are
cohomologous with yp, y, taking values in Ao, Aj. We also find the group isomorphism
§1:GxAg— G x A6, with @ o 0 = o’ 0 81, such that the actions B(yy) and ,3()/6) are
81-conjugate. The conclusion then follows from Proposition 6.3. O

We finally turn to our main family of group actions, given by (1.1). For i € {1, 2}, let
G; ~ (X;, i) be non-singular actions and denote by w; : G; x X; — R the logarithm
of the Radon—-Nikodym cocycle. Let R ~ (Y;, n;) be non-singular flows. Consider the
actions

i :GinXixYi:g-(x,y)=(g -x,wi(g, x)-y). (6.4)

If Ay : X1 — X» is a conjugacy between the actions G| ~ X1 and G, ~ Xp and if Aj :
Y1 — Y, is an isomorphism of the flows, writing p(x) = log(d((A1)«r1)/d2), the map

X1 x Y = Xo xYa:(x,y) = (A1(x), =p(A1(x)) - A2(y)) (6.5)

is a conjugacy between o} and o07.

We now prove in Proposition 6.4 that under the appropriate assumption, the converse
also holds. In Lemma 6.6, we explain that this assumption indeed holds for actions of the
form G ~ R"/R% when G < SL(n, R) is a countable dense subgroup. This then leads to
a proof of Corollary B.

PROPOSITION 6.4. For i €{1,2}, let G; ~ (X;, ui) be essentially free, ergodic,
non-singular actions of type Ill;. Assume that the Maharam extensions G; (%i, wi)
admit a unique measure-scaling action commuting with the G;-action. Let R ~ (Y, n;)
be ergodic flows.

Every conjugacy between the actions o; in (6.4) is of the form (6.5) for a conjugacy A
between G1 ~ X1 and G, ~ X7 and an isomorphism of flows A, : Y1 — Y.

Proof. Denote by R2 ~ (Z;, ¢;) the unique actions associated with the flows R ~ (Y3, n;)
given by Proposition 3.1, together with the factor maps m; : Z; — Y; satisfying
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wi((t,r)-z) =1t -mi(z). We realize the Maharam extension of o; together with its
measure-scaling action as

0 Gi x R (Xy X Zij, i X &) (8, 1) - (x,2) = (8- X, (w(g,x),7) - 2).  (6.6)

We have the canonical factor map ¥; : X; x Z; — X; x Y; : W;(x, 2) = (x, m;(2)) satis-
fying W;((g. 1) - (x,2)) = g - W; (x, 2).

Assume that § : G| — G is a group isomorphism and A : X| x Y1 — Xo x Y> is
a §-conjugacy between o1 and o3. Denote by A X1 x Z1 — X, x Z, the canonical
measure-preserving lift, which is a (§ x id)-conjugacy for the actions o; in (6.6) and which
satisfies W, o A=Ao .

Define the action y : R ~ X; X Z; : y4(x, 2) = (x, (¢, 0) - 7). Note that y commutes
with &;. We claim that A is automatically y-equivariant.

To prove this claim, we temporarily identify Z; = R x Y; with the action R2 ~ Z;
given by (¢,r) - (s,y) = (t +r + B(r, ) + s, r - y). Under this identification, A X x
RxY - XoxRxYsisa 8-conjugacy for the actions

GinXixRxYi:g (x,87) = (g x 0,gx)+s,9). (6.7)

Since G, ~ X; is of type III;, the Maharam extension G; ~ X; x R is ergodic. There-
fore, A must be of the form A(x s, y) (9 (x,s), ®(9)), where @ : ?1 — Yz is a
non-singular isomorphism and, for a.e. y € Y1, the map 05 : X1 xR—> Xo xR is a
é-conjugacy of the Maharam extensions G; ~ X; x R. Since A is measure-preserving,
a.e. Oy is measure-scaling. We assumed that these Maharam extensions admit a unique
commuting measure-scaling action. It follows that 65 is equivariant with respect to
translation in the second variable. This means that A is equivariant with respect to
translation in the second variable. Thus, the claim is proven.

We thus consider the actions G; xR>~ X; x Z; : (g, t,7) - (x,2) = (g - x,
(w(g, x) +1t,7r)-z) and we have proven that Ais a (8 x id)- conjugacy between these
actions. Since the action of R*> on Z; is ergodic, this forces A to be of the form
A(x, 7) = (A1(x), D, (2)), where Ay : X1 — X3 is a §-conjugacy and, for a.e. x € X,
®, : Z1 — Z; is an isomorphism between the actions RZ A Z;.

