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HOMOTOPY INVARIANT RESULTS ON COMPLETE GAUGE SPACES

RAvi P. AGARWAL, YEOL JE CHO AND DONAL O’REGAN

A fixed point theorem and two homotopy invariant results are presented for gener-
alised contractive maps defined on complete gauge spaces.

1. INTRODUCTION

In this paper we present a new fixed point result for generalised contractive multi-
valued maps defined on a complete gauge space. The ideas rely only on the notions of
pseudometric and completeness, and our fixed point theorem extends results in [2, 3, 6].
Also we present two general continuation theorems for generalised contractive multival-
ued maps. Our first result extends a result in [2, 6] and is established via Zorn’s lemma.
The second result is based on an argument in the single valued case, see [1, 5, 7, 8]; re-
cently in [9] it was observed that single valued ideas could be used to discuss multivalued
maps in certain circumstances.

For the remainder of this section we present some notations which will be used in
Section 2. Throughout this paper X = (X, {da}aca) (here A is a directed set) will denote
a gauge space endowed with a complete gauge structure {d, : & € A} (see Dugundji [4,
pp- 198, 308]). For A C X and z € X fixed, by dists(z, A), we mean d,(z, A). For
T = {Ta}aeca € (0,00)* and z € X, we define the pseudo-ball centred at z of radius r by

B(z,r) = {y € X :do(z,y) <71 forall a€A}.

We denote by D, the generalised Hausdorff pseudometric induced by d,; that is, for
Z,YCX,

Da(z,y)zinf{wo:wez, VeY, I*eZ ey

such that d,(z,y*) < ¢, do{z*,y) < 5}

with the convention that inf(0) = oco.
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2. FIXED POINT AND HOMOTOPY INVARIANT RESULTS

We begin with a new fixed point result for generalised contractive multimaps with
closed values defined on a complete gauge space.

THEOREM 2.1. Let X be a complete gauge space, r € (0,00), o € X and
F : B(zp,r) — C(X); here C(X) denotes the family of nonempty closed subsets of X.
Suppose there exist constants ¢ = {qa }aea € [0, 1)* such that for every o € A and every
z, y € B(zo, 1), we have

D,(Fz,Fy) € ¢, max {da(z,y),dist,, (z, F z), dist, (y, Fy),
1
-Z-[dista (z, Fy) + distq (y, F z)] }
In addition, assume the following two conditions hold:
(2.1) for each o € A, we have dist, (xo,F(zo)) <(1-ga)Ta

and

for every z € B(zg,7) andevery € = {€a}aca € (0,00)*
(2.2) there exists y € F(z) with da (z,y) < dist, (z, F(2)) + £a
for every a € A.

Then F has a fixed point (that is, there exists x € B(zg,r) with z € F(z)).
Proor: From (2.1) and (2.2) we may choose a z; € F{zp) with

da(T1,T0) < (1 — go)Ta for every a € A.

Notice z, € B(zp,r). Next for o € A, choose €, > 0 so that

Ea

(2.3) Ga dolz1, Z0) + I < o (1= qo)Ta.

a

Then choose z; € F(z,) so that for every a € A, we have

< dista (71, F(z1)) + €4
< Do(F(z0), F(z1)) +éa
£ ¢o max {da(zO, zl)adiSta (-'501 F-'L'O); diSta(zl’ le):

1
5[ dista (30, F 21) + dista(®1, F 20)] } + €a.
If the maximum in the brackets on the right hand side is

[ dista (2o, F 2,) + distq (21, F zo)],

N =
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then a
do(11,22) < ?a [da(:z:o,:cg) + 0],

SO

€
d < —.
e a(20,21) + 5= . 9ada(Z0,21) + T

The other cases are treated similarly and so we have

da(Z1, 22) <

forall a€ A

£
da(Zly 732) < Ga da($01 -771) + 1

/0

This together with (2.3) implies that we have chosen z; € F'z; so that
do(Z1,72) < ga(l — ga) 7o forall a € A

Notice z2 € B(xg,r) since (we give an argument here which can be used in the general
step) for o € A, we have

da(Z0,22) < (1 ~ ga) 7o + G(l—g)ra < (1— Qa)ra[l +ga + q?: +- ] =Ta:

Next for a € A, choose é, > 0 such that

da

< qﬁ(l — Qo) Ta-

(2'4) o da(.'L‘l,.’L‘2) + 1

a

Then choose z3 € F(z2) so that for every o € A, we have
da(Ig, .'173) S diSta (1‘2, F(Eg)) + 5(1-

Now proceed as above to obtain

ba

l—qa

do(2,73) € o da(z1,22) +

and this together with (2.4) yields
do(z3,72) < ¢2(1 — go) 7o for every a € A.

