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INTEGRAL GROUP RINGS OF SOME p-GROUPS 

JÛRGEN RITTER AND SUDARSHAN SEHGAL 

1. Introduction. The group of units, °i/ZG, of the integral group ring 
of a finite non-abelian group G is difficult to determine. For the symmetric 
group of order 6 and the dihedral group of order 8 this was done by 
Hughes-Pearson [3] and Polcino Milies [5] respectively. Allen and 
Hobby [1] have computed &ZAA, where A A is the alternating group on 
4 letters. Recently, Passman-Smith [6] gave a nice characterization of 
^/ZD2p where D2p is the dihedral group of order 2p and p is an odd prime. 
In an earlier paper [2] Galovich-Reiner-Ullom computed tf/ZG when G 
is a metacyclic group of order pq with p a prime and q a divisor of (p — 1). 
In this note, using the fibre product decomposition as in [2], we give a 
description of the units of the integral group rings of the two noncommu-
tative groups of order p3, p an odd prime. In fact, for these groups we 
describe the components of ZG in the Wedderburn decomposition of QG. 
The unit description is perhaps a little unsatisfying due to the difficulty 
in computing the units of commutative integral group rings. This diffi
culty does not arise if one considers the £-adic group ring ZPG, \G\ = pz, 
Zv = the £-adic integers. Also, if \G\ = 27, the commutative group in
volved is of exponent 3 and its integral group ring has only trivial 
units; and we can describe &ZG as a group of 3 X 3 matrices over 
Z[co],co3 = 1. 

One of the groups of order pz has a normal cyclic subgroup of order p2. 
We consider in Section 2 a group of order pn having a normal cyclic 
group of index p and specialize to the case n = 3 in Section 3. The 
methods of this note can also handle extraspecial ^-groups of order 
p2d+i (gee ^ p̂  £53^ giving rise to matrices of size pd X pd. 

We are indebted to Ian Musson and the referee for improvements in 
this paper. 

2. A group of order pn. We consider the following group of order pn : 

H= (a,b\ apn~l = 1 = bp, b-'ab = apn~2+1). 

We need an easy fibre product diagram of rings. Let / and J be two 
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234 J. RITTER AND S. SEHGAL 

ideals of a ring R such that I C\J = 0. Then 

R >R/J 

T T 

R/I hR/(I + J) 

is a fibre product, in the sense that 

R ^ {(a, 0)| a € R/I, 13 e R/J, 5 = 0}. 

This induces the fibre product of unit groups: 

°ti(R) Y°l/(R/J) 

<%(R/i) y°iï{R/i + / ) 

This is to be applied to the group ring ZX with / = A(X, N) as the kernel 
of the natural homomorphism ZX —> ZX/N with N < X and / = NZG 
where N = X^iv x. We shall write x for (x). 

We shall need to number the entries of certain matrices by their pseudo-
diagonals. Let us describe the n diagonals of the n X n matrix A = [atj] 
as follows 

Oth diagonal: altU a2>2, 

1st diagonal: ai,2, #2,3, 

2nd diagonal: ai(3, a2)4, 

(n — l) th diagonal: ai,n, a2,i, . • • , an_i,n_2, fln.n-i-

We shall have to number some matrices as [xtj] where x 0 is in the ^th 
diagonal at the j th spot in the above numbering, 0 ^ i, j S n — 1. 
Let co be a primitive £th root of unity throughout this note. 

PROPOSITION 1. Suppose x0, . . . , xv-i Ç Z[£] are given with £pl~l = co. 
Then there exist ti Ç Z[£] satisfying 

p-i 

£ **>" = x,, 0 = i ^ p - 1. 

P-I 

2 **•>" 6 />Z[{] for allO Sk ^p - 1. 
i=0 

» an-2,nj # t t - l , l> #rc,2 
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Proof. The given system of equations is 

235 

W 

to 

h-l 

XQ 

Xp-i 

where W = [uij], 0 S i,j < p. 

Since W is a character matrix, it follows by the orthogonality relations 
that 

W~l = -- [or"]. 
P 

The system is equivalent to 

to Xo 

h 

= w~> 
X\ 

y-1. Xp-i 

Thus there is a solution t0, . . . , p — 1 if and only if 

£Z2«-**« 6 Z[£] 
P So 

for all 0 ^ k S P ~ 1. This is equivalent to 

E A ^ z [ f ] , o ^* £/>- 1. 

