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Computing automorphisms of finite soluble groups

MICHAEL J. SMITH

In this thesis an algorithm for computing the automorphism group of a finite solu-
ble group is described. Recent work by Leedham-Green (described in [2]) has resulted
in the development of special power conjugate presentations for representing finite sol-
uble groups. These presentations provide many advantages for computing information
about soluble groups, and algorithms for computing them are available in both the
computational algebra systems GAP [5] and Magma [1]. The automorphism group
algorithm takes a group given by a special power conjugate presentation and computes
a generating set for the automorphism group as well as the order of the automorphism
group. The effectiveness of the algorithm is demonstrated by performance results for a
prototype implementation.

A more general problem than that required for computing automorphism groups
of finite soluble groups is considered in Chapter 3. This problem involves computing a
generating set for the automorphism group of an extension of an elementary abelian p-
group by a finitely presented group. The solution of this problem divides naturally into
a number of separate computations (an exact sequence given by Robinson [3] is the basis
for the separation). The simplest of these is shown to correspond to computing a basis
for a vector space of functions from the finitely presented group into the elementary
abelian group. This part of the computation is described in the remainder of the
chapter.

The remainder of the computation is more easily performed in the case of a split
extension. Chapter 4 describes the solution in this case. This calculation involves
deciding isomorphism of modules for the finitely presented group, and much of the
chapter is devoted to describing algorithms for computing with modules. Algorithms of
Schneider [4] for computing direct-sum decompositions of modules into indecomposable
modules are a starting point for a simple solution of the isomorphism problem for
modules. A particularly important element of the split extension case is the computation
of a generating set for the group of module automorphisms. This is equivalent to finding
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a generating set for the centraliser of a matrix group in the general linear group. Explicit
formulae for the elements of such a generating set are given, relying only on well known
formulae for generating sets of general linear groups (for example [6]) and information
already computed during the module decomposition calculation.

In Chapter 5 we consider the general or nonsplit case. This relies on much of the
information computed about the corresponding split extension, and involves some ad-
ditional computations. The specialisation of this step to the types of extension required
for soluble groups is also described.

Chapter 6 describes the algorithm for computing the automorphism group of a
finite soluble group. We start the chapter by defining special power conjugate presenta-
tions, following the description given in Eick [2]. These presentations exhibit precisely
the structure required to assemble the algorithm for finite soluble groups from the al-
gorithms described in earlier chapters. We then show how some of the information
exhibited by such a presentation can be used both to reduce the amount of work re-
quired to compute the automorphism group, and also to compute a generating set that
exhibits more structural information for the automorphism group.

We conclude in Chapter 7 with a hand calculation following the steps of the au-
tomorphism group algorithm as described earlier. This calculation plays two roles.
The first is as an extended example of the steps involved in computing the automor-
phism group of a split extension. More importantly, it shows that the algorithm may
be applied to compute the automorphism groups of an infinite number of groups in a
single calculation. An infinite family of groups is constructed, indexed by the set of all
odd primes. The automorphism group of an arbitrary member of the family is com-
puted. The result of this calculation is a single parameterised generating set for all of
the automorphism groups as well as a function giving the order of each automorphism
group. The example raises the possibility of incorporating algorithms for working with
symbolic parameters into an implementation of the automorphism group algorithm, or
indeed of other group theoretic algorithms, and having similar computations performed
automatically.
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