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HOMOTOPY INVARIANT RESULTS ON COMPLETE GAUGE SPACES

RAVI P . AGARWAL, YEOL J E C H O AND DONAL O ' R E G A N

A fixed point theorem and two homotopy invariant results are presented for gener-
alised contractive maps defined on complete gauge spaces.

1. INTRODUCTION

In this paper we present a new fixed point result for generalised contractive multi-
valued maps defined on a complete gauge space. The ideas rely only on the notions of
pseudometric and completeness, and our fixed point theorem extends results in [2, 3, 6].
Also we present two general continuation theorems for generalised contractive multival-
ued maps. Our first result extends a result in [2, 6] and is established via Zorn's lemma.
The second result is based on an argument in the single valued case, see [1, 5, 7, 8]; re-
cently in [9] it was observed that single valued ideas could be used to discuss multivalued
maps in certain circumstances.

For the remainder of this section we present some notations which will be used in
Section 2. Throughout this paper X — (X, {da}ae\) (here A is a directed set) will denote
a gauge space endowed with a complete gauge structure {da : a 6 A} (see Dugundji [4,
pp. 198, 308]). For A C X and x e X fixed, by dista(z,,4), we mean da{x,A). For
r = {ra}a€\ € (0, oo)A and x € X, we define the pseudo-ball centred at x of radius r by

B(x, r) = {yeX : da(x, y) < ra for all a € A}.

We denote by Da the generalised Hausdorff pseudometric induced by da; that is, for
Z,YCX,

Da(Z, Y) = inf {e > 0 : Vz € Z, Vy € Y, 3x* e Z, 3y* 6 Y

such that da(x, y*) < e, da(x*, y) < e >

with the convention that inf(0) = oo.
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2. F I X E D POINT AND HOMOTOPY INVARIANT RESULTS

We begin with a new fixed point result for generalised contractive multimaps with

closed values denned on a complete gauge space.

THEOREM 2 . 1 . Let X be a complete gauge space, r e (0, oo)A, x0 e X and

F : B(xo,r) —» C(X); here C(X) denotes the family of nonempty closed subsets of X.

Suppose there exist constants q = {gQ}tt6A 6 [0,1)A such that for every a € A and every

x, y £ B(x0, r), we have

Da{Fx,Fy) ^qa max.{da(x,y),dista(x,Fx),dista{y,Fy),

-[distQ (x, Fy) + dista ( J / . F I ) ] } .

In addition, assume the following two conditions hold:

(2.1) for each a 6 A, we have dista (xo,F(xo)) < (1 - qa)ra

and

{ for every x € B(xo,r) and every e = {ea}aeA € (0,oo)A

there exists y € F(x) with da (x, y) < distQ (x, F(x)) + eQ

for every a 6 A.

Then F has a fixed point (that is, there exists x e B{XQ, r) with x € F(x)).

PROOF: From (2.1) and (2.2) we may choose a i i 6 F(x0) with

da(xi,x0) < (1 - qa)ra for every a 6 A.

Notice Xi € B(xOl r). Next for a € A, choose ea > 0 so that

(2.3) qada(xux0) + -^—<qa(l-qa)ra.
1 — Qa

Then choose x2 e F(xi) so that for every a € A, we have

dQ(xltx2) ( )

- [d i s t c r (3 ;o ,Fx 1 )+d i s t a (x l j Fxo) ] | eQ.

If the maximum in the brackets on the right hand side is

- [distQ(x0, Fxx) + disto(x!, Fx0)],
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then

da{xux2) < y [da(x0,x2) + 0],
so

. qa / •, £ Q £ Q
fla(*^l J-^2/ ̂  71 ^a^Oj^l/ ' 7» ^ 9a^al^'O) *̂ lj * t •

2 - 9a 2 - qa 1 — 9a
The other cases are treated similarly and so we have

da(xi,x2) ^ qada(x0,xi) +-—— for all a € A.

This together with (2.3) implies that we have chosen x2£ Fx\ so that

da(xi,x2) <qa(l- qa) ra for all a € A.

Notice X2 £ B(xo,r) since (we give an argument here which can be used in the general
step) for a € A, we have

da(x0, x2) < (1 - qa) ra + qa(l- qa) ra ^ (1 - qa)ra[l + qa + q2
a -\ ] = ra.

