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1. V. Bernstein, N. Levinson, R. P. Boas, Jr., and others have
investigated under what conditions on the sequence {A,}

i A5 log| f(1,)| = I o~ log] («)| (1.1)
f—>o ]
for all functions f(z) regular and of suitably restricted growth in the half-
plane 2 > 0. (For references see [1].)
In this note the restrictions on f(z) are that f(z) is regular. and not

identically zero in |argz| < 4=, continuous in |argz|<4m, and that for
some positive B

[ f(2)| < eB'®, | fliy)| <erZW!  (2>0) (1.2)

where L>0. Of the A, I shall assume that they are real positive
numbers and that

Appi—A, =¢>0 (n=1,2,..) (1.3)

The method of this paper could be adapted to deal with the more general
{A,} considered by Levinson. I shall write

A(r) = Lr+I(r)
for the number of A, not exceeding .
N. Levinson proved [4, p. 108, Th. 38; #(u)=|l(u)|—!(%)]:

THEOREM A. If f(2) and {A,} are subject to the conditions stated and if

lim I(r)/r ewists, (1.4)

f w2 l{u)du = o0 (1.5)
and r W—@L%l(i"—)duao, (1.6)
then (1.1) holds,
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The condition (1.5) implies that the limit in (1.4) is not negative.
If this limit is positive, then (1.4) implies (1.5) and (1.6). The most

interesting case is
Ur)fr—>0. (1.7)

I want to point out that a refinement of Theorem A leads to a best
possible result. This is most easily stated in terms of the function

¢>(7‘)_S wldl(u) = l( L D) du-+constant

= ¥ A;1—L logr+constant.
Apscr
THEOREM B. Under the assumptions (1.2) and (1. 3) the relation (1.1)
holds if and only if
(i) lim ¢(r) =0 (1.8)

(i) for given € >0, $(Y)—d(X)> —¢ for ¥ > X > K (e). (1.9)

Because of (1.3) the conditions (1.5) and (1.8) are equivalent and
it is easy to see that (1.4) and (1.6) imply (1.9), but the converse is not
the case. Theorem B contains no condition like (1.4), but I shall show
(§2) that under the hypotheses of Theorem B {A,} can be replaced by a
sub-sequence for which (1.8), (1.9) and (1.7) hold. In proving the
sufficiency part of Theorem B we may therefore assume (1.7), since (1.1)
is certainly true for {A,} if it is true for a sub-sequence of {A,}.

The proof that (1.7), (1.8)and (1.9)imply (1.1) can be carried out by
the method of R. P. Boas [1] and I therefore omit it.

The necessity of the conditions (1.8) and (1.9) is proved by the
construction of counter-examples in §§3-5.

2. I prove first that under the hypotheses (1.8) and (1.9)
Lim I(r)/r = (2.1)

(1.8) implies that LimI(r)/r > 0. If liml(r)/r =—a <0, then there is a
sequence of ¥ — oo such that {(Y)/Y <—a-+Le. For every such Y define
X as the largest » < Y such that I(r)/r >—%e. Since limi(r)/r >0, such
an X exists for all large ¥ and X —co with ¥. Then

Y
HY)— ¢X)—"Z(—Y*) (§)+5xl,(u—u2) du <—ate,

which contradicts (1.9).
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Ishow next that it is possible to replace {A,} by a sub-sequence satisfying
(1.8), (1.9)and

Tim I(r)/r = 0. (2.2)
This combined with (2.1) will prove that (1.7) holds for the new
sequence.
I define —e(X)= inf {$(v)—d(u)}.
X<ugo

The function €(X) is a decreasing, positive function tending?! to 0, by
(1.9). Let {X,} be a sequence of positive numbers satisfying

X'n+1'_Xn_>oo
X'n+1/Xn_> 1
(X'n+1_Xn)/X'n e'(-Xn)_>w

It is easily seen from (1.3) and the definitions of I(r) and ¢(r) that
I(r)/r and $(r) vary by o(1) only as r varies in the interval (X,, X, ;).
It will therefore be sufficient to verify (1.8), (1.9) and (2.2) for values
of r, X and Y tending to infinity through the sequence {X,}. There is
nothing to prove if (2. 2) holds to start with.

