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Solution of a Problem proposed by Dr "Muir.

By R. E. ALLARDICE, M.A.

The problem is to show that the expression
{(ai + bl)< - c}{(ai + o)6i)4 - c}{(at + a>2&i)4 - c} {(a* + <o*bl)1 - c},

where <o is an imaginary fourth root of unity, is symmetrical with
respect to a, b, and c.

First Method.—Denote the above expression by P. Then, by
means of the identity x* - y* = (a; + y)(x + w/)(x + <axy)(x + o>3y), P
may be expressed as the product of sixteen factors, namely, the
sixteen values of al + ufbl + w'ci, where r and s have successively the
values 1, 2, 3, 4. This product is obviously symmetrical, and the
symmetry is not destroyed to the eye by a re-combination of the
factors in sets of four, the form thus obtained being

(a + b + c - 2aifti - '2biJ - 2cJai)(a + 6 + c - 2aW + 26M + 2cM)
x(a + b + c + 2aib* - 26W + 2c*ai)(a + b + c + 2aJ&* + 26W - 2c*a*).

Second Method.—Since
(ai + wbiy - c = a)"(al + <o&i)4 - c = (<o3a* + W)4 - c,

P is evidently symmetrical with respect to a and 6. Further, since
the change of 6i into tofti does not alter P, P is rational in 6 and there-
fore also in a. When b = 0, P becomes (a — cf which is symmetrical
in a and c. Hence P has been proved symmetrical in a and 6, and
symmetrical in a and c except in those terms which contain all the
three letters. Thus

P = 2a4 + A2o»6 + B5V6' + C(a>bc + atfc) + Dabc*.
It remains to prove C = D.
The co-efficient of cs in P is 2(ai + 61)4(a + c«6i)4 and D is equal to

the value of this when a = b = 1, less twice the value when o = 1, b = 0,
that is - 1 1 2 - 2 x 6 = -124.

The co-efficient of c in P is - 2(<il + 6*)4(ai + wii)4(al + a>s6i)4 and
2C is equal to the value of this when a = 6 = 1, less twice the value
when o = l , 6 = 0, that is - (256 - 2 x 4) = - 248 = 2D.

Therefore C = D.
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