Next for a € A, choose Sa > 0 such that

6a 2(
1 -qa

 a

Then choose x3 € F(x2) so that for every a € A, we have

da(x2,Xz) ^ dista(x2,ir(x2)) + Sa.

Now proceed as above to obtain

da(x2,x3) ^ qada{xi,x2) +
-1 qa

and this together with (2.4) yields

da(x3, x2) < 9Q(1 - 9a) r o for every a e A.

Notice x3 G B(xo,?")- Proceed inductively to obtain xn € F(xn_i), n — 4 , 5 , . . . , with
da(zn+i,:En) < g^(l ~ qa^a for all a € A and xn € S(xo , r ) . Now since 0 < qa < 1, it is
immediate that (xn) is a Cauchy sequence and hence converges to x € B(xo,r) since X
is complete. It remains to show x € F(x). Notice for a € A, that

x, F(x)) ^ da(x,xn) + dista(xn, F(x))

^ dQ(x,xn) + Da(F(xn_1) ,F(x))

^ d Q (x ,x n )+9 a max< da{x,xn-i),di&

)J \.
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Fix a G A. Let n —»• oo, to obtain

distQ (x, F{x)) < qa dista (x, F(x)).

That is distQ(x, F(x)) = 0 for each a G A so x G F(x) = F(x), and we are finished. D

REMARK 2.1 . Theorem 2.1 immediately guarantees a result for generalised contractions

F : X ->• C(X). We leave the details to the reader.

Next we obtain a homotopy result (see [5, 6]) via Zorn's lemma.

THEOREM 2 . 2 . Let X be a complete gauge space with U an open subset of X.
Suppose H : U x [0,1] —t C(X) is a closed map (that is, has closed graph) with the
following conditions satisfied:

(a) x i H(x, t) for x G dU and t G [0,1];

(b) there exist constants q = {qa}aeA G [0,1)A such that for all t € [0,1], every
a € A and x,y G U, we have

Da(H(x,t),H(y,t)) ^ qamax Ida(x,y),distQ(x,H(x,t)),dista(y, H(y,t)),

i[distQ(x, H(y, t)) + distofy, H(x, t))] J;

(c) for every t € [0,1] and for every e — {ett}aeA £ (0, °o)A, there exists y
G H(x, t) with da{x, y) < distQ(x, H(x, t)) + ea for every a 6 A; and

(d) there exists M € (0, oo)A and there exists a continuous increasing function
4> : [0,1] - • R such that Da(H(x,i),H(x,s)) ^ Ma\<j>(t) - cj>(s)\ for all
t,s G [0,1], x G U and for every a G A.

Then H(.,0) has a fixed point if and only ifH(., 1) has a Sxed point.

P R O O F : Suppose H(., 0) has a fixed point. Consider

Q = {(t,x) e [0,l}x U : x <E H{x,t)}.

Now Q is nonempty since H(.,0) has a fixed point. On Q, define the partial order

( t , x ) ^ ( s , y ) i f a n d o n l y i f t^s a n d d a ( x , y ) ^ 2 a [(/>{s) - <j>(t)]

for every a G A. Let P be a totally ordered subset of Q and let

t* = sup {t: (t, x) G P}.

Take a sequence {(tn,xn)} in P such that {tn,xn) ^ (tn+i,aWi) and tn -> £*. We have

da(xm,xn) < 2 - — — [<A(tm) ~ 0(*n)] for all m > n and every a G A,
1 — <7Q
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and so (xm) is a Cauchy sequence, which converges to some x* E U. Now since H is

a closed map we have (t*,x*) € Q (note x* e H(x*,t*), by closedness and (a) implies

x* £ U). It is also immediate from the definition of t* and the fact tha t P is totally

ordered that

(t, x) :$ ( t \ i*) for every (t, x) € P.

Thus (i*, x*) is an upper bound of P. By Zorn's Lemma Q admits a maximal element

(to,xo) £Q.
We claim to — 1 (if our claim is true then we are finished). Suppose our claim is

false. Then, choose r — {rQ}aeA € (0, oo)A and t € (to, 1] with

B{xQ, r) C U and ra - 2 — y,(t) - </>(t0)] for every a € A.