If 0 < B < Limi(r)/r, then

z'gzi—l___xv.-:oo (2.3)

X, ’
where the summation is over all those intervals (X,, X,,,) containing at
least (L+B) (X, ,—X,) zeros. For suppose (2.3) false. Then, for a
given 8 > 0, there is a 7" such that

z =X g (2.4)

X, >T Xr+1

Now we estimate A(X,) by estimating separately the number of X’s < T,
the number of A’s in intervals (X,, X,,,) not contributing to (2.3) and
in intervals contributing to (2.3). This yields, using (1.3),

1
AE) S5 T+HIAAE+5 T (Ey—X)
x,>7

1 1 X,.,.—X
LK—T+1{L — X =l .
= c +{ +B+ c X >T Xv+1 }Xn

! Limite in thig section are always taken as the variable tends to .
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By (2.4) and the definition of I(r) this would imply
Lmi(r)/r =Im}(X,)/X, <B,

contrary to hypothesis.
We now choose a sequence {5,} of positive numbers tending to zero

such that

-Xv l_Xv

'y, X, (2.5)

b

where the summation is over the same v as in (2.3), and

2 X, .—X (X, )X
>ma,x{ , AL =nil "o g S n n+1}. 2.6
T Xn+1_-Xn Xn+1 -Xn+1“Xn ( )

The sequence {},} is now modified as follows. If the number of X’s
in (X,, X,,,) is not greater than

all the ) in this interval are retained (“ unmodified interval ’). If the
number of \’s in (X, X,,,,) is greater than (2. 7), then A’s from this interval
are dropped out until the number of remaining A is at most equal to (2.7).
For the modified sequence obviously

fm ) _ A 7 <o
r X

n
Further, in a “ modified interval ” for the new sequence

1 X
$Xo)—b(X)=_ T 3—Llog=32

X <A<X 1y A

(L+7]n)(Xn+l_Xn)_‘1 _Xn+l_Xn
X'n+1 +L log (l Xn+1 ) .

>
For sufficiently small positive ¢
log (1—§) > —£—£2

Hence, for sufficiently large =,

_ M0Xpn=Xn) 1 (Kpyy—X\®
$(Xpi1)— (X)) > X, 0 X, L( X )

By (2.6),

Xn+1_X7).

1< %"’n(xn+1—Xn) 5 L X Xn+1-—Xn.

< €l Xn) <3 %

n+1 n+l1
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Hence
X,  ,—X X ,—X
HX 1) —$(X) > dy =2 —2 > o, 2"+ e(X,). (2.8)
n+l n+1

Therefore, for the new sequence,

HE) =X, =5 By —$(X,)

Xk+1_Xk

> —e(X,)+32 7 X

(2.9)

where the summation is extended over the “ modified intervals . This
is an immediate consequence of (2.8) if every set of consecutive
unmodified intervals is grouped with the preceding meodified interval
(if any). (1.9) follows at once from (2.9), and (1. 8) is also a consequence
of (2.9) because of (2. 5).

3. In this section I prove that the conclusion of Theorem B is false
if there are large intervals in which the density of the A’s falls appreciably
below the value 1/L. More precisely, we make the following

Assumption A. There are constants M, B, y, M <L, 0 <<y and
a sequence of X — oo such that for « in the “ exceptional interval ”’

J: X<u<?, (4+BX<Y<(1+9X, (3.1)
A@)—A(X) < M(u—X). 3.2)
Or, in other words,
Hw)—U(X) < — (L—M)(u—X).
Then for Z = (1+B8)X
$(Z)—p(X) = Z—ll(Z)—X-ll(X)—}—ﬁu-zl(u) du
— 242~ 1E)+ [ et 1)) du
< Z7{UZ)—UX)} <—(L—M)B(1+B),

