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A REMARK ON A PAPER OF WALTER AND ZAYED 

T. F. XIE AND S. P. ZHOU 

ABSTRACT. One result concerning the series representation for the continuous Jaco-
bi transform in Walter and Zayed [1] is improved, the same thought also can be applied 
to the related results in [1]. 

1. For any real numbers a, b and c with c ^ 0, — 1, —2,.. . , the hypergeometric func
tion F(a, b, c, z) is given by 

F(a,b,c9z) = L , x I, **» \A < !> £o (c)kk\ 

where the series converges at z = —1 and z = 1 provided that c — a — b + \ > 0 and 
c — a — b> 0respectively. 

The Jacobi function P^^ (x) of the first kind is defined by 

P ^ V ) = F ( * +" + 1} Fl-X, X + « + /3 + 1, a + 1, (1 - * ) / 2 ) , x e (-1,1], A r ( a + l)i(A + 1) 

where a,/3 > — 1, A + a + 1 ^ 0, — 1, —2,. . . , and without loss of generality, A ^ 
—(a + (3 + l ) / 2 (cf. [1]). For integer values of \,P®^ reduces to the usual Jacobi 
polynomial P" (x) as defined in [2], 

2~a-^1 f_x (1 - x)a(l +xfF%*\x)F%*\x) dx = Svnh^K 

where 
A(af/3) = r(n + a + l)r(n + f3+l) 1 

r(n+l)r(n + a+(3 + 1) 2n + a+f3 + 1' 

Define further 

t***\n) = 2-a-P~l f (1 - x)a(\ +xfP(^P\x)P(
n
a>P\x)dx, 

hence for A ^ n, 

p(a,p)(n) = ( - l ) * r ( A + a + l)r(A+/3+l)sin7rA 
A TT(A -rc)(A+rc + a + / 3 +l)n!r(A + a + / 3 + 1)' 
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G. G. Walter and A. I. Zayed [1] introduced the continuous Jacobi transform as fol
lows. Let fix) e Ll{(-lA),WaP(x)},WaP(x) = (1 -x)a(l +x)P, then the continuous 
Jacobi transform/(a/3)(A) of/(jc) will be defined by 

/<Of'0>(A) = 2 - a - 0 - 1 f_ (l-x)a(l+xfP("'p\x)f(x)dx,\ > - ( a + / 3 + l ) / 2 . 

They gave a series representation for the continuous Jacobi transform/(a/3)(A). 

THEOREM A. Let f{x) be 2p times continuous differentiable with support in (—1,1), 
2/7 > max(a,/3) + 3/2, then 

OO I 

n=l hn ,H 

where the series converges uniformly on any compact subset of [0, oo). 

In the present paper, we indicate that the condition on Theorem A can be weakened 
by methods in approximation theory. One can similarly improve other results in [1] (e.g. 
Proposition 4.1). We will, however, omit the details. 

2. Main Result And Proof. 

THEOREM. Let fix) be 2p times continuous differentiable with support in (—1,1), 
2/7 > max {(3 — 1,0}, then 

OO 1 

11=1 hy
n ' M 

where the series converges uniformly on any compact subset of [0, oo). Furthermore, 

OO 1 

£ TfcTS) f{a'"\n)P[a-0\n) = 0(A" 2 ' -V/ ( 2 p > ,A"')) , 
n=[2A]+l hn 

where ujif,8) is the modulus of continuity off G C(_ij). 

