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DEFINITION 1: A category jC with zero-maps is 
called r ,quasi-exact f I in the sense of D. Puppe (see [4], page 8, 
2. 4), if it satisfies the following axioms: 

(Q ) : Every may f is a product f = u£ of an epimorphisrn 

£ followed by a mo no mo r phi s m u. 

(Q ) : a) Every epimorphisrn £ has a kernel /( = Ker t . 

b) Every monomorphism p. has a cokernel 
v = Coker JJL, where Ker and Coker are character ized by the 
familiar universality propert ies (see [3], page 252, (1. 10) 
and (1. 11)). 

(Q ) : a) For epic e , £ = Coker(Ker £ ). 

b) For monic jif u = Ker(Coker JJL). 

These axioms alone suffice to develop essential parts of 
the elementary homological algebra (see [4], page 8, 2.4 and 
also [2]). This was shown essentially by P. J. Hilton and 
W. Ledermann in their theory of ringoids (see [ l ]) , where 
basic theorems are proved without really using the additivity 
assumptions. 

PROPOSITION 2: Suppose a and p are cofinai mono-
morphisms such that |3 = aw for some (unique and monic) CJ . 
Then for a' = Coker a, |3f = Coker p there exists (a unique 
and epic) cof such that a' = cu ' p ! and an object Q which is 
simultaneously the range of Coker CJ (denoted by <*/p) and the 
domain of Ker u' (denoted by p f \ûr f) . 
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Proof: u * i s given by c*f p = a* orw = 0 and p1 = C o k e r p . 
Pu t v = C o k e r co: A -* Q; then by (p ! <*)co - pT p = 0 one ob ta ins 
H such tha t p1 a = *"y. M o r e o v e r W'A" = 0 , s ince 
w l A ' Y = a ! a = 0 and v i s ep ic . Suppose {/?Y)T\ = 0 for s o m e -q; 
then p1

 (ÛTJ) = 0, hence ÛTTJ f a c t o r i z e s ove r p = K e r p ' = au 
and thus a l s o r\ ove r u , a be ing m o n i c . Hence yrj = 0 , 
wh ich shows Ker(A'v) = K e r v. Since v i s e p i c , it follows 
f r o m a x i o m s (Q ) and (Q ) a ) - t ha t ^ i s a m o n o m o r p h i s m . 

1 3 
Suppose Z,/< = 0 for s o m e £,, then £/É"Y = (£>p! )<* = 0, hence 
t,pf f a c t o r i z e s ove r #' = Coker a ^w1 p1 , and thus a l s o £ 
o v e r uT , p1 be ing ep ic . Th i s p r o v e s CÛ! = Coke r /f, hence 
*- = K e r u1 by (Q ) b ) . 

T H E O R E M 3: Suppose both r o w s of the c o m m u t a t i v e 
d i a g r a m a r e exac t . Then t h e r e e x i s t s an object Q which 
r e p r e s e n t s s i m u l t a n e o u s l y Q = K e r e / (Ker p v̂ > K e r \\t) 
= (Im p A l m ^ ' ) / I m 6. 
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Proof: The canonical factorization of a map f : A -* B 
given by (Q ) is essentially unique and will be described by 

f = f f :A-—*B, so that f = Coim f, f = Im f. Factorize 
m e e m 

in this way <p, 6, e , ^ , then <p = Ker \\t and 4>! = Coker <p f 

m e 
= Coker (<?' ). By uniqueness one obtains the monomorphism 

m 
g = (p ç ) and the epimorphism r\ = (4»! P ) > s o that 

e m m e r n e 
£! = Coker (6 <p ) = Coker g and T|t = Ker (+' p ) = Ker r|. 

e m e m 
To construct the sum cr = Ker p w Ker + form cr ' = g' p , then 

o" = Ker cr » . Dually the intersection T = Im p s~\ Im <p ! = p rj1 

m 
(see [1], pp. 2, 3, Props . 2.2 and 2.6) . Since € rjgô = e <p 

m e 
= y4iç7 =0 , one has rjg =0, hence there exists IT and i such 
that Ti^irg* and g = r|f t , thus also e = rjP = TT£! p = TTCT

 f 

e e e 
and 6 =p g = p TJ'I = T L . Since e cr = TTCT » <r = 0, cr 

m m m e 
factorizes over Ker £ (similarly T1 = Coker T factorizes 
over Coker 6). Repeated application of Prop. 2) gives an object 
Q = Kere/o- =<r'\e = g'N^ = ^ / g = T / 6 (= Coker 6 \ T ' )• 

e m 

Remark: In the category of groups (or rings) axiom 
(Q^) b) no longer holds, and thus a distinction must be made 
between "normal" monomorphisms p. = Ker(Coker \i) and non-
normal ones. Still valid however is axiom 

(G) : If fi is a normal monomorphism and e an 
epimorphism such that e fi is defined, then also (e \i) 

m 
(the image of fi under z ) is normal . 

The lat ter suffices to prove Prop. 2 for normal a and p, 
because then /^ is also normal . Thm. 3 remains valid without 
res t r ic t ion: Its p remises imply the normality of g , so the 
same proof applies. 
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