8o that (1.9) is not satisfied under Assumption A.
Before constructing the required counter-example I prove that one
may assume without loss of generality that in the interval (3.1) also

Al Y)—Ag(u) < M(Y —u), (3.3)

where Ay(u) is the number of A’s less than «.
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Choose N, M <N << L. Let Z be the least upper bound of all
W < (14-B)X such that

Ag(W)—Ap(w) SN(W—u) (X<u<W).

If Z= (14B)X, we need only replace M by N and ¥ by (14B8)X and
the assertion is proved. If Z < (1+B)X, then for Z < v < (1+4B)X there
is a u =u(v) > X such that

Ag(v)—Ag(u) > N(v—u).
We can assume u = Z, since otherwise » could be replaced by Z:
Ag(v)—Ao(Z) = Ag(v)—Ao(u)—[Ag(Z)—Ao(u)]
> N@w—u)—N(Z—u)= N(v—2Z).

In particular there will be a sequence of Y’s = Z,

14+ X=Y>Y,>7,...,
with N(Y\—Y,) <Ag(Y4)—Ap(Y,),

N(Y;—7Y,) <Ay(Y)—Ay(Y,), ete.

This chain of inequalities breaks off when finally ¥, = Z. This index
k exists, since every interval (Y,, Y, ;) contains at least one A and the
number of A in (Z, Y,) is finite. Addition of the inequalities gives

NIA+B)X —Z] <A [(1+B)X]—Ay(2)
SA[(I+B)X]—Ao(X)
SA[I+B)X]—-A(X)+1
< MBX+1
by (3.2). Hence
z>[0+p-F 8] X-5

= (1+p)X

for some positive 8=’ (8, M, N) and sufficiently large X. This shows
that we may assume (3. 3), changing M into N and 8 into 8’ in Assumption
A, if necessary.
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One aim is to show that under Assumption A there is a function f(z)
satisfying (1.2), but not (1.1). Let

9(2) = 7 1(Lz)-2% sin 7 L2*(Lz) e20¢,

where C is Euler’s con.sté.nt. Then

g(z) = (Lz)~2Le i “"_}_z 62/ #n,

n=1Hn

tn =n/L.

We shall assume that there is an absolute constant § > 0 such that all
the end points of “exceptional intervals” (3.1) are at & distance greater
than § from the p,. This can be brought about, if necessary, by
shortening the exceptional intervals slightly (with a consequent small
alteration in the value of M).

To construct f(z) a sub-sequence {J,} of the intervals (3.1) is chosen
for which X, ,/X, — oo very rapidly. The counter-example is then pro-

vided by
f@)= 9@ 1 P(2),
where
A—z 2z
P — H :u'+z —2z/u H 22./)\ (__) 22q,/a, 3 . 4
)= ned, p—2 xes, A2 a+2 ° (8.4)
and e, and the positive integer ¢, are chosen so that
— 2 pl 2 )\—1+q,/a, =0. (3.5)

u€d,

To prove that f(z) satisfies (1.2) but not {1.1) we need first some facts
about the behaviour of P,(z). To save writing, the index v will be omitted
as long as we deal with one particular J,=J. By (3.5)

ptz A—z
Pe= 1B s ()" (3-6)

Lemma 1. Let Q(z)=z"1log|P(z)| where P(z) is given by (3.6).
Then, for given n, 0<% << 1, the integer ¢ and the number a in (3.5) can
be chosen so that

InX <a<nX, (3.7)

provided that X is sufficiently large. Also, if nin (3.7) is small,
Q(2) = O((|=l/)?) = O ((I2/X)?) (2] < }a), (3.8)
= 0((¥/l2]) (2> 21), (3.9)
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and 0< Q)< YY) (x>7) (3.10)
Qz) < @(X) (e<z<X), (3.11)
Qz) <0 (x<a). (3.12)