PROPOSITION 2. L ^ 4̂ and B be p X p matrices over Q(£), £p' l 

5 = 

1 

. p - 1 

,4 = 

0 1 0 0 . . . 0 
0 0 1 0 . . . 0 

1 0 0 . . . 0 

The Z[£]-span of the matrices {BiAj
1 0 ^ i, j ^ £ — 1} consists of all 
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236 J. RITTER AND S. SEHGAL 

p X P matrices overZ[l-] of the form 

M = 

#0,0 

# p - l , l 

#1,0 

#0 ,1 

. . . #p_ l ,0 

. . . Xp-2,1 

#l,p—1 #2,p— 1 • • • # 0 , p - l 

such that for eachj and k, 0 ^ j , k < p, 

(*) t,x,1t*
tt£pZ[i}. 

Proof. For a fixed j , the matrices BlA\ 0 ^ i :g p — 1, have non-zero 
entries only in the j th diagonal. The Z[£]-vector (#0, X i j . . . , Xp— i ) is a 
diagonal in the span of {BlAj) if and only if there exist tt Ç Z[£] such that 

p-i 

# 0 

# 1 

* P - I 

This means that 

£ / y ' = x ; , 0 : g j g £ - 1. 

Applying the last proposition to each diagonal we get our result. 

The next proposition is well known. 

PROPOSITION 3. Let 0\ Q o2 be Z-orders in a rational algebra. If an element 
a Ç 0i has an inverse in o2 then it is a unit of 0\ already. 

Proof. We have for the indices of additive groups 

(02 : oiOi) = (0LO2 : aoi) ^ (o2 : 0i) , 

which implies aoi = 0\ and the result follows. 

Now, we study our group of order pn, 

H = (a, b\ apn_1 = 1 = bp, b~lab = apn"2+1). 

Writing a~lb~lab = apn~2 = c we have H' = (c) of order p. Thus 

H = H/{c) = (â) X (5). 

Let X be a primitive pn~2th root of unity. Then 

Qtf=Qi?©Q(\W 
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In fact, 

QR~QH/A(H, <c» ~ QHt, Q ( X W =* QH/êQH. 

Clearly, 

ZH-> ZH/A(H, <c» 0 Z [XU 

Zff 

with the projection onto the first component. We shall compute the pro
jection in the second component. It is easily checked that 

tZH + (1 - c)ZH =pZH + (1 - c)ZH 

and 

tZHC\ (1 - c)ZH = 0. 

Thus we have the fibre product 

ZH m0d{c) > ZH 

mod c mod p 

T = ZH/tZH 1—• ZH/pZH 

with all maps natural. The p X p matrices 

A = 

0 
0 

1 0 
0 1 0 . 

. 0 

.0 

and B = 

0 
X 

0 
0 

. 1 

. 0 
p-1 

pn-3 
A = co 

satisfy 

,4p = XJ, £ p = / , B - M 5 = A****1. 

That the matrices {5*^4'}, 0 ^ i, j < £, are linearly independent over 
Z[X] can be seen as follows. 

Suppose that 

1 2 ^ ^ = 0. 
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238 J. RITTER AND S. SEHGAL 

Since Aj has non zero entries only in the jth diagonal we have 

X *ijB %A3 = 0 for each j . 
i 

It follows from the nonsingularity of A that 

2>*B* = 0. 
i 

This easily implies that ztj = 0 for all i, j . 
Let Sp be the Z[\]-span of the matrices {BiAi\ 0 ^ i,j < p). We claim 

that T is isomorphic to Sp. Consider the map 

<j>: ZH-+Sp,<l>(a) = A,4>(b) = B. 

Since i = 1 + c + . . . + cv~l is mapped to (1 + co + . . . + <f~l)I = 0, 
we have an induced map 

0o : T->Sp. 

Since ^(cPWb*) — \kAiB\ <£o is onto Sp. Also, <t>o is one to one as after 
tensoring with 0 we see that both T and Sp have Q-dimension (pn — pn-1). 

Now we give a valuation theoretical description of Sp. 

