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One of the mos t elegant resu l t s of the e lementary theory 
of the distribution of p r imes is that 

(1) R(n) = TT p , n P < 4n , 

where the product runs over p r i m e s . A very simple proof of 
(1) has recent ly been given by Erdtis and Kalmar [ l X [2] . A 
form of the p r ime number theorem [2^ states that 

(2) 0(n) = log R(n) ~ n . 

This implies that for every £ >o and n > n 0 (£) 

(3) R ( n ) < ( e + e ) * , 

and that in (3) Eu le r ! s constant e = 2.718 . . . cannot be replaced 
by any smal le r number . 

If,however, we a re interested in improvements of (1) 
valid for all n, then the best available resu l t i s the following 
es t imate due to Rosse r [3 ] : 

(4) R(n) < 2 . 8 3 n . 

R.osser !s proof of (4) i s definitely not e lementary and moreover 
involves much computation. The object of the present note i s to 
give an e lementary proof of 

(5) R(n) < c* , 
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where c is the positive number defined by 

(6) c5 = 24 33 (c < 3.37) . 

Our proof depends on an analysis of the number 

(7) A m = (6m + 1)! / m i ( 2 m ) ! ( 3 m ) ! . 

We note f i rs t that A ^ is 6m + 1 t imes a mult inomial coefficient 
and hence is an in teger . Next we prove 

LEMMA 1. 

A m * (24 3 3 ) m T T k ^ 1 - l / 2 2 3 2 k 2 ) < c 5 m (m> 1). 

Proof. The equality follows by a straightforward induc
tion on m and the inequality is then an immediate consequence 
of (6). 

We will further require 

LEMMA 2. Fo r pr ime p , m < p ^ 6m + 1 , p divides A^^ . 

Proof. Consider separa te ly cases where p l ies in the 
ranges : 

(i) 3m < p 4. 6m + 1, 
(ii) 2m < p ^ 3m, 
(iii) 3m/2 < p ^ 2m, 
(iv) m < p 4 3m/ 2. 

In range (i) p divides the numera tor of A^ (see (7)) but not the 
denominator. In range (ii) p2 divides the numera tor while p , 
but not p , divides the denominator. In range (iii) p3 divides 
the numerator while the highest power of p dividing the denomina
tor is p . Finally, in range (iv), p4 divides the numera to r while 
p3 is the highest power of p which divides the denominator . 

We now proceed to the proof of (5) by complete induction 
over n. The resul t is t r ivial ly true for 2 and 3 and by the induc
tion hypothesis will be assumed t rue up to n . In proving it at 
n + 1 we may assume that n + 1 is a p r ime for otherwise R(n) = 
R(n + 1 ) . Fu r the r , for n > 3 all p r imes have the form 6m i 1. 
Hence we need only consider the cases (i) n = 6m+ 1 and (ii) 
n = 6m - 1. 
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In case (i) the l emmas and the induction hypothesis yield 

(8) R(6m+ l) = R ( m ) T T m < p ^ 6 m + 1 p ^ c m A m < c&n+l . 

F o r case (ii) we f i r s t note that for m < p ^ 6m, p divides 
A ^ / (6m+l) and the la t ter is an integer l ess than c ^ m - l . Hence 

(9) R ( 6 m - l ) = R ( m ) T T m < p ^ 6 m „ x p ^ c ^ A m / ( 6 m + 1)< c^" l 

and the proof i s complete. 

It would be nice to have an equally e lementary proof that 
R(n) < 3 n . In conclusion we r emark that i t does not seem entirely 
hopeless to seek by e lementary methods the smal les t constant 
k for which R(n) < k** for al l n. 
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