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§1. Statement of the Problem.
The object of this paper is to discuss conditions for a maximum
or minimum of functions of integrals of the type
¢[ |ty vrde [ g@ vy i)
employing the methods of the Calculus of Variations.

Let D be a three-dimensional domain consisting of points
(%, ¥, ¥'), such that (z, y) lies in a given two-dimensional domain d,
and y' is such that —w <y’ <. Let f(z, ¥, %), 9(2, y, ') be two
functions, which are continuous, and possess continuous partial
derivatives of the first three orders with respect to the variables
z, ¥, ¥, in the domain D. Let Pi(z;, 1), P2 (22, y;) be two fixed
points of the domain d, and let the function y = ¢ (z) have the
following properties:

(i) single-valued, continuous in the interval (x,, z,);
(i) continuous derivative '(z) in (a), 2,);
(iii) yi = ¢ (21), ¥ = (22);
(iv) the point (x, y), where y = ¢ (2), ; = 2 < x,, lies entirely in the
domain d.

The class of curves y =1 (x) is called the class of admissible

currves, say the class {}. We now consider the functionals

F) = 160 b @), ¥ @hds,
G ) = | gl @), ¥ @)

Let F, and F,, ¢, and G, be the upper and lower bounds of the
functionals F and @ respectively, in the class {C}. We now introduce
the function ¢ (p, ¢), which is a given continuous function of the
variables p and q for the range

F,=spsF, G,=q=@y,
and possesses continuous partial derivatives, with respect to p and ¢,
of the first two orders, for the same range.
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The functional, which it is proposed to discuss, is thus

I () =¢[F (), G )],

and conditions are found for a maximum or minimum of I (i) in the
class of curves {C}.

§2. The Analogue of Euler’s Equation.

The neighbourhood (k) of the curve y = y(x) is defined to be
that part of the (z, y) plane bounded by the curves

y=dolx) —k, y=tx) +k

and the straight lines # = x;, and « = x,. If it is possible to find a
number k, such that
I () = I (o)

for all admissible curves ¢, which lie entirely in the neighbourhood
- (k) of the curve y = iiy(x), then the curve y = () is said to define a
relative mintmum of the functional I (). Thus the condition for a
relative minimum is that the total variation

AT =1 () — I ()
shall be positive or zero.
Proceeding in the manner usual in the Calculus of Variations,
we have

Al =¢ [ j""’f(x, y-+Ay, y' -+ Ay')dw, j g

Ly

(z, y+Ay, y' +Ay')d:vi]

(x, ¥, y dx,j gz, vy, y ’)dx]

REN

+¢G[F G] g r, y+Ay,y +Ay)dx— 5’32g(x’ y:?/,)dx]

Jy

[ [
= ¢-1F, G] H fa g+ Ay, v + Ay)de — [ f (=, y, y’)dx]
.

2

+ el | Tyt Ay g+ Ay)de — 7 (g, y) da

L J o

+ drel..-.] I f xz,y+ Ay, y + Ay’)dx—rgf(x, Y, y’)dx_

&y

x [ %9 y+ Ay, v + Ay)da — j129 (z,y,y)do

£y .

[ (x. o , 2
+idecl- ] ) 9@y + Ay, y + Ay)de — j g(x,y,y)dx},
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where the arguments in ¢rz, ¢re, Pes are

Jf (w, y + 0Ay, y' +0Ay’) dz and j g(x, y + 67y, y' + 6Ay) da,

£y

where 0 < 0 < 1.
Let Ay = en(x), where 7 (z) is any continuous function with a
continuous derivative in the interval (z,, x,), such that
(@) =0, 7(x)=0, |c|=e,
where ¢ is a fixed positive number, chosen so that the maximum

value of |en(z)| in the interval (z,, 2,) is less than k. With these
conditions, it is clear that the curve

y = (2) + en ()
is an admissible curve lying entirely in the neighbourhood (k) of the
curve y = o (¢). Then

AL =¢:[F, 6] e j (nt, + 0 f,) dx

2 8 2 ’ ' ’ I
+ e Zj (n82+ m = Oyoy , + 7 ,g)f(x,y+9€7):y+9 en)dx}

+ ¢ [F, G] ng_y-i—n'gj/)dxﬁ—....}

4+ drel....] (nfy +7'fr) dx+....}

X 1 €

|,
SRCTEE FAL S
.
J.

{e

+ Y brrl. .. {
1€
{e|" o+ g)de+.... }
;

+ toel.. .1 ¢ j (ﬂ%—l—ng)dw#—....}z.