PROPOSITION 4. The matrix Z Ç Z[X]pXp G 3£ if and 0w/;y if the matrix 
X — Z' satisfies 

1 € pZ[\], for allO £j,k < p 
1=0 

where Z' is obtained from Z by dividing all entries below the main diagonal 
by\. 

Proof. Observe that Ai has entries 1, 1, . . . , 1, X, . . . , X in the ith 

i 
diagonal and zeros elsewhere. Thus in order to compute Sp we need only 
calculate the span {BjA \ 0 ^ j ^ p) separately for every i. Thus we need 
to find all Z[X]-vectors (z^o, • • • , 2/P-i) such that 

Zil 

p-1 

ZhBj 

X Zip-l 
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which is equivalent to 

p-i 

j=0 

'%i0 

*i,p-i-l 

Zi.p-jX 

The result now follows by Proposition 2. 

We have the diagram 

zi,p— lA 

mod (c ) 
ZH : >ZS 

mod c mod p 

which is commutative by setting fa = 6ifa~l. Let us describe the map fa. 
Given M G Sp we wish to write M as £ aijB

iAi with « ^ G Z[X], 0 ^ i,j 
< £. Let ikf' be obtained from M by dividing all entries below the main 
diagonal by X. Then the j th diagonal xy0, . • • , Xj,p-i of Mr is the same as 
the main diagonal of ̂ f aijB

i. We have 

W 

aoj XjO 

= , w = 

OLp-l,j Xjtp—i 

Thus 

1 V ^ -ifc 

P k 

1 
0) 

. 1 
. 0 - 1 

1 C O * - 1 . . . ^ - 1 ) 2 

https://doi.org/10.4153/CJM-1982-016-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-016-5
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Writing 

«a = E dijk\*, dijk g Z[o>], 0 ^ k < pn~* 

we have 

0 ^i,j < p,0 ^k < pn~\ 

The commutative diagram implies that 

*i(M) = L dijk¥â^ 

where dijk is obtained from d ^ by substituting co = 1 and going mod £. 
In view of Proposition 3, we have proved 

THEOREM 1. (a) ZH ~ {(a, M) £ ZH X Z[\]vXv\M
f satisfies (*) and 

02(«) = * i ( M ) } . 
(b) <^Zi7 ~ {(a, M) e °ttZH X Z[X]pXp|M is a unit of Z[X]pXp, M' 

satisfies (*) andfcM = 0i(M)}. iîere 
(i) AT w obtained from M by dividing all entries below the main diagonal 

by \f\is a primitive pn~2th root of unity; 
(ii) The condition (*) is 

v-i 
£ xHœki G pZ[\], 0^j,k<p,œ = \pn-* 

wftere [xij] are the pseudo diagonals of M'; 
(iii) 62 : ZH —> (Z/pZ)His the natural map mod £; 
(iv) 0x(M) =X)i.i.*^*5<â i+p*wft€rc 

a « = 7 X) u~llXji £ Z[X] 

w written as^k dijkk
k, dijk £ Z[co], 0 5̂  & < £w~3 araZ d ^ is obtained from 

dijk by substituting a> = 1 and going mod p. 

If we replace Z by the ring of £-adic integers Zp then all the work above 
goes through. But in this case one knows explicitly that °ttZvH consists 
of all elements of nonzero augmentation. Therefore, a corresponding 
result for ZPH is obtained. 

3. Groups of order pz. If p is an odd prime, the two noncommutative 
groups of order p3 are 

H = (a, b\ ap2 = 1 = b**, b~lab = av+1) 
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and 

(a, b\ (a, b) — a~lb~lab = c, ca = ac, cb = bc, a? = 1 = bv = c). 

We reserve the letters G and H for these groups throughout this section. 
The first one is a special case of the group discussed in the last section, 
obtained by taking n — 3. We have œ = A, a primitive pth root of unity, 
c = ap and the fibre product diagram is as follows: 

mod(c) 
ZH • ZH 

Theorem 1 specializes to 

THEOREM 2. (a) ZH c^ {(«, M) G ZH X Z[co]pXp|M' sa/w/îw (*) and 
02(a) = 0i (M)}. 

(b) <2fZi? ~ {(af M) 6 <^Z# X Z[co]pXp| M is a unit of Z[co]PX2„ M' 
satisfies (*) andd2(a) = 0i(M)}. iJere, 

(i) M' is obtained from M by dividing all entries below the main diagonal 
by co. 