Notice for every a € A, that

dista(x0,H(xo,to)) + Da(H(xo,to)),H(xo,t)

Ma [4{t) 0 ( t ) ]

Now Theorem 2.1 guarantees that H(., t) has a fixed point x G B{XQ, r). Thus (x, t) € Q,

and notice since

dQ(x0, x) ^ ra — 2-—^— [(/>(t) - <j){t0)] for every a € A and t0 < *,

we have (^0,^0) < (t, x). This contradicts the maximality of (to,xo). D

Next ideas from the single valued case [1, 9] are used to obtain another continuation

theorem for generalised contractive maps.

THEOREM 2 . 3 . Let X be a complete gauge space with U an open subset of X.
Suppose H : U x [0,1] —> C{X) satisfies the following conditions:

(e) x i H(x, t) for x € dU and t £ [0,1];

(f) there exist constants q = {qa}aeA € [0,1)A such that for all t € [0,1], every
a € A and x,y € U, we have

Da(H(x, t), H(y, t)) ^ qa max lda(x, t/),distQ(x, H{x, t)), distQ(y, H{y, t)),

i [disto (x, H{y, t)) + distQ(y, H{x, t))] | ;

(g) for every t € [0,1] and for every e = {£-Q}Q6A € (0,oo)A, there exists y
6 # ( x , t) with da{x, y) ^ dista (x, H(x, t)) + ea for every a e A;
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(h) for every e = {ea}ae\ € (0> °°)A, there exists 6 = 6(e) > 0 (which does
it not depend on a) such that for t,s € [0,1] with \t - s\ < S, then
Da(H(x, t), H(x, s)) < ea for all x G U and for all a G A; and

(i) there exists a G A, with inf j dista(x, Ht{x)) : x G dU, t G [0,1]| > 0;

here Ht{.) = H ( . , t). Then H(., 0), has a fixed point if and only if H{., 1), has a fixed
point.

PROOF: Suppose H(., 0) has a fixed point. Let

A = ix € [0,1] : x e H(x, X) for some x € u\.

Now since H(., 0), has a fixed point (and (e) holds) we have that 0 € A, so A is nonempty.
We shall show A is both closed and open in [0,1], and so by the connectedness of [0,1],
we are finished since A = [0,1].

First we show A is open in [0,1]. Let Ao € A and x0 e U with x0 6 H(x0, XQ). Since
U is open we know there exists S\,..., Sm, in (0,oo) with

u(xo,Si)n...nu(xo,sm)cu\

here U(xo,6i) = {x : dai(x,x0) ^ 6i} for i = 1,2,... ,m (here ô  6 A for z € { 1 , . . . ,m}).
As a result there exists 3 = {Sa}aS\ € (0, oo)A with B(xQ,6) C £/. Fix a G A. Now (h)
guarantees that there exists 77 = rj(6) > 0, with

dista(zo,//(zo,A)) < Da(H(x0,X0),H(x0,X)) < (1 - qa)6a

for A e [0,1] and |A — Ao| < r). Now Theorem 2.1 guarantees that there exists x\

e B(x0,5) C U with xx € #A(ZA) for A G [0,1] and |A - Ao| < 77. Thus A is open in [0,1].

Next we show A is closed in [0,1]. Let (A )̂ be a sequence in A with Xk -> A G [0,1]
as fc —> 00. By definition for each fc, there exists a xk G [/ with xA G #(2;*, Afc).

We claim

(2.5) inf dista(a;fc,9f/) > 0 (here a is as in (i)).

Suppose our claim is true. Then there exists ea > 0 with da(xk,z) > ea for all k ~£ 1
and for all 2 G dU. As a result there exists e = {£Q}aeA € (0, oo)A with B(xk,e) C f/ for
A ̂  1. Fix a G A. This together with (h) implies that there exists an integer n0, (which
does not depend on a) with

disto(a;fl0,HA(iI10)) ^ Da(H{xno, Xno),H(xno, A)) < (1 - qa)ea.

Now Theorem 2.1 guarantees that H\ has a fixed point x\tTtQ G B(xno,e) C U. As a
result A G ̂ 4 so A is closed in [0,1].
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It remains to show (2.5). Suppose (2.5) is false, that is, suppose

inf dista(xk,dU) = 0 (here a is as in (i)).