Notice z3 € B(zo,7). Proceed inductively to obtain z, € F(z,-1), n = 4,5,..., with
do(Tnt1,Zn) < q2(1 — ga)7q for all @ € A and z, € B(zg, 7). Now since 0 < ¢, < 1, it is
immediate that (z,) is a Cauchy sequence and hence converges to z € B(zg,r) since X
is complete. It remains to show z € F(z). Notice for a € A, that

disto (z, F(2)) < da(z, zn) + dista (2a, F(z))
€ do(2,Zn) + Do(F(zao1), F(z))

N

do(T, Tn) + go max { da(Z, Tn-1), dista (z, F(z)),
diste (zn-1, F(zn-1)), %[dista(x, F(zp-1) + dist (Tn-1, F(z))] }
< do(z, Z5) + g max {da(z, Tn-1),dista(z, F(z)),

ol 3n), 3 [do(5,30) + da(n-1,5) + disa (2, F(2))] .
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Fix o € A. Let n — o0, to obtain
dists (7, F(z)) < ga diste (z, F(z)).

That is dists (z, F(z)) = 0 for each a € A so z € F(z) = F(z), and we are finished. [

REMARK 2.1. Theorem 2.1 immediately guarantees a result for generalised contractlons
F: X — C(X). We leave the details to the reader.

Next we obtain a homotopy result (see [5, 6]) via Zorn’s lemma.

THEOREM 2.2. Let X be a complete gauge space with U an open subset of X.
Suppose H : U x [0,1] = C(X) is a closed map (that is, has closed graph) wzth the
following conditions satisfied:

(a) =z ¢ H(z,t) forz € U and t € [0,1];
(b) there exist constants ¢ = {gs}aeca € [0,1)" such that for all t € [0, 1], every
a €A and z,y € U, we have

Do (H(z,t), H(y,t)) € go max {da(-'b', ), dista(z, H(z,1)), dista(y, H(y, 1)),
%[dista (z, H(y, 1)) + dista (y, H(z, t))] };

(c) for every t € [0,1] and for every € = {€a}acar € (0,00)", there exists y
€ H(z,t) with do(z,y) < diste(z, H(z,1t)) + £, for every a € A; and
(d) there exists M € (0,00)* and there exists a continuous increasing function
¢ : [0,1) — R such that D,(H(z,t), H(z,s)) < M,|é(t) — ¢(s)| for all
t,s €[0,1), z € U and for every o € A.
Then H(.,0) has a fixed point if and only if H(.,1) has a fixed point.

PROOF: Suppose H(.,0) has a fixed point. Consider
Q={(tz)e(0,1]|xU:z€ H(z,t)}.

Now (Q is nonempty since H{.,0) has a fixed point. On @), define the partial order

(t,z) < (s,y) ifand only if t < s and dy(z,y) <2 Ma [8(s) — (t)]

1-4¢q
for every a € A. Let P be a totally ordered subset of ¢ and let
t* =sup {¢:(t z) € P}.
Take a sequence {(tn,Za)} in P such that (ta, Za) < (tn41,Zn+1) and t, — t*. We have

M,

do(Zm, zn) < 21 [ (tm) — ¢(tn)] forall m>n andevery o €A,
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and so (zm,) is a Cauchy sequence, which converges to some z* € U. Now since H is
a closed map we have (t*,z*) € Q (note z* € H(z*,¢*), by closedness and (a) implies
z* € U). It is also immediate from the definition of t* and the fact that P is totally
ordered that

(t,z) < (t*,2*) for every (t,z) € P.

Thus (¢*,z*) is an upper bound of P. By Zorn’s Lemma @ admits a maximal element
(th .'L'o) € Q
We claim ty = 1 (if our claim is true then we are finished). Suppose our claim is
false. Then, choose r = {ra}aea € (0,00)" and ¢ € (2o, 1] with
M,
1- o

B(zo,7) CU and 7, =2 [#(2) — ¢(ta)] for every a € A.

Notice for every a € A, that

distq (zo, H(zo, 1)) < dista(zo, H(zo, to)) + Da(H (0, %)), H(zo, t)
< Ma[8(0) ~ 9(t0)] = 5(1 ~ Galra < (1 = @)ra:

Now Theorem 2.1 guarantees that H(.,t) has a fixed point z € B(zo,r). Thus (z,t) € Q,
and notice since

do(T0,Z) < T4 = 21 ]XI‘;Q [#(t) — #(to)] forevery o€ A and 1) <t,
we have (tg, o) < (¢, 7). This contradicts the maximality of (¢o, zo)- 0
Next ideas from the single valued case [1, 9] are used to obtain another continuation
theorem for generalised contractive maps.
THEOREM 2.3. Let X be a complete gauge space with U an open subset of X.
Suppose H : U x [0,1] — C(X) satisfies the following conditions:
(e) z ¢ H(z,t) forz € 8U and t € [0,1];
(f) there exist constants ¢ = {¢a}aca € [0,1)" such that for all t € [0, 1], every
a € A and z,y € U, we have

Do (H(z,t),H(y,t)) < gamax {da(x, y), dista (2, H(z,t)), dista (y, H(y, t)),
%[dista (z, H(y,t)) +dista(y, H(z, t))] };

(g) for every t € [0,1] and for every € = {€s}aer € (0,00)*, there exists y
€ H(z,t) with dy(z,y) < dista (x, H{z, t)) + €4 for every a € A;
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(h) for every € = {€a}acr € (0,00)", there exists § = &(c) > 0 (which does
it not depend on «) such that for t,s € [0,1] with |t — s| < 4, then
D,(H(z,t), H(z,s)) < €q for all z € U and for all & € A; and

(i) there exists a € A, with inf { dist, (z, Hy(z)) : z € 8U,t € [0, 1]} > 0;

here H,(.) = H(.,t). Then H(.,0), has a fixed point if and only if H(.,1), has a fixed
point.
PROOF: Suppose H(.,0) has a fixed point. Let

A= {,\ €0,1): = € H(z, \) for some z € U}.