Since the functions involved are all continuous, the coefficients
of €&, €%, ¢ in Al are all bounded; thus, by choosing e small enough,
the sign of Al is the same as that of

el dslF, G]j nf, + 7' f,) dz + de[F, G]j (ngy+ 7' g»dx}

Hence a necessary condition that y = i, (x) should give a relative
maximum or minimum is that, for every function n(x), such that
n(x) and 7’(x) are continuous in (2, ¥;) and »n(x;) = n(x;) = 0,

$r[F, GJj (nf, + ' fy) dz + $6[F, GJj (ng, +4'9,) dz =0,

https://doi.org/10.1017/50013091500013845 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500013845

90 R. P. GILLESPIE

where

= jf {x, ho (%), o’ (2 ] da,
G—_—j fx, o (2) ,,¢0'(x)}dx

By applying the method of integration by parts to the above
equation, we deduce
Ly d Lo d
F w— 5 Jv ¢ ’ uw T T Y d =0:
$elF, 61| 0 (f = . f0 dm + 4olF, 61 (g, — 79 s

which, by the Fundamental Lemma of the Calculus of Variations,
gives

be1F, @IS = Lo+ 9T, 60— 5 0 =0 (@

Thus a first necessary condition to be satisfied by y = ¢ (z), in order
that it should give a maximum or minimum of I(y), is that it should
satisfy the integro-differential equation (a), which is the analogue
of Euler’s Equation.

§3. The Solution of Equation (a).

If y = y (x), is any solution of equation (a), the expression

¢FH.1f x, Y, y') de, r (x, y, ¥ )dx}

£y

where y = y(x), has a definite value, A, say, independent of «;
similarly #,[ ] has the value A, Thus y =y (x) satisfies the
differential equation

d d
Mlfo= 2 )+ Nl — - 9.) =0, (1)

and we see, that each solution of equation (a) is also a solution of a
certain differential equation of the second order. Let the solution
of equation (1) be
y = lp (x’ a, /8: )‘1: )‘2),

where o and 8 are constants of integration, and substitute this value
for y in

¢r[1=Xdand ¢:[ ] = A. (2)
This gives us two equations to solve for A, and A;, and remembering
yr =y (x), y2=y (), we can find a and B, thus obtaining a solution
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satisfying all the conditions. This is a complete solution of Equation
(a), for it has been shown that every solution can be obtained in this
way. It is important to notice that equations (2) may give one or
more sets of values of \; and A;, and therefore, a corresponding
number of curves joining P, and P,; also it has been tacitly assumed
that
Mfyy + A gy F01in (), 2,).
As an illustration of the method consider the following example.

P

3 5 B
Amongst the admissible curves joining the points P, (— 1, 0) and

P, (1, 0), find one which gives a minimum to the functional

1 , 2
(Length of P, PPy)? H_l‘/ (1+y)de]

AreaP10P2PP1 - J.lydx
-1
We see that equation (a) for this problem is
1 2 1 19 2
|‘vasyda. [ vty
2' = ['_ 3 7 ] — - = O.
R e
-1 -1
Let
1
[ votyna
TS ,
j ydx
so that the differential equation is
a ¥y _
dz v/ (1+y")

Thus the radius of curvature is numerically equal to 1/A, and the
solution is the arc of a circle. The next step is to find A; if P, PP, be
the arc of a circle, radius 1/A, then

. 1/Asin~' (})

T 1/A%sin T() — 4/ (/AT —1)°
On solving this equation for A we see that the radius of the circle is

either infinity or 1. The first case is obviously not a minimum, and
the required curve is therefore the semi-circle on P, P, as diameter.
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§4. The Analogue of Legendre’s Condition.

If Equation (a) is satisfied, the coefficient of ¢ in the expansion
of Al is zero, and it follows, as a necessary condition for a minimum
of I, that the coefficient of €* in the expansion of Al must be positive
or zero. Denoting this coefficient by 1 1”, we have, from §2;

I"= ¢p [F, Q1 [ (fun®+ 2fumy + v da

+ ¢e [F, G] (g "’72 +2g9,. 7777l +- G n'?) dx

(%,
2

o

+ berl....] [::(fm + fo)de |
]H(fn + frn') dx] H (gym + gm')dx]
+ ¢aa[....1[j‘ gy + 9:7) dz ]

2y
iy

+ 2dp [

Let

P = (;bF[F, G]fyj/ + ¢G [F’ G] g’,’?”

Q = ‘ﬁF [F; G] fw’ + ¢G [F: G] Gur's

R =¢r[F, Glfyy + be[F, Glgyy
and suppose that at some point ¢ in (z;, x,), R is negative. Since all
the functions involved are continuous, we can find a positive number
8, such that R (z) < 0 for values of x in the interval

Si=c—0=2=c+8=¢.