Define p(x) = log(d((A1)«p1)/dp2) and denote ' (z) = (p(A1(x)), 0) - Px(z). We
still have that @/, is an isomorphism between the actions R? ~ Z;. With respect to the
measures i; x § on X; x Z;, the isomorphism A is measure-preserving. It then follows
that a.e. @/, is measure-preserving with respect to the measures ¢; on Z;.

Expressing that Ais a §-conjugacy for the actions of G; and using that &, is
an isomorphism between the actions of R?, we find that (w;(g, x),0) - Dy (2) =
(02(8(g), A1(x)),0) - dy(z). Since w; are the logarithms of the Radon—Nikodym
cocycles for G; ~ (X;, n;) and since Ap is a §-conjugacy, we have by definition
of p that w2(6(g), A1(x)) = p(A1(x)) — p(A1(g - x)) + wi(g, x). We conclude that
<I>"g‘x (z) = @/ (z). Since the action G; ~ X is ergodic, we find a measure-preserving
isomorphism ® : Z; — Z between the actions R2 ~ Z; such that @' =P for ae.
x € X;.

For such an isomorphism @, there is a unique isomorphism A; : Y]} — Y> for the
actions R ~ ¥; such that 73 o0 ® = Aj o y. Define the §-conjugacy Ag: X1 x Y1 —
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Xo x Y2 by (6.5), that is, Ag(x, y) = (A1(x), —p(A1(x)) - A2(y)). By construction,
Us 0 A = Ag o V. It follows that A = Ay. O]

Recall that a unitary representation 7w : G — U (H) of a locally compact group G is said
to be a Cp-representation if for every ¢ > 0 and &, n € H, there exists a compact subset
K C G suchthat [(m(g)&,n)| <eforallg e G\ K.

LEMMA 6.5. Let n > 1 be an integer. Write G = GL(n, R) x R". Then the unitary
representation 1 : G — U(L*(R™)) : (m(A, a)€)(x) = | det A|~V26(A" (x) —a) is a
Co-representation.

In particular, the action G ~ R" : (A, a) - x = A(a + x) induces a homeomorphism of
G onto a closed subgroup of the Polish group of non-singular automorphisms of R" with
the Lebesgue measure.

Proof. Assume the contrary. We then find &, 7 e L2(R"), ¢ >0 and a sequence
(Ag, ax) € G that tends to infinity in G such that | (7w (A, ax)&, n)| > ¢ for all k.

We view GL(n, R) as a subgroup of G and we denote by D, < GL(n, R) the subgroup
of diagonal matrices with positive real numbers on the diagonal. Since GL(n, R) =
On,R)D,0O(n,R), we can write (A, ax) = gx(dk, bx)hy with g, hy € O(n, R),
dy € Dy, and by € R". After passing to a subsequence, we may assume that g; and Ay
converge to g and /4, respectively. Replacing & by 7 (h)& and replacing n by 7(g)*n, we
may then further assume that | (7 (dg, br)&, n)| > € for all k.

To reach a contradiction, it thus suffices to prove that the representation 6 : R%} x R —
ULA(R)) : (0(d, b)E)(x) =d V2E(d'x —b) is a Co-representation. Denote by A the
Lebesgue measure on R. When N € Ry andU/, V C [—N, N] are Borel sets with indicator
functions 1y, 1y € L2(R), we have 6(d, b) 1y = d = 14044p), so that (§(d, b) 134, 1) =
d=12 A(dU + b) N V). We conclude that

{(d,b) e RY. xR | [(0(d, b)1y, 1y)| > &}
C{d,b) eRY xR |e/2N <d"? <2N/e, |b| < (d~" + DN},

which is compact. ]

LEMMA 6.6. Fori = 1,2 and integers n; > 2, let G; < SL(n;, R) be dense subgroups
and consider the actions G; ~ R™.

If A : R" — R™ s a §-conjugacy between these actions, we have n1 = ny and there is
a unique A € GL(n1, R) such that A(x) = A(x) for a.e. x € R™ and §(g) = AgA_1 for
all g € Gy.

In particular, if n >2 and G < SL(n,R) is a dense subgroup, then the action
RAR":t-x =e !/"x is the unique measure-scaling action that commutes with
G ~R".