Proof. By (3.2)and (3. 3) the largest possible value of £A™ is attained
if the A are evenly spaced at distances 1/M. Hence

A1 < M log (Y/X)
J

while S ptay Llog (Y/X).
J

For integers m other than —1,

PP L ?F‘m < A(Yl—m_*_Xl—m),
J

where A is an absolute constant. Use of these estimates in (3.5) shows
that @ > 0 so that, by suitable choice of the positive integer ¢, (3.7) can
be satisfied.

In |z|<a,

21 log P(z)=2 E {z il ‘zr; A—2n~1__ qa—zn—l} ,

asl 201 +1

and the estimates for the sums given above show that the coefficient of
22" is O(a®) and that it is negative for » <7 (M, L, B, y). This proves
the statements about @ in the range |2| <a. The other statements are
proved similarly.

I return to the function f(z). It is not hard to see that it satisfies
(1.2) (see Lemma 3 of [3] for a closely related calculation). I show now
that f(z) does not satisfy (1.1) if the X, increases very rapidly.

If E is the set of all x not belonging to the J,, then

m A1 log| f(A,)| < Fm &~ log| f(z)],

ze E

since f(A,) =0 for A, eJ. It is therefore sufficient to prove that

m 21 log| f(z)| < Lim 2~ log| f(x)]. (3.13)
>0 2—>®
zek

By Stirling’s formula,
z;1log|g(x,)| > 2L(C—1) = Lim 21 log|g()|
=0
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as z, - oo through any set of values whose distance from the set of points
up,=n/L (n=1, 2, ...) is positive.
If the X, are rapidly increasing, by (3.8) and (3.9)

x~tlog [I1P,(z)| =z log| P,(z)|+0(1),
as z—>c0, where J, is the interval closest to x. (3.13) is therefore a
consequence of the following statement.

There is a constant « > 0 such that every J contains a point £ at a
distance 8 > 0 from every p, such that

£tlog| P(§)| = Q(6) > Q) +a  (x¢J).

By (3.10), (3.11) and (3.12) it is enough to prove that £ can be chosen
so that
Q(£) > max (Q(X), Q(T)) +a.

This will follow if we can find a ¢ such that

Q(¢) > QX))+« © (3.14)
and a ¢ (which might be different) such that
Q&) > Q(Y)+a. (3.15)
I shall only show how to satisfy (3.14). The treatment of (3.15) is
analogous.
Cousider

A=Q)—Q(X) (£ed).
The contribution of a pa.rticular Ato Ais

A—X
A+§ AFX|

Differentiation with respect to A shows that D(}) decreases if & A > X is
moved closer to ¢ Also D(A)->0 as A—o0, and so D(A) <0 for A > ¢.
Hence A is decreased if the A inside J are moved closer to £ and if further
A are added between £ and Y (a and g being kept fixed).

Next we choose a suitable ¢ with the aid of

D)= £ log l —X-1log

Cartan’s Lemma. Given H > 0 and p points A, ..., A, in the complex
plane, we can find a set of at most p circles with sum of radii less than
2H such that for every ¢ outside these circles

[é—M|>mH[p (n=1,2, ..., p)
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with the exception of, at most, m—1 of the A’s.  (For a proof of the Lemma
in this form see [6] with « = 1.)