Let 5 (z) have the following special form

1=0, 2= &

n=(@— &) x—E&) =2 =6

=0, ESr = 7,
We now proceed to find the value of I” for this special variation.
The following results are used:

j Py = L&)

& g30 E— &) s =6

éﬂ
.( 2Q 7’ dx =277 A (€3 — &), where A is a constant such

that
fMélQ(Z)}in L=z £ 6,

(this result is obtained by dividing the range of x into two equal
parts);
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CRyrar =R gy q 20 e

J

[ pn ae =T ey, ase s
[[gndr=280 (— oy, 2o s
r"f},rn’dx:2‘3&(52—51)4, NS fylin 6 Se < b
[fomdz=2nE -6y (b Slg e se<e
Thus we have

" o__ ’ (5‘2_51 8 2 _ 7
I P BB 2 a0 R (6 )

SRS S | AN ek DA SN PR A

+2gnl [ @ BB o 6, — gy

X [gz/ (™) (& g &)t + 2730 (6 — §1)4]

ol [ @ C B ooy 6 — ]

Since we can take d as small as we please, and since all the functions
involved are continuous, I” is negative because R (2”) is negative;
hence a necessary condition that the curve y = i (z) should give a
minimum value to the functional I is that

G F, G1f, [, 'o(2), do(@)]+ 6l F, Glgy, [, do(®), ¥'o(2)]=0, 2 =x=Zw,,
where

F= j Flzs o (@), & (2)] de, G = j g [, o (), ¥'o (2)] dav.
This is the analogue of Legendre’s Condition.
§5. The Problem in the Parametric Notation.

The previous results can be easily extended to the problem in the
parametric notation. The functions F (z, y, 2, %), G(x, y, 2, ¥')
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have the properties defined in Bolza’s Vorlesungen iiber Variations-
rechnung, pp. 193-197, and the problem is to find a curve joining the
points P, and P,, which will yield a minimum to the functional

I= ¢[ j Flz(t), y(0), & (1), ¥ (1)} dt, j Giz(t), y (), ' (1), ¥’ () dt]
t, ¢

in the class of admissible curves

x==z(t), y=yQ),
joining the points P; and P,.
We introduce the functions F, and @, defined in Bolza, p. 196,
and by a reasoning similar to that of §2, we get the analogue of
Euler’s Equation:

¢F[] (F:c;/’ - F.cy) + ¢G[] (ny’ _ x’y)+[¢i{ ]Fl + ¢G[ ]G]] (x,y”_-z”yl) =O'
This equation is solved similarly to that treated in §3. By a method
analogous to that of § 4, we obtain two further necessary conditions:

$rl 1 Fvw + dal ]G = 0,
¢F[ ]Fy’y' + ‘ﬁG[ ]Gy’y’ = 0;
both of these conditions are included in the one condition
¢rl 1F + e[ ]G =0,
which is the analogue of Legendre’s Condition.

§6. Lower Semi-Continuaty.

[See Tonelli’s Fondamenti di Calcolo delle Variazioni, Vol. 1.,
Chaps. VI. and VII., where necessary and sufficient conditions for

lower semi-continuity of the integral j F(x,y, 2, y')dt are discussed.]
4

It is assumed here that such conditions are satisfied as to make
the integrals

jF (@, 9, @, y) dt, jG (@, y, &', ') di

lower semi-continuous in a class of curves in a bounded part of the
(%, y) plane. [See Tonelli, Vol. 1., pp. 201, 202, for definitions of the
types of curves considered and the nature of the part of the plane.]
Further, it is assumed that ¢ (p, q), &, (p, 9), &,(p, ¢) are continuous,
positive functions for a range of values of p and ¢, which includes in

the p range all values of det in the set of curves, and in the ¢
(4

range all values of f G dt in the set of curves.
4
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With these conditions it will now be shown that

I, = (,sUCF dt, LG dt]

is lower semi-continuous.

Given a positive number ¢ there exist neighbourhoods (p;) and
(p2) of the curve C;, a member of the set, such that for every curve C
belonging to them ¢ ordinately ”’ [see Tonelli, Vol. 1., p.72],

J th>j Fdt — e in (p));
v Cy
dez>j Gdt — e, in (p).
¢ c,
Thus there exists a neighbourhood of C,, common to (p;) and (py), in

which both these inequalities hold. There are four possible cases to
consider.

(i) jmwj Fdt, de»j G dt;
o C, (4 Co

in this case, since ¢, (p, ¢) and ¢, (p, ¢) are both positive,

¢H0th, LGdtJ > g&[Joant, L’Gdt].

