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BICYCLIC AND BASS CYCLIC UNITS IN GROUP RINGS

E. JESPERS, G. LEAL AND M. M. PARMENTER

ABSTRACT.  The subgroup generated by the Bass cyclic and bicyclic units is of in-
finite index in the group of units of the integral group ring ZG when G is either D or
D,

Let G be a finite group, U(ZG) the group of units of the integral group ring ZG and
U(ZG) the units of augmentation 1. If G is a finite nilpotent group, then Ritter and
Sehgal [3] have shown that, under some restrictions, the Bass cyclic and bicyclic units
generate a subgroup of finite index in U(ZG). The restrictions are on the Sylow-2 sub-
groups, and for 2-groups the situation is still not clear. Specifically, Ritter and Sehgal [3,
p. 618] state that the question is open for the groups D = (a,b,c | a*> = b* = ¢* =
1,ac = ca,bc = cb,ba = c*ab) and D¢ = (a,b | a® = b?> = 1,ba = a’b).

The purpose of this note is to show that for both D and Djg, the subgroup generated
by the bicyclic and Bass cyclic units is of infinite index in U(ZG).

Our notation follows that in [4].

Fora € G, we denote by @ the sum 1+a+a®+- - - +a°4®~! Recall that a bicyclic unit
in ZG is a unit of the form 1 + (1 — a)bad where a,b € G; and a Bass cyclic unit is a unit
oftheform(1+a+---+a )"+ Olr;(’:)d, where a € G, 1 < i < ord(a), (i, ord(a)) =1,
m= p(ord(a)), ¢ the Euler ¢-function.

Let I'(2) denote the principal congruence subgroup modulo 2 of the Picard group.

That is, I'(2) is obtained by factoring out {< (1) (1)), <_01 ~01 )} from the group of

! 42—C2a | erbZd) where a, b, ¢, d are Gaussian

determinant 1 mairices of the form <

integers.
To begin, we recall the description of U(ZD) and U(ZD7) given by Jespers and Leal
in Corollaries 4.5 and 4.7 of [2]. Note that Proposition 1 appears somewhat different

from Corollary 4.5 as we have found it convenient to conjugate by < (l) _11 ) Also,

Proposition 2 corrects some errors which appeared in the statement of Corollary 4.7 in
(2].

PROPOSITION 1| ([2]). In U\(ZD), D has a torsion-free normal complement V =
{u=1+1~cHa| a € Az(D), u a unit}. V is isomorphic to the subgroup of T(2)

)
I+2a 2 )for which b+c is divisible by 2. One such

consisting of those matrices(
gof 2 1+2d
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isomorphism maps
1+ (1 =)o+ arc+ (Bo + Brc)a + (Yo +Y10)b + (6o +61c)ab)

to the matrix

(1+2(ao—61)+2(a1+50)i 2(Yo — B1) +2(Bo + M1)i )
2(Yo + B1) +2(1 — Bo)i 14+ 2(g+61)+2(ay —bo)i )~

PROPOSITION 2 ([2]). In U\(ZDjg), D¢ has a torsion-free normal complement V =
{u=1+01—a%a | a € Az(DYy), u a unit}. V is isomorphic to the subgroup of T(2)

12 2 ) for which bi + c is divisible by 2. One

consisting of those matrices (
g of 2¢  1+2d

such isomorphism maps
1+ (1 — a*)(ao + ay@® + (Bo + Bra>)a+ (Yo + V1a*)b + (8o + 61a°)ab)

to the matrix

(1+2(060+70)+2(061+’71)i 2(6y — B1) +2(Bo — bo)i )
2(Bo + o) + 2(B1 +61)i 14+2(ap —Yo) +2(ay —1)i ) °

It is shown in [1] that ['(2) is a subgroup of index 48 in PSL(2,Z[i]). Earlier,
Waldinger [5] showed that the following 8 matrices also generate a subgroup of index 48

in PSL(2, Z[i]).
L1+ =2 o (3 2
T 2 —1-2i = \2i =1
(3-2i 2 (1420 2i
=N 4 142 Be=\ _4 _3_2
-1 =2 1 =2
“’“(0 —1) b’_(o 1 )
w3 2 P e B
L W, S =l 2 —1+2

Since all of the above matrices are in I'(2), we conclude that Waldinger’s subgroup
is, in fact, I'(2).

Waldinger also showed that the relations in I'(2) are ayby = byay, a,b, = b,a,, 0,3, =
Bea, By = Bratr, agy = a0y, byB¢ = byfr, aghiaBe = arbra,fy.