We apply the Lemma to the Xs between X and (14-k)X, where
0 <k <pB. The number, p, of such X’s is at most kM X, by (3.2). We
choose H =kX/8. The circles of Cartan’s Lemma cover at most a set
of measure 4H = kX/2 on the real axis. There is therefore outside the
Cartan circles a

£=(1+0)X
with 1k <o <k, - (3.16)
[E—p,|>8 (m=1,2,...).
For this ¢ there is
no A satisfying | £€—)| < (kX/8)/kMX = 1/8M,
at most one A satisfying | £—A| < 2/8M,
at most two A satisfying | é—A| < 3/8M,

We shall now estimate A under the assumption that there is
one A at a distance 1/8¥ from ¢,
one A at a distance 2/8M from ¢,

one A at a distance s/8M from ¢,

where s(=> p) is the largest integer not exceeding kM X, while the remaining
A are equally spaced between (1+44%)X and Y with a distance 1/ between
pearest neighbours. This position of the A can be obtained from their
original distribution by moving the A closer to ¢ and, perhaps, adding
further A> £. Both these operations decrease A, so that it will be
sufficient to prove (3.14) in this special case. Now we have

A—¢ s n/8M ms mjM—§¢

LT e |2 T RI T E e, MM

where m, and m, are such that m ranges over all integers satistying

A+k)X <m/M <Y.

| B(§)| =

Or, in terms of I'-functions,

|R(&)| > D(s+1)(16M¢) Dimy—ME+1) T (my+ M£)
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The further calculation is simplified if it is remarked that a change of
O(1) in the argument of any one of the I'-functions changes the logarithm

of this I'-function by O(log X). This enables us to write (5 = (1+o)X)
log| B(£)| > log I'(kMX)-log T'(16(1+0) MX)
—log ' (16(1+0) M X +kMX)
+log I (MY —(14-0) MX)
(1+%) MX+(140) MX)

(

+10gF(

—log I((1-+k) MX— (140) M X)
(

—log I'(MY+(1+0) MX)
+O(log X).
Or, by Stirling’s Formula,
log| R(¢)| = kMX logk+16(14-0)M X log 16(1+40)
—{16(1+0)+ £} MX log {16(140)+k}
+{M ¥~ (140)MX} log {(¥/X)—(1+0)}
+(24-k+-0)MX log (2-+k-+0)
—{MY 4 (14+0)M X} log {(Y/X)+1+0}

+ O(log X).
Similarly

log| R(X)| < (80+k)MX log (8c+k)
—80MX log 8¢
+(16+80) M X log (16+80)
— (16+80+k) M X log (16+80-+k)
+(MY—MX) log {(¥/X)—1}
—~kMX logk
+(24K)MX log (2-+F)
~ (MY +4MX)log{(¥/X)+1}
+O(log X).
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Now we choose k rather small and remember (3.16). Collecting those
terms in which the logarithm is equal to log £+ O(1) and those in which
the logarithm is O(1), we obtain finally

log X

¢-1log| R(£)|— X log| R(X)| > Mk 1ogk+0(k+ ) (3.17)

where the constant implied in the O-notation depends on M only.
Similarly,! if

S(z)= 1 I-"n"*‘x

u,.eJM"n_x
then
1 1 log X'
¢-1log| 8(¢)|— X1 log| 8(X)| >— Llclogk+0(k+ ) (3.18)
Finally, if T(z) = (ZJr;‘;)"
then

£ log| T(§)|— X~ log| T(X)|

l+o—a/X | a,/X}
Ttota/X 8 T1fa/X

= 0(0) = O(k), (3.19)

=qX™ {(1—;—0)—-1 log

by (3.5) and (3.10).
Now (3.14) is a consequence of {3.6), (3.17), (3.18) and (3.19).

4. To prove that (1.9) is a necessary condition for the assertion of
Theorem B we must still consider the case when both (1.9) and Assumption
A of the last section donot hold.