(i) J thgj th>j Fdi — e,
Co ¢ ¢,

f Gdtgj G(Zt>j Gdi — e
c, 4 (4

[ ][] rue foa
= ¢ [jvant’ jandt] —ef{dr[ 1+ e[ 1}

where ¢ and ¢ have arguments

U th—ﬂe,.[Gdt—He} 0<f<l.
C, ¢,

here

Let & be the minimum value of [¢r + ¢¢] in the given range of values
where & > 0; then

o[ [ Fae [ca]>4[ [ ra [ cu]-e

(iif) j Fdz‘>J Fdt, j Gdtngdt>j Gdt — e
¢ c, Co ¢ e,

https://doi.org/10.1017/50013091500013845 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500013845

96 R. P. GiLpLESPIE

then

¢U0th, L\Gdt] —gb[LOF dt, J-COGdtJ
- "bUcht’ JCGdt] — ¢H0)th, LGdt]
+¢[L0th, LGdt] _quC“th, jCOGdt].

oIf. 7o fLoa]o[J re o],

¢Hcpdt, Ladt} >¢H€ F dt, L Gdt] — e,

where 8’ is a positive number, by (ii).

(iv) j thgj Fdt>| Fdt — e, det>j G dt,
[4 ¢ [4 [

o

But

and

which is exactly similar to (iii).
All possible cases have been considered, and it has been shown
that, with the above conditions,

é [ JC Ft, LG dtj

is a lower semi-continuous function.
The above method can be applied to the following case. Suppose

that jF(lt is lower semi-continuous, and J. G dt upper semi-
(4 c

continuous, while ¢, (p, ¢) is positive and ¢, (p, ¢) is negative for the
given range of values; then, with these conditions, by considering
the four possible cases by the previous method, it can be easily

shown that
Fdt Gdt
o[ pa o

is lower semi-continuous.

§7. Existence of an Absolute Minimum.

Let F(x, ¥, ', ¥'), G(x, ¥, 2', y') be two functions, which are
positive for every point of a bounded part of the (2, y) plane, and for
every (2', y') such that z’ and y’ are not both zero. It is further
assumed that the derived functions F, and ¢, of §5, are not negative
in the same domain.
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With these conditions, it will now be shown that in each
complete class of ordinary curves C in the given bounded part of the
plane, there always exists an absolute minimum of the functional

I, = quchz, LGdt],

where ¢ (p, q), ¢,(p, ¢), ¢, (p, q) are continuous, positive functions for
a range of values, which include, as above, all possible values of

f Fat and f Gdt. By the results of Tonelli, Vol, I, Chap. VIL.,
¢ (4

the functionals [ Fdt, J G dt are lower semi-continuous, and hence,
Je 4

by the previous paragraph, it is seen that /. is lower semi-continuous.
There exist positive numbers mz, Mz, mg, Mg, such that in the

given domain
ml,‘éFéﬂ’Ip, mgéGéﬂf(,-.

There is no loss of generality in assuming 22+ y?> =1, and since
$, and ¢, are both positive, it is clear that
bmpl, meL) <1, < $[MpL, MsL],
where L denotes the length of the curve C. Now let
C,C4f v..; Cpy vt

be a minimising sequence for I.; then either

1
< — <3 _
Icn n, or ICn:z—i—n,

where ¢ is a positive number. But obviously I("§ — n cannot be
true; hence
. 1
Icn =1+ n

Now let w = ¢ [mzL, msL]; then since ¢, and ¢, are both positive,
Qg

we can solve this equation for L in the form i (u), where du

positive. But
é[mpL, megL] = I;

therefore
L = ¢ (Ie).
If L, denotes the length of C,, we have thus shown that

Losy(e) = +1)
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The curves of the set {C,} are thus of bounded length, since
Y (¢ 4+ 1) is a fixed positive number, and we can deduce that the set
{C,} admits of at least one curve of accumulation, C, say, which is
rectifiable and continuous, and therefore, belongs to the set {C}.

Now I.is lower semi-continuous, and thus I, <I,+ e Hence
I,, <t + e and, since € is arbitrary, I, <¢. But we have proved
that C, belongs to the class {C}, which shows that I, =¢. Therefore
I;, =1, thus proving that I, is an absolute minimum of I, in the
set {C}, and that C; is a minimising curve.

The following case can also be treated by the same method:

Fa,y,2,9)>0, Gy 2,y)<0
Fl (x: ?/, x/> ?/’) g 0: Gl (x) y, .'E’, y,) é O

>0, , >0, y < 0,
1 s

With these conditions it can be shown that in each complete class of
ordinary curves C in the given bounded part of the plane, there
always exists an absolute minimum of 7.
There exist two positive numbers m; and mg, such that, in the

given domain

mp=F, —me=0;
hence

¢[mpL, —ms L] < 1.

If as before {C,} is a minimising sequence, it is clear that

A |
I()n é v+ ’;L s
7 being a positive number.
Let w = ¢ [mpL, — myL]; then we have
du
Ez«ﬁpmp—mgqsg >0,

dL
and hence Tu is always positive.

de
Thus we can solve for L in the form  (u), where ' (u) is positive;

thus
L é l/’ (IC)a

and the rest of the proof follows exactly as before.
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