LEMMA 1. Letf e L2{ (-1,1), WaP} ,£„( / ) be the nth best approximation to fix) 
by polynomials in L2 Wa@ -weight norm, then 

U,(^y <" -"<" )))" l s o (-' , ) , M / ' 
PROOF. It is well-known that {(2a+^+lhna^))~l,2Pfna^)} forms an orthonomal sys

tem in [-1,1 ] under the weight Waf3 (JC), a, /3 > - 1 . Therefore any/ G L1 { ( -1 ,1 ), Waf3} 
has the expansion in Fourier-Jacobi series 

OO 1 

/ W ~ £ -^TS)fia-P)(n)^\x). 
n=\ hn 
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If/(jc) G L2{ (-1,1), Wa^(x)}, then it holds true that 

Jjf(x) - Sn(f,x))2WaP(x)dx ^ J^(f(x) - qn{x))2W^(x)dx 

for all nth degree polynomials qn, where Sn(f,x) is the nth partial sum of the Fourier-
Jacobi series of/(x). Hence 

(£ (Smif, x) - Sn(f, x))2Wa?(x)dx) ^ C(a,P)En(f), 

that is the required result. • 

LEMMA 2. Let f e L2{(-1,1), WaP}. Then in any closed subinterval [s, t] C 

(-Li) , 
OO 1 

n=\ hn ,H; 

coverges uniformly and absolutely ifEn(f) — 0(n~6)for some 6 > 1/2. 

PROOF. From Lemma 1, 

1 2*+1 

E 
=2*+l 

A' ,(a,0) 
/(«./»)(,-) = 0(2*E2*(/)), 

so we can get immediately 

E 
* = 1 

l.(«.0) 
/ (U| + E E 

*)' 
,(«,/3) 

k=\ f=2*-' + l 

/ ( « , / 3 ) W 

[,(«./?> 
off; 2%(/)>) 

V*=0 / 

0(1) £ £„(/). 
n = l 

At same time noting that (cf. [2]) 

P^'fi\x) = 0(1) 

(1-x2)1 /2 J_ 
2 

(1-x2) ' /2 J_ 
2 

n nz 

-a-l/2 

n~a-\ O^x^ 1, 

-0 -1 /2 

/ T ^ " 1 , - 1 ^ J t ^ 0, 

with the condition En(f) = 0(« *) for 8 > 1/2, we have completed the proof of 
Lemma 2. • 

LEMMA 3. Letf e L2{ [-1,1], W"? }. IfEn(f) = 0(n~s), s > (3 - 1 , fAe/i ffcé? ^n>5 

OO 1 

E TtLf^W^W 
« = 1 At« 
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converges on any compact subset of [0, oo). Furthermore 

OO 1 

E JrwJ^WPf^in) = 0(X-^El2X]+i(f)). 
n=[2A]+l nn 

PROOF. Using a well-known result 

~ x , JC—> oo, 

we give an estimate to P^^ (n): 

P[a^\n) = 0 \-PnV 
(|A -n\ +1)(À +n + a+(3 + 1) 

, A 2 ; -
a +(3 +1 

together with Lemma 1, 

E 
i («,/3V„ÏP«*./3V 

r « . ^ ( B ) i y . ^ ( | l ) 
W ,,(«,/*> 

jH«,/3)(1)p(«./3>(1) 

oo 2 ' 

E E 
*=1 /=2^-1+l 

^ / ( - ^ ) ( O P i ^ > ( o | <> | ^ / ( ^ > ( i ) ^ ) ( i ) 

, 2 x 1 / 2 / 2* 

E E (J^/^o-))) E W >(0|: 

= Of g 2 ^ - ^ ( / ) U of g 2^—»>V 

1/2 

< * = 0 y V fc=0 

under the condition 5 > /? — 1, it is clear that 

1 
E < +oo. 

On the other hand due to the estimate for P\ (ri), 

OO 1 / OO 

E -^T)f
(a^(n)P[^\n) = 0 [X-^El2X]+l(f) £ n ^ 

n=[2A]+l nn ' V n=[2A]+l 

= 0^A-1 /2£ [ 2 A ] + 1( /) j , 

thus Lemma 3 is proved. 

PROOF OF THE THEOREM. We only need to prove 

(«>P)(„\fra>Ph / ( ^ ( A ) = £ - ^ r ^ ( n ^ ( n ) , 
n=\ hn 
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it follows that by the definition of/ (a /3)(A ) we exchange the order of the integration and 
the sum, as it is made in [1]. Theorem is proved. • 
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