We will be interested in I'(2)/K where K is the normal closure in I'(2) of
(ag,be,ar, ;). Since oy = a;'a, . and B¢ = by 'b,5,,T(2)/ K is generated by b, and 3.
The relations do not put any further restrictions on I'(2) / K, so we conclude that I'(2) / K
is a free group of rank two generated by b, and j3,.
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THEOREM 3. The bicyclic and Bass cyclic units generate a subgroup of infinite index
in U(ZD).
PROOE. U(ZD) has no non-trivial Bass cyclic units, while, up to inverses, there are
12 bicyclic units as follows:
Xy =1+ —apa=1+1—c*)b—ab)
X, =1+ (1—a)cbd =1+ (1 — c*)(cb — cab)
X3 =1+ (1 —b)ab =1+ (1 — c*)(a+ab)
Xs =1+ —b)cab =1+ (1 — c*)(ca + cab)
Xs = 1+ (1 — cab)acab = 1+ (1 — ¢*)(a + cb)
Xe = 1+ (1 — cab)bcab = 1 + (1 — )(b — ca)
Xy = 1+(1 — Ea)bc2a = 1 +(1 — *)(b +ab)
Xs = 1 +(1 — a)chca = 1+ (1 — c*)(cb + cab)
Xo = 1+(1 — *b)actb = 1 + (1 — *)(a — ab)
Xi0 = 1+ (1 — 2b)cactb = 1 + (1 — *)(ca — cab)
Xy = 1+(1 — Sab)acab = 1 +(1 — *)a — cb)
Xi2 = 1+(1 — Gab)bc3ab = 1 + (1 — 2)(b + ca)

Using Proposition 1, we obtain matrix representations for these bicyclic units.

Xl:(l_zzi 132;‘) Xz:(23i Ell)
X3:(1—+2%i IEiZi) X“:(_zl _32)

x=(o 1) %= 1)
X7:(122i 1—221') XS:(;; 231)
X":(l:z?i liiZi) X“):(g j)

1 0 1 0
X“:(—4i 1) X‘2:(4 1)

In terms of the generators of I'(2), these bicyclic units can be expressed as follows.
Xi=ay, Xo=b,, X3=0,, Xa=qa,',
Xs = b, 2, Xo¢ = a?, X7 = b, 'ab,, X3 = b, 'byb,,
Xo = arBra;’, X0 = a,;'a;!, Xy = (b, 'be)*, X2 = (a,0,)”.
Let H be the subgroup of I'(2) generated by the bicyclic units and consider HK /K
in I'(2) /K. All generators of H except for X3, Xs, Xy and X|; are in K, so we see easily
that HK /K is generated by 3, and b?. Thus HK /K is a proper free rank 2 subgroup of

I'(2) /K and therefore is of infinite index in I'(2) /K, and H is of infinite index in I'(2).
We conclude from Proposition 1 that H is of infinite index in U(ZD). ]
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THEOREM 4. The bicyclic and Bass cyclic units generate a subgroup of infinite index
in U(ZDjy).

PROOF.  U(ZDjy) has, up to inverses, 4 bicyclic units as follows:

X; =14+ —=b)a(l+b) =1+ (1 —a*)a+ab)
X, =1+(1—-b)a*d+b) =1+ —a*)d® +a’b)
X3 = 1+(1 —a*b)a(l +a*b) = 1+ (1 —a*)(a — ab)
Xi =1+ —da*b)’(1 +a*h) = 1+ (1 — a*@® — a’b)

Using Proposition 2, the matrix representations of these bicyclic units are

1 0 1 0
X‘_(4 1) X2’(4i 1)
1 4i 1 —4
X = (o 1 ) Xa = (0 1 )
In terms of the generators of I'(2), these bicyclic units can be expressed as follows:

Xi = (@)%, Xa = (b;'b)%, X3 =b,, X4 =a, .

Let H be the subgroup of I'(2) generated by the bicyclic and Bass cyclic units and
consider HK /K in T'(2) /K. Note that X; and Xy are in K, while X, and X3 both generate
the subgroup (b?) modulo K. Since every Bass cyclic unit ZDj is a power of the Bass
cyclic unit (1+a+a?)*— 104, HK /K is a proper subgroup of I'(2) / K requiring less than
3 generators. We conclude that HK /K is of infinite index in I'(2) /K and therefore, by
Proposition 2, that H is of infinite index in U(ZD7). [
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