Fix i € {1 ,2 , . . . } . Then there exists Hi € {1,2, . . .} and yni € dU with da(xni,yni)
< \/i. As a result there exists a subsequence Sa, of {1,2, . . .} and a sequence (j/,) in dU
(for i G Sa) with

(2.6) da(xi,yi) < - for i£Sa.

This together with (i) implies

(2.7) 0 < inf { dista(z, Ht{x)) : x € dU, t 6 [0,1]) ^ lira inf d i s t ^ , HXi(yi)).
*• J

 « - K » in So

We shall now show

(2.8) liminf dista(yi,HXi(yi)) = 0.
t-»oo in sa

If (2.8) is true, then we have a contradiction from (2.7), and as a result (2.5) is true. To
see (2.8), notice

liminf dista(yi,HXi(yi)) ^ liminf \da(yi,x{)+dista(xi,HXi(yi))\
i-too i n sa t -«» in s o

 L J

lim.inf \- + Da(H(xi,Xi),H(yi,Xi))]
i->0O i n Sa L l J

- lim.inf
i-too in So

qa liminf max \da(xi,yi),
i-ioo in s o L *•

dista(x<) H(xh Xi)),dista(yi, H(yit A^)),

i [disto (xu H(yi, X{)) + dista {yu H(xu A4)

qa liminf max \da{xuy i ) ,0,
t-»oo in s o L *•

disto (yu H(yit Xt)), da(xi, y{) + - dista(yi, H{yu Xi)
2

and so we have (2.8); to see this suppose

max i da(xi,yi),O,dista(yi,H(yt, A;)),dQ(zj, j/;) + — distQ(yi,H(yi, A^

1
2
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then (2.6) yields

lim inf dista (y{, HXi (&)) ^ qa lim inf f- + - dista(y,-, H(yt, X,))]
i-Hx> in sa t-»cx3 i n s / * * J

and so

= — lim inf di
2 i-»oo in s,

- % ) lim.inf di
Kx, i n s D

REFERENCES

[1] R.P. Agarwal and D. O'Regan, 'Fixed point theory for generalized contractions on spaces
with two metrics', J. Math. Anal. Appl., 248 (2000), 402-414.

[2] R.P. Agarwal and D. O'Regan, 'Fixed point theorems for multivalued maps with closed
values in complete gauge spaces', Appl. Math. Lett. 14 (2001), 831-836.

[3] G.L. Cain and M.Z. Nashed, 'Fixed points and stability for the sum of two operators in
locally convex spaces', Pacific J. Math. 39 (1971), 581-592.

[4] J. Dugundji, Topology (Ally and Bacon, Boston, 1966).
[5] M. Frigon, 'On continuation methods for contractive and nonexpansive mappings', in

Recent advances in metric fixed point theory, Sevilla 1995, (T. Dominguez Benavides,
Editor), Ciencias 48 (Universidad de Sevilla, Sevilla, 1996), pp. 19-30.

[6] M. Frigon, Fixed point results for multivalued contractions on gauge spaces, (R.P. Agarwal
and D. O'Regan, Editors), Set Valued Mappings with Applications in Nonlinear Analysis
(Gordon and Breach Publishers, to appear).

[7] D. O'Regan, 'Fixed point theorems for nonlinear operators', J. Math. Anal. Appl. 202
(1996), 413-432.

[8] D. O'Regan and R. Precup, Theorems of Leray-Schauder type and applications (Gordon
and Breach, Amsterdam, 2001).

[9] B. Sims, H.K. Xu and G.X.Z. Yuan, 'The homotopic invariance for fixed points of
set-valued nonexpansive mappings', in Fixed Point Theory and Applocations 2, (Y.J.
Cho, J.K. Kim and S.M. Kang, Editors) (Nova Science Publishers, Huntington, 2001),
pp. 93-104.

Department of Mathematical Science
Florida Institute of Technology
Melbourne, Fl 32901
United States of America

Department of Mathematics
Gyeongsang National University
Chinju 660-701
Korea

Department of Mathematics
National University of Ireland
Galway
Ireland

https://doi.org/10.1017/S0004972700033700 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700033700

