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Let an open, q u a s i - c o m p a c t s u b s c h e m e of an affine s c h e m e be 
cal led sub affine. This note wil l c e n t r e on an e l e m e n t a r y c h a r a c t e r i z a t i o n 
of such s c h e m e s in t e r m s of the i r topology and global s e c t i o n s . Thence 
one can obtain s impl i f ica t ions and gene ra l i z a t i o n s of s o m e wel l -known 
t h e o r e m s , such as S e r r e ' s C r i t e r i on [2, T h m . 1] , 

In [1 , II. 5 . 2 . 1 ] , that c r i t e r i o n is s tated for q u a s i - c o m p a c t p r e -
s c h e m e s under the addi t ional hypothes is that they be e i ther s e p a r a t e d 
or n o e t h e r i a n . This a s s u m p t i o n (which we sha l l r e c o g n i z e to be 
superf luous) s e e m s to en te r into the theory via [1 , I. 9 . 3 ] , where it 
e n s u r e s that the p r e - s c h e m e in ques t ion is wel l -bui l t , i . e . , that it is 
the finite union of open, affine se t s U. whose p a i r w i s e i n t e r s e c t i o n s 

U. O U. again a r e finite unions of open, affine s e t s . The chief v i r t u e 

of this p r o p e r t y is e x p r e s s e d in L e m m a 1 below. 

In the sequel , X will denote a q u a s i - c o m p a c t p r e - s c h e m e , 
A = r (X , O ) i ts r ing of global s e c t i o n s . As usua l , for f in A , we 

.X. 

w r i t e X for i ts domain of inver t ib i l i ty . 

By the a r g u m e n t s of I. 9 . 3 of [1], we have 

LEMMA 1. Jf_ X is wel l -bu i l t , the canonica l m a p A -> T(X , O ) 
i i X 

is an i s o m o r p h i s m for a l l f e A . 

A global sec t ion f will be cal led affine, if the se t X is affine. 

Put t ing Y = Spec A , the l e m m a shows that the canonica l m a p c|> : X -*• Y 
induces an i s o m o r p h i s m X ^ Y for each affine f, p rovided that X 

is wel l -bui l t . Th i s , however , will be the ca se , if X can be covered by 
affine se t s of the fo rm X , b e c a u s e X D U i s affine whenever U is 

(f affine or not) . Since m o r e o v e r each X is the p r e c i s e p r e - i m a g e of 

Y , we can conclude: 

#Th i s note was wr i t t en at the S u m m e r Ins t i tu te of the Canadian 
M a t h e m a t i c a l Cong re s s , of which the author was a Fe l low. 
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LEMMA 2. Jf X can be cove red by affine se t s of the f o r m X , 

the canon ica l m a p c|> : X -* Y = Spec(A) is an open i m m e r s i o n . Its 
image is the union of al l Y with f affine. 

F r o m this we deduce that X is subaffine, if and only if it has 
" m a n y " global s e c t i o n s . 

PROPOSITION 1. F o r a q u a s i - c o m p a c t p r e - s c h e m e X the 
following s t a t e m e n t s a r e equ iva len t : 

(i) Sets of the f o r m X f o r m a base of the topology of X . 

(ii) X can be covered by affine s e t s of the f o r m X . 

(iii) X is subaffine. 

Proof , (i) => (ii) E v e r y open, affine U C X m u s t conta in an 
X . X r = Xr n U is affine, 

f f f 

(ii) => (iii) The m a p § of L e m m a 2 ident i f ies X with an 
open s u b s c h e m e of Spec(A) . 

(iii) => (i) Let X be open in Y = Spec(B) . The topology 

of X is based on s u b s e t s of the f o r m Y , b G B . If p : B — T(X , O x ) 

is the r e s t r i c t i o n m a p , Y. = X, ,, v . 
b p(b) 

L e m m a 2 a l so a l lows an analogous c h a r a c t e r i z a t i o n of affine 
s c h e m e s . 

PROPOSITION 2 . F o r a q u a s i - c o m p a c t p r e - s c h e m e X , the 
following s t a t e m e n t s a r e equiva lent : 

(i) X is subaffine; for any cover ing composed of s e t s X , the 

c o r r e s p o n d i n g global s ec t ions f g e n e r a t e no p r o p e r idea l in A . 

(ii) The affine g lobal s ec t i ons g e n e r a t e no p r o p e r idea l in A . 

(iii) X i s affine. 

Proof , (i) => (ii) By hypo thes i s , we find an affine cover ing by 
se t s of type X . 

(ii) => (iii) Di t to . But now the c o m p l e m e n t of <(>(.X) is 
empty : i t c o n s i s t s of the z e r o s of a l l affine global s e c t i o n s . 

(iii) => (i) T r i v i a l . 
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Using i t e m s (i) and (iii) of both p ropos i t i ons , and noting that (i) in 
each c a s e depends on A only "modulo n i lpo tence" , we get an extens ion 
of a wel l -known r e s u l t (cf. [1 , 1 . 5 . 1 ] } . 

COROLLARY. Any p r e - s c h e m e X is affine or sub affine ( r e s p . ), 
if and only if X n i s . 

*— red — 

Proof . We note that if X . is affine or subaffine, it (and hence 
red 

X) is q u a s i - c o m p a c t , so that P r o p o s i t i o n 2 is app l i cab le . 

As for S e r r e ' s Cr i t e r ion , we r e fe r back to [ 1 , II. 5 . 2 . 1 ] . T h e r e 
it i s shown that for any q u a s i - c o m p a c t p r e - s c h e m e X , the cohomologica l 
t r i v i a l i t y of q u a s i - c o h e r e n t O -Modules impl i e s condi t ion (ii) of 

X 
P r o p o s i t i o n 2. 
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