Now since H( .,0), has a fixed point (and (e) holds) we have that 0 € A, so A is nonempty.
We shall show A is both closed and open in [0, 1], and so by the connectedness of [0, 1],
we are finished since A = [0, 1].

First we show A is open in [0, 1]. Let Ay € A and zy € U with 2o € H(zo, \o). Since
U is open we know there exists dy,...,dny, in (0,00) with

U(zo,él)ﬂ...ﬂU(zo,ém) QU,

here U(zo, &;) = {a: 1 da(z,70) < 6,-} fori=1,2,...,m (herea; e Afori e {1,...,m}).
As a result there exists § = {da}aca € (0,00)* with B(z,8) C U. Fix a € A. Now (k)
guarantees that there exists n = n(8) > 0, with

dista (zo, H (20, A)) < Da(H (20, M), H(z0,A)) < (1 — ¢a)da

for A € [0,1] and |A — Ao] £ 1. Now Theorem 2.1 guarantees that there exists z,
€ B(zo,0) C U with z) € Hx(z,) for A € [0,1] and |A — X¢| < 7. Thus A is open in [0, 1].

Next we show A is closed in [0, 1]. Let (A¢) be a sequence in A with Ay — A € [0, 1]
as k — oo. By definition for each k, there exists a z, € U with z; € H(z, M)

We claim
(2.5) ,1cr>1§ distq(zg,0U) > 0 (here o« is asin (i)).

Suppose our claim is true. Then there exists €, > 0 with dy(zx,2) > €4 for all k > 1
and for all z € QU. As a result there exists ¢ = {€4}aca € (0,00)* with B(z,¢) C U for
k > 1. Fix a € A. This together with (h) implies that there exists an integer ng, (which
does not depend on «) with

diSta (xno: HA(zno)) < Da (H(:E,,o, Ano)’ H(Iﬂo, /\)) < (]- - qQ)EO‘

Now Theorem 2.1 guarantees that H) has a fixed point z,,, € B(2p,,€) C U. Asa
result A € A so A is closed in [0,1].
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It remains to show (2.5). Suppose (2.5) is false, that is, suppose
’1cr>1§ dist,(zx, 8U) = 0 (here « is as in (i)).

Fix 2 € {1,2,...}. Then there exists n; € {1,2,...} and y,, € U with du(zn;,yn;)
< 1/i. As a result there exists a subsequence S,, of {1,2,...} and a sequence (y;) in 8U
(for ¢ € S,) with

for 1€ S,.

(26) ol ) < T

This together with (i) implies

(2.7) 0 < inf { dista (z, Hi(z)) : z € 8U, t € 0, 1]} < limjnf dista(w, Hy, (v:)).-

1—=00 1 Sq

We shall now show

(2.8) liminf dista (3, Ha (i) = 0.

i—=o00 Il So

If (2.8) is true, then we have a contradiction from (2.7), and as a result (2.5) is true. To
see (2.8), notice

liminf _dista (v, Hx, (5)) < Hminf [da(ys, 7:) + dista (2, Ha, ()

i—o0o IN Sq i—00 INl Sa

< liminf l,+Da(H(x,~,)\,~),H(y,~,/\,~))]

i—oo I S b2

= liminf Do(H(z:, M), H(yi, Ai)),

i—oo 11l S,

€ ¢o liminf [ma.x {dc.(l‘i, i),
i—oo 1Nl S,

dist,, (.’L',', H(x;, /\;)) , distq (yi; H(yi) )‘i))a
-;— [dista (i, H(yi, X)) + dista (vi, H(z:, /\i))] }]
< ¢, liminf [ma.x {da(Ii, %), 0,
i—o00 1N Sa
1 ..
diSta (yi: H(yi) Al)) ) da(zi: yl) + 5 dlStn (yi; H(yi) /\l)) }] 3

and so we have (2.8); to see this suppose

1 ..
max {da(xi, i), 0, disto (vi, H (3, \i)), da(zi, ¥:) + 3 dista (vi, H (i, /\i))}

1
= dn(zi’ yt) + 5 diSta (yi) H(yi) Ai)))
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then (2.6) yields

liminf diste (i, Hx (%)) € ¢o liminf [l + —;—dista (v, H(ws, /\,-))]

i—oo 1N S, isoo 1N S, L1

=2 Jiminf diste (v, H(v \)),
2 i~oo IN Sa

and so

1]
(2]
(3]

Ga . .
1— %) liminf dista (3, Ha (%)) <0
(1-%), i, s 2 0 :
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