Proof. Denote by Aut(R") the Polish group of non-singular automorphisms of R™.
By Lemma 6.5, we may view SL(n;, R) as a closed subgroup of Aut(R"). By
our assumption, AG A7 = G Taking the closure in Aut(R"), we find that
A SL(nj, R)A™! = SL(n>, R). This means in particular that § extends to a group
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isomorphism and homeomorphism § : SL(n1, R) — SL(n>, R). It follows that ny = n;
and we write n = n| = nj.

Write G = SL(n, R) and denote by # < G the closed subgroup fixing the first basis
vector e;. We view A as a §-conjugacy for the transitive action G ~ G/H. This means
that §(H) = g(ﬂ-lga1 for some go € G and A(gH) = 8(g)goH for a.e. g € G. Since
is an automorphism of SL(n, R), we find B € GL(n, R) such that either §(g) = BgB™!
forall g € G, or 8(g) = B(g~")TB~! for all g € G. In the second case, §(7{) and  are
not conjugate. So we are in the first case. We get that go = BC where C € GL(n, R)
normalizes H. That means that Ce; = ae; for some a € R*. Translating the formula
A(gH) = 6(g)goH to R", we have proven that A(x) = aB(x) for a.e. x € R". Writing
A = aB, the first part of the lemma is proven.

In particular, if G < SL(n,R) is a dense subgroup, then the only non-singular
automorphisms of R” that commute with G ~ R" are given by x + ax for some a € R*.
This transformation scales the measure by |a|”. The only measure-scaling action R ~ R”
commuting with G ~ R" is thus given by - x = e~//"x. O

We have now gathered enough material to prove Corollary B. We also add the
computation of the outer automorphism group of these type IIly orbit equivalence
relations. For every ergodic flow R n* (Y, ), we denote by Autr(c) the Polish group
of all non-singular automorphisms of (Y, n) that commute with the flow «. Note that
R C Autgr(x) by definition.

COROLLARY 6.7. Corollary B holds.

Moreover, writing K ={a/b|a,be A, b #0}, the outer automorphism group
Out(R(n, A, @)) of the orbit equivalence relation R(n, A, @) of the action B(n, A, )
is given by
NGLw.k) (E(n, A))

K*-E@m, A)

Out(R(n, A, @)) = x {£1} x Autg (). (6.8)
In particular, when A = Z[S™] for some finite non-empty set of prime numbers S, we
have E(n, A) = SL(n, Z[S™']) and

Out(R(n, ZIS™'], @) = (Z/nZ)"5! x {£1} x Autg(c). (6.9)

When A = Ok, where K C R is an algebraic number field with [K : Q] > 2, we denote by
CI(K) its ideal class group and consider the subgroup Cl,(K) = {J € CI(K) | J* = 1}.
Then E(n, A) = SL(n, Ok) and

*

Out(R(n, Ok, a)) = (g*K)n x Cl,(K) x {£1} x Autg(c). (6.10)
K

Proof. By Theorem 5.8, under the hypotheses of Corollary B, the actions E(n, A) ~
R" /R satisfy all the assumptions of Corollary 5.6. So by Corollary 5.6, the actions
B(n, A, @) are essentially free, ergodic, simple and OE superrigid (v2), with associated
flow @.

In particular, if B(n, A, @) and B(n’, A’, ') are stably orbit equivalent, the actions must
be conjugate. By Proposition 6.4 and Lemma 6.6, the flows « and «’ are isomorphic and the
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actions E(n, A) ~ R"/R¥ and E(n’, A') ~ R" /R% are conjugate. Then their Maharam
extensions E(n, A) ~ R" and E(n’, A') ~ R" are also conjugate. By Lemma 6.6,n = n’
and there is an A € GL(n, R) such that AE (n, )A~! = E(n, A).

For every subring A; C R, we denote by M(n, A;) the ring of n x n matrices with
entries in A;. We claim that the subring N (n, A1) C M (n, A;) generated by E (n, Ay) is
equal to M(n, Ay). Foralli, j € {1,...,n}and a € A;, we denote by E;;(a) the matrix
that has the entry a in position ij and Os elsewhere. When i # j and a € A;, we have that
1+ E;j(a) € E(n, Ay) and 1 € E(n, Ay). Thus, E;;(a) € N(n, Ay). Since SL(n, Z) =
E(n,7Z) C E(n, Ay), given i # j, the matrix o;; with entry 1 in position ij, entry —1
in position ji, and Os elsewhere belongs to E(n, A;). Thus, also E;;(a) = 0;; Eji(a) €
N(n, Ay). This proves the claim.