(ii) The condition (*) is 

p-i 

z 
t=0 

E *,***' G />Z[a>], 0 ^ j , £ < £, c/ = 1 

zej/̂ re {xl;} are the pseudo diagonals of Mr. 
(iii) 02 : Zi? —» (Z/pZ)His the natural map mod £. 
(iv) 0i(Âf) = ^r,itJôLijb

iâjwhere 

aij ~ T H ^ X;J G Z[a 

and aij is obtained from a tj by putting œ = 1 and going mod £. 

Now, we consider our second group of order pz. The factor commutator 
group, G — G/(c) is elementary abelian of order p2, G = (â) X (5). We 
have the decomposition 

QGc^QG®Q(a>) 'pXpi 
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where Q(u)PxP is the ring of all p X p matrices over Q(w). In fact 

QG =- QG/A(G, <c» cz QGc, 

Q(a)9>(,~QG/tQG. 

Clearly, 

ZG-»ZG/A(G, <c» 9 Z [ c o U 

ZG 

with the projection onto the first component. We shall compute the pro
jection in the second component. Consider the fibre product diagram 

mod(c) 
ZG-

mod t. 

e. 
•+ZG 

04 e, 

ZG/VLG- « 1 

mod p 

+ (Z/pZ)G 

where 02, 63 and 04 are the natural projections and 6\ is the map 

Oi(T. zc'aW) = £ Mjbk, z Ç Z. 

It is worthwhile noting that ZG/êZG is isomorphic to the twisted group 
ring Z[co] o G with ubâ = âb. The map 0i after this identification is given 
by 

fliCEad^) = E a c * , a e Z[co] 

where â is obtained from a by substituting « = 1. 
Let us define a map 0O from Z[co] o G to Z[co]pXp by 

>B = 

0 - 1 

, a • >4 = 

0 1 
0 0 

0 
1 

. . .0 
0 . . .0 

1 0 0 . . .0 

Then uBA = AB, Av = I = Bp. Moreover, if^iJaijB
iAj = 0, atj £ 

Z[co] and 0 ^ i, j < py then a tj = 0 for all i,j. This can be seen as follows: 

i j i 

as ^ ' has nonzero entries only in the jth diagonal. Further, due to the 
nonsingularity of A it follows that ^ t aijB

i = 0, and this implies that 
atj = 0 for all i, j . We have proved that 

ZG/cZG c^ Z[w] o G - span {BlA\ 0 g i,j < p) = S£, 
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the Z[co]-span of the matrices {B^3}. It follows by Proposition 2 that 

SP = {M6Z[CO 
v-i 

]p X p | M satisfies ]£ Xjia
ki G £Z[co]forallO S kj < p Y 

Let us understand the induced map </>i = 0i</>o~ *: 

ZG- ->ZG 

Z[co] o G - ZG/cZG -—• (Z/pZ)G 

<t>o\ /<t>i 

Sp 

Given M £ S£, we wish to find 4><rl(M) (E Z[co] o G. Let {x,,o, . . . , xjtP-i} 
be the j th diagonal of ikf. We wish to find a^ G Z[co] such that 
X)<,i ^ijBlAj = M. It is necessary to find aî;- such that 

2>«/B* 

This is equivalent to 

Xj,0 

X,;v-1 

,0ûjûp-l. 

aoj 

__ 

Xj.O 

Xjti 

dp-lj 
XjtP—i 

where 

W 

1 1 
v-1 

CO . . . CO 

1 c o p _ 1 . . . co ( p " 1 ) 2 
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Hence, we see that 

P fc=0 

We have 

4>fl(M) = X)a«5V and 4>i(M) = J ^ a ^ V 

where â^ is obtained from afj by substituting co = 1. We have proved 
the first part of the next theorem. The second part follows from Proposi
tion 3 in view of the fact that Sp is an order in Z[OJ]PXP-

THEOREM 3. 

(a) Z G ~ {(a, M) 6 ZG X Z[co]pX2,| M satisfies (*),02(a) = *i(M)}. 