If Assumption A is false, then for every ¢, 0 <e< 1, we can find a
U = U(e) such that for every » > U there is & v satisfying

A(@)—A@)> L1—e)(v—u) (v<v< (1+e)u). (4.1)

Since the interval (u, v) must contain at least one A, every interval
(X, Z) with X > U can be covered by a finite number of non-overlapping

1 Here we use the fact that both ¢ and X are at a distance greater than & from the
nearest pq.
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intervals (u, v). Therefore

$(Z)—¢p(X)= X I 1-Llog(Z/X)
X <A<z

> g = IOY) _pyop zyx)

>L iIZZ”-iiLLlog (Z/X)

> Li—jr—:ﬁ%—mog(Z/X)

> —13_% log (Z/X). 4.2)

On the otker hand, since (1.9) is false, there is an @ > 0 and an infinite
sequence of intervals J,=(X,, Y,) (X,—>c0) such that

$(¥,)—¢(X,) =—a.
This is compatible with (4.2) only if
Y,/X,—>oo0. (4.3)
We may also suppose that on an exceptional interval (X, Y)
—a<HB)—$(X) <0 (X<Z<T) (4.4)

(otherwise replace X by a larger, Y by a smaller number). Therefore,
ifX,<Z<2'<Y,,

$(Z')—¢(Z) <a, (4.5)
and reasoning similar to that leading to (4.2) proves
Lemma 2. For given positive numbers R, e, R > ¢, and L' > L there

is a constant K = K(L’, R, €) such that for all large v the interval (X,, KX,)
contains an interval (Z, Z') with Z2'|Z = R such that for Z <u, (14+-€)u < 7'

A((1+e)u) —Aw) < L'ew.
[If this is not true for an interval (Z, RZ), then ultimately (for large v)

H(RZ)~¢(Z) > k(L', €)>0. There cannot be too many consecutive
such intervals, by (4.5).]
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Next we define a function f(z) depending on a parameter ¢ > 0 which
will provide a counter-example for sufficiently small e.
We select a sub-sequence {J,} of the exceptional intervals such that

(i) Yv > Xv 6—2:
(ii) X,+1 > Y,, €_.2.

In. view of (4.3) this is always possible. The sequence {k,} is defined
as follows. Outside the J, the k are evenly spaced at distances 1/L, inside
a J, every A belongs to {k,} and in addition further %’s are added between
X, and X,/2¢ such that the minimum distance of two k’s is greater than
%c [c of (1.3)] and
2 k'*—Llog(Y,/X,)=0.
k:J,

These requirements are compatible if € is sufficiently small. Note that
there is a constant b such that

X k1—Llogz—b (4.86)

k<z
as x> co through any sequence outside the J,.

@ —_—
Put flo) =22 T a7 jou,
n=1p T2

Tt is easily seen that f(z) satisfies (1.2).
I prove next that for x outside the J,

lim 21 log| f(z)| < 2b—2L+p, (4.7)

where p here and everywhere in this section denotes a number which can
be made arbitrarily small by choosing e sufficiently small. We shall
need the following, easily proved, estimates of

W = log z%; +2,'c—x.
W <0 0<z<k) (4.8)
W = O(23/k?) (0 < z/k<1) (4.9)
W < 2x/k (0 < z/k) (4.10)
W = 20/k+O(kjz) (0 <kfz<3). (4.11)

https://doi.org/10.1017/50013091500021301 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021301

O~ THE GrOWTH OF FuxwcTioNs oF MEAN TYPE 67

Let = be outside the J,,

log|f(z)| = —2Laloga+ = + I+ 3 log | |+
k€ez  ex<k<p/e k)z/e
= —2Lzlogx+X;+X,+ X (4.12)
By (4.10) <2 I kL.
k<ez
By (4.8), %, <0.

Also, by (4.8), Z, is increased if any terms arising from %’s inside a J,
which are not A’s are omitted, for such % are necessarily greater than z.
This changes X, to X,’, say. All k contributing to X," are either outside
the J, or belong to {A}. It follows that the range of summation can be
covered by a finite number of non-overlapping intervals (u, v) for which
(4.1) holds, where A (¢) is the number of k’s not greater than ¢ contributing
to Z,. Hence