Since AE(n, A)A™! = E(n, A’), the claim above implies that AM(n, A)A~! =
M(n, A).Soforeveryi € {1,...,n}anda € A, we have that AE;; (a)A~! € M(n, A").
Taking the jj-entry, it follows that A j,-(A_l),- ja € A". Summing over i, it follows that
acA.SoAcC A. By symmetry, also the converse inclusion holds, so that A = A'.

The arguments above apply in particular to the self orbit equivalences of B(n, A, «) and
give us that

NGL(Rr)(E(n, A))
R E(n, A)

Write G4 = {A € GL(n,R) | det A > 0}. Since n is odd, we have that GL(n, R) =
{£1} x G4. It follows that

Out(R(n, A, @)) =

X Autr (o).

Ng, (E(n, A))

Out(R(n, A, a)) = m
+ 9’

x {£1} x Autr (). (6.11)
We have also proven above that every A € Ngru.r) (E(n, A)) satisfies AM (n, A~ =
M (n, A), meaning that Aij(A_l)kl € Aforalli, j, k,[. Denotingby K = {a/b | a,b €
A, b # 0} the field of fractions of A4, it follows in particular that A must be a multiple of a
matrix with entries in K. It follows that
Ng, (E(n, A)  Ng,ncLok)(E(m, A)  NgLn.k)(E®, A)
R* Em,A)  (RYNK)Em, A K*Em A

(6.12)

Combining this with (6.11), we have proven (6.8).

By [OM65, Theorem B], a matrix A € GL(n, K) normalizes E(n, A) if and only if
A(A™) = aA" for an invertible fractional ideal a C K.

When A = Z[S™!], every fractional ideal of A is principal, so that NGL(n.K)
(E(n, A)) = K* GL(n, A). By [HOMS89, Theorem 4.3.9], we also have that E(n, A) =
SL(n, A). So the natural map

NGLo k) (E(n, A))
K* E(n, A)

is surjective and has kernel {A € GL(n, A) | det A € (A*)"}. The group of units of
A =7Z[S7!] is the free abelian group generated by p € S, so that combining (6.11) en
(6.12), we have proven (6.9).

GL(n, A) —
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When K is an algebraic number field with [K : Q] > 2 and A = Ok, again by
[HOMS89, Theorem 4.3.9], we have that E(n, A) = SL(n, A). Denote by I (K) the group
of fractional ideals in K. As mentioned in [OM65, Example 6.5], the following two
statements hold. If A € GL(n, K), a € I(K) and A(A") = a A", we have a” = det(A) A.
Conversely, if a € I(K), « € K* and a" = « A, there exists an A € GL(n, K) such that
A(A") = a A" and det A = «. For completeness, we provide a more detailed argument.
The first implication is contained in [OM73, 81:7]. For the second implication, take
ael(K) and ¢ € K* with a" = o A. Denote by ey, ..., e, the standard basis of K”.
By [OM73, 81:5], we find b € I(K) and B € GL(n, K) such that a 4" = B(be; + Aey +
-+ -+ Aey,). By our assumption and [OM73, 81:7], we have « A = a”* = det(B) b. Denote
by D € GL(n, K) the diagonal matrix with Dj; =  det(B)~! and D;; = 1 for i # 1.
Since b = Dy; A, writing A = BD, we conclude that A(A") = a.A". By construction,
det(A) = a.

Define the subgroup X, (K) of the abelian group I(K) x K* by X,(K) = {(a, a) €
I(K) x K* | a" = aA}. Define the subgroup Y, (K) C X,(K) by Y,(K) = {(BA, ") |
B € K*}. Define V,(K) = X, (K)/Y,(K). To conclude the proof of the corollary, we
prove the following two statements:

A % Cl,(K) and Vn(K);NGL(”"“(SL(”’A)).

Vu(K) = (A*)n K* SL(n, A)

The projection on the first coordinate gives a surjective group homomorphism V,(K) —
Cl, (K) with kernel A*/(A*)". We prove that this homomorphism is split. Since Cl,(K)
is a finite abelian group in which the order of every element divides n, it suffices to prove
that every element of order k | n in Cl,,(K) can be lifted to an element of order k in V,,(K).
When a € 1(K) and a* = BA with B € K*, write n = km and note that (a, ™) defines
such a lift of order k. So V,,(K) = A*/(A*)" x Cl,,(K).