(b) ^ Z G ~ {(a, Af) e ^ Z G x z [cojpxpl M is a unit of Z[co]pX2,, 
sa*w#es (*),02(a) = «1 (M)}. 

if ere, 
(i) 02 : ZG —> (Z/pZ)G is the natural map mod p; 

(ii) 77£e condition (*) is 

p - i 

X *,<*>*' € pZ[o>], 0 £ j , Jfc < p, </ = 1, 

where {x0} are ^ e pseudo diagonals of M; 
(iii) <t>\{M) =^ij âifrâ* where 

aij = T 23 «** î* € Z[co] 
pfc=0 

awd â0- is obtained from aijby putting co = 1 and going mod £. 

As in the case of Theorem 1 there is also a corresponding £-adic result. 

4. Groups of order 27. Now, we specialize to the case p = 3 ; co3 = 1. 
The groups are 

G = (a, b\(a, b) = c, c central, a3 = b* = c3 = 1), and 

H = (a> j | a 9 = i = b\ b~lab = a4). 

Then G = (â) X (b), H = (â) X (5) are both elementary abelian 3-
groups. It is well known [7, p. 57] that <^ZG = ±G, ^ Z H = ± 5 . We 
wish to give an explicit description for ^ Z G and &ZH. The diagram for 
ZG is as follows: 

[1 0 1 Ol 
CO , A = 0 0 1 

co2_ _1 0 Oj 
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ZG-

mod c 04 

T 

Z[co] o G - ZG/£ZG 

00 

mod(c) 
+ ZG 

021 mod 3 

+ (Z/3Z)G 

Specializing the condition (*) to p = 3, we see that the matrix 

# 0 , 0 # 1 , 0 # 2 , 0 

M = X2,l #0,1 #1,1 6 Z[C0]3X3 

L#l ,2 #2,2 #0,2J 

belongs to S£ if and only if it satisfies for each 0 S i ^ 2 the conditions 

#zo + #u + #i2 6 3Z[co] 

#zo + xti<a + xi2o)2 Ç 3Z[w] 

#i0 + Xn(*)2 + #i2CU Ç 3Z[w] . 

To find 4>i(M) we need a 0 Ç Z[co] such that M = £ atjB
iAi. This gives 

fao, 1 1 1 1 # j 0 

0 J > 
_ 1 
~ 3 

1 0>2 CO # ; 1 

La2̂ _ 1 to co2J L^2— 
and 

a0j = | ( # y 0 + Xji + xj2) 

(**) û l i = i ( # ; 0 + C02#ji + C0Xj2) 

a2j = %(xj0 + coxji + o)2xj2). 

We have 0i(M) = £ àip1^. We know that the units of ZG are pairs 
(a, M), a e <%ZG, M G Sp with 0i(M) = </>2(«). But, since ^ Z G = dhG 
we need matrices M such that 

MM) = Zâifrâ* = ±â<5™ = 02(dba^w) 

for some /, m. This means that if w = co — 1, 
(1) For two values of i and all j , ai3; = 0 (mod 7r) ; 
(2) For the third value of i either 

a i0 = ± 1 , an = a î2 = 0 (mod TT) or 

an = ± 1 , a*o = a>i2 = 0 (mod TT) or 

ai2 = ± 1 , a i0 = aa = 0 (mod TT). 
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We have proved 

THEOREM 4. °UZG ~ ( I f ^Z[co]3X3| M satisfies (1) and (2) where aiô 

are given by (**)}. 

It is clear that the matrices Y £ ^Z[co]3X3 which are congruent to 
/ mod 7T3 are contained in °WLG and hence fyTLG is a congruence subgroup 
inSL(3,Z[«]). 

Now, we describe °UTLH. Recall that if we have a matrix 

X = Z' = 
#0,0 #1,0 #2,0 

#2 ,1 #0 ,1 #1 ,1 

#1,2 #2,2 #0,2 

satisfying (*) then the corresponding matrix in Sp is 

Z = 
#0,0 #1,0 #2,0 

C0#2,l #0 ,1 #1 ,1 

C0#12 C0#2 2 #0 2 

±fc, If we write Z = J^a ijB
iAj then it can be checked that <£i(Z) 

h £ H if and only if the matrix X satisfies (1) and (2). We have 

THEOREM 5. °UZHc^. \Z 6 ^Z[co]3X3| Z' satisfies (1) and (2) wfeere az> 

are given by (**)}. 

It is easily seen that °UTJH is a congruence subgroup in 5L(3, Z[co]). 
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