, k—=x V—2
pIN loglm <L(1—e)°§z(v u) log T+L(I_E)u§z(v u) log —— P
v oou 1—ujz
<H-92E (F-3) e g
U v/z—1
FL0=92 2 (F—5) log ey
The last two sums are Riemann sums approximating to
S log 1+ du=~—210g2+0(ez)
1/
and j log “1 du = 2 log e—2+2 log 24-0(e?)
1 +1
respectively.
Further, because of the spacing of the & and because of (4.2)! and
(4.5)
z,) Z 2—x—2Lx log e+o(x)

k a<k<z k

1 The number ¢ in (4.2) is not the same ¢ as here. In (4.2) e =0(1) as X —» 0.
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as z—>00. Collecting the information on Z,, ¥, and X, and remembering
(4.6) we obtain (4.7). In particular

w1 log | f(A)| < 26—2L+p,

since log| f(A,)|= — o0 if A, e J,.
A contradiction to (1.1) will arise if there is a sequence {{,} such that
£,ed, and
Iim &1 log|f(&)| > 2b—2L+2a—p. (4.13)

By Lemma 2, with R = ¢4, L' = L(1-+¢), every interval J, (v > v,)
will contain an interval I = (Z, Ze~*) such that no interval (u, (14¢€) u) cl
has more than L(1-+€)eu A's inside it. Also Z/X, is less than a constant
depending on € only. Let £, be as close to Ze~2 as is compatible with the
requirement that &, is at a distance > }c from the nearest k. All k’s in
(€&,, &/ €) are X’s, so that this last condition can be satisfied. To compute
&1 log|f(&,)| we use the same notation as in (4.12) with £ = ¢, in place
of z. By (4.9)

Z,>0(8 T k*)=0(8(¢/er?) = 0(e4).

k<€/e
By (4.11),

5, >2 = k—1+0( 5 k/g) —9¢ S k140(e2¢),
k<et k<ef k<et
since the number of & less than e¢ is O(ef).
All £ contributing to X, are members of {A}. Using the upper bound
for the number of A’s in (u, (1+e)u) found above and reasoning as before
we have

T 4+ 0= log ) LE—pé.

ef<k<i/(1+eq (1+e)i<k€E/e

Also, if N is the number of A in (g/(1+e), (14¢)¢), then, by (1.3),

(3¢)?. (Zc)®. (§c)2... (Z_V_;;l c) *
e | > e [eTaer
> N log N—N log £+ O(N).

+O0(log €)

p log
E/ A+ <k<(l+e) ¢

But N = O(e€) and so the right-hand side is
O(ef log 1/e) >—p€.
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As before
k1> X k'—Lloge—p.
e <k<t

Hence ultimately

Ellogl|f(é)|>2 £ k*—2Llogé—2L—p. (4.14)
129
But if ¢ is in the exceptional interval (X, Y),

X k—l—Llog§=(Z k-l—LlogX>+( z 'k"l—LIOg(Y/X))
k< k<X X<€<k<Y

— (efa k— L log Y/§).

As X > o0, the first term tends to b, the second is 0 and the last is

—($(1)—4(8)) = — ($(N)~ (X)) + ((6)—$(X)).

By hypothesis the first part is a; by our choice of £, {/X is less than some
fixed number depending on ¢ only. Hence ¢(£)—¢(X)—>0. (4.13) now
follows from (4.14). This completes the proof that (1.9) is a necessary
condition.

5. It remains to prove the necessity of (1.8). Since we may assume
(1.9), (1.8) can be replaced by

lim ¢ (r) = co.

But I have shown elsewhere [2, Theorem 1] that

lim ¢(r) < o0

r—>w
implies the existence of a non-constant f(z) satisfying (1.2) and such
that f(A,) =0. For this f(z) the left-hand side of (1.1) is—oo. But the
right-hand side of (1.1) is greater than —oco, by a Phragmén-Lindeldf
theorem. Therefore the conclusion of Theorem B fails if (1.8) is not
satisfied.

I am greatly indebted to the referee for many improvements of an

earlier version of this paper.
r
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