For every (a, «) € X, (K), by the discussion above, we can choose A € GL(n, K)
such that A(A") = a.A" and det A = «. This matrix A is uniquely determined up to right
multiplication by a matrix in SL(n, A). This realizes a surjective group homomorphism

NGL@n.k)(SL(n, A))

Xn(K) = =S A)

and the kernel of this homomorphism is by construction equal to Y,,(K). This concludes
the proof of the corollary. O

Example 6.8. Let A = Z[S™'] where S is a finite non-empty set of prime numbers, or let
A = Ok be the ring of integers of an algebraic number field K C R with [K : Q] > 2. As
mentioned above, we have E (n, A) = SL(n, A) for all n > 3, and a proof can, for instance,
be found in [HOMS89, Theorem 4.3.9].

By [Sus77, Corollaries 6.6 and 7.10], for the same rings A as in the previous paragraph
and for all integers 0 < k < s, we also have that E(n, A;) = SL(n, A;) when A is the

ring of (Laurent) polynomials over A, defined by A; = A[X1, ..., X;, X,i:], S XEN,
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and n > 3. Therefore, whenever Aq, . .., A; € R are algebraically independent transcen-
dental numbers, we find that the rings

Ay =ZI8 hp, o AL AE
A3y =Z[0k, A, ..., )\k,)»]:::il, A ,k;tl]

also satisfy E(n, A;) = SL(n, A;) for all n > 3 and i € {2, 3}. The associated group
actions B(n, A;, «) are OE superrigid (v2). Moreover, the outer automorphism groups
Out(B(n, A;, a)) are still given by formulas similar to (6.9) and (6.10):

Out(R(n, Aa, &) = (Z/nZ) Sk x {(£1} x Autr(a),
O*
Out(R(n, Az, a)) = (Z/nZ)‘Y_k X (O*K)n X Cl,(K) x {*1} x Autr(x).
K
The reason for this is that by [AA81, Corollary 5.6], the invertible fractional ideals in the
(Laurent) polynomial rings .A; above are all the product of a principal ideal and a fractional
ideal in A. The only difference compared to (6.9) and (6.10) thus comes from the group of
units in A; .

Remark 6.9. We remark that Corollary B provides a family of OE superrigid actions,
with a prescribed associated flow, that is large and complex in a descriptive set-theoretic
sense of the word. Fix a prime number p. For every finite subset F € R, we consider
the ring Z[p~!, F], which satisfies the assumptions of Corollary B, so that the actions
B(n, Z[p~', F1, «) are OE superrigid (v2).

By Corollary B, to decide when two such actions are stably orbit equivalent, we have
to decide if Z[p_l, Fl= Z[p‘l, F']. This defines a complicated equivalence relation
R on the Borel space of finite subsets of R. When A, A’ € R are transcendental, we get
that Z[p~', A] = Z[p~!', '] if and only if there exist a € Z[p~'1* and b € Z[p~!] with
A = a) + b. So at least the equivalence relation R is not smooth.

Remark 6.10. As mentioned in the introduction, we can combine the construction of
[Vael3, Proposition D] with Corollary 5.6 to give ad hoc examples of non-singular actions
G ~ (X, p) that are W*-superrigid (v2) and that have any prescribed associated flow.

As in [Vael3, Proposition D], denote by ¥ < SL(5,7Z) the subgroup of matri-
ces A satisfying A(e;) =e¢; for i = 1,2. Define G as the amalgamated free product
G = SL(5, Z) xx (¥ x Z), with canonical homomorphism 7 : G — SL(5, Z). Consider
the probability measure-preserving Bernoulli action G ~ ([0, 1], 1)©. Given any ergodic
flow R ~* (Y, n), consider the action

Bu:G R xY)/Rx[0,11%: g ((x,),2) = (m(g)x, y), & - 2)
where RA R’ x Y : 7 (x,y) = (et/sx,t - y).

Then B, is essentially free, non-singular, ergodic, simple and W*-superrigid (v2), with
associated flow @.

To prove this result, one uses [Vael3, Theorem 8.1 and Proposition D] to show that
the crossed product factor associated with B, has a unique Cartan subalgebra, up to
unitary conjugacy. It then suffices to prove that B, is OE superrigid (v2). Since G is
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finitely generated and has trivial center, by Corollary 5.6, it suffices to prove that the
action G AR x[0,11% : g - (x,2) = (w(g)x, g - 2) is simple and cocycle superrigid
with countable targets. Simplicity is easy to check and cocycle superrigidity was proven in
[Vael3, Proposition D].
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