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THE DAY NORM AND GRUENHAGE COMPACTA

M. FABIAN, V. MONTESINOS AND V. ZIZLER

A close connection between the strict convexity of the Day norm to the concept of the
Gruenhage compacta is shown. As a byproduct we give an elementary characterisation
of Gul'ko compacta in the sigma-product of lines and a more elementary proof of
Mercourakis' renorming result for Vasak spaces.

This note is a result of our effort to classify those Banach spaces with dual ball
Corson (in its weak* topology) that would admit a Gateaux smooth renorming.

Given a non-empty set S, let E(S) := {x £ [—1,1]5; support of x is countable}.
We shall always assume that E(5) is endowed with its product topology. A compact
space K is called a Corson compact if K is homeomorphic to a subset of £(S).

It was proved in [1, p. 425] that a Banach space X with dual ball Corson need not
in general admit any equivalent Gateaux differentiable norm. We find here a sufficient
condition for a Gateaux smooth renorming that uses the strict convexity of the Day norm
on the dual space and is closely related to the notion of Gruenhage compacta (see [9], [1,
p. 424], [12, Definition 2.1]). As a corollary, we prove a renorming theorem which gives,
in particular, a result in [10].

The result in this note is related to the result of Raja that X* admits a dual norm
that is weak* locally uniformly rotund if and only if Bx- in its weak* topology is a
descriptive compact ([11]).

As a byproduct of our efforts, we obtain a characterisation, in the Sokolov's style
[13], of Gul'ko compacta lying in the space £(S) in the spirit of the characterisation of
Eberlein compacta given in [8].

Assume that a Banach space X admits a Markushevich basis, that is, a biorthogonal
system {xa,fa}a£r such that span{xa} = X and {/Q} separates points in X. Then, it
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was shown in [7] and [6] that X admits an equivalent uniformly Gateaux differentiable
norm if and only if the set F can be split into F — UFn such that the formula |||/|| |2

:= H/ll2 + J3!?*(/) gives a dual weak* uniformly rotund norm on X*. Here by | | / | | we
mean the original sup norm of X* and Dn(f) is the Day norm applied to the coordinate
functionals {/o}aern- The norm || • || of X' is weak* uniformly rotund if /„ — gn —> 0 in
the weak* topology whenever fn,gn € Sx' and ||/n + <7n|| -» 2. This property is known
to be the dual property to the uniform Gateaux differentiability of the norm, ([2]). The
norm || • || on X is uniformly Gateaux differentiable if l imt( | | i + t/i|| + | | i - t / i | | -2)/t = 0
uniformly for x 6 Sx, the unit sphere of X.

This means that if we know that X admits an equivalent Gateaux differentiable
norm, we can use the Day norm on the dual space to construct another uniformly Gateaux
differentiable norm on X. therefore the situation is similar to that of uniformly Frechet
differentiable norms (James-Enflo theorem, see for example, [2, Chapter 4] or [4, Chapter
9]).

In [8], the Eberlein compacta lying in £(S) were classified by using infinite combi-
natorics.

In [5] and in [6] we characterised several classes of non-separable Banach spaces X
by the existence of a total subset (that is, linearly dense) subset T C X which can be
split in a certain way. Our method uses only projectional resolutions and techniques in
Markushevich bases. In particular, it does not use any combinatorics. Instead, we use the
method of projections to characterise Gul'ko compacta in £(S), in the style of Sokolov
[13]. A compact space K is a. Gul'ko compact if (C(K),p) is K. - ed, where p denotes the
topology of the pointwise convergence. A topological subspace T of a compact space K
is K. - ed whenever there exist closed sets Kn C K, n G IN with the property that for
every t e T and for every k € K \T there exists n £ IN such that t € Kn and k £ Kn.
A Banach space X is Vasdk (or weakly countably determined), if (X, w) is fC - ed. Then,
a compact space K is Gul'ko if and only if (C{K), || • ||) is Vasak, see, for example, [3,
Theorem 7.1.8].

We follow the standard notation that can be found, for example, in [4, 3]. For all
concepts and results not explained here we refer to [4, 2, 3],

Given a subset T <z X and a projectional resolution of the identity {Pa)uo^a^ on
X (see, for example, [3]), we shall say that they are subordinated (to each other) if
Pah) € {7,0} for all 7 € F and u0 ^ a ^ p..

A subset F of a Banach space X is said to countably support X' if # { 7 € F :
(7,1*) 7̂  0} ^ Ko, for all x' 6 X' (here # denotes the cardinal number of a set). It
follows that if a Banach space X has a total subset F which countably supports X',
then there exists a projectional resolution of the identity on X subordinated to F, as
<j>(x*) := {7 6 F : (7,1*) # 0}, for all x* e X', is a projectional generator (see, for
example, [3, Definition 6.1.6] and [7]).

https://doi.org/10.1017/S0004972700036236 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700036236


[3] The Day norm 453

The following result follows by transfinite induction on the density character of X.

For the concept of separable projectional resolution of the identity see, for example, [3,
Definition 6.2.6].

PROPOSITION 1 . Let X be a weakly countably determined Banach space. Let
F C X be a total subset ofX that countably supports X'. Then there exists a separable
projectional resolution of the identity on X subordinated to F.

A subset F C X of a Banach space X will be called weakly a—shrinking if there exists
a sequence ( P , , ) ^ of subsets of f such that F = U Fn and for each e > 0, for each 70 € F

n£lN

and for each x* € Bx- there is n € IN so that 70 € Fn and # { 7 € Fn; |(7, x ' ) | ^ e\ < No-
The following theorem is a consequence of the previous proposition and the method

of proof of [7, Theorem 3].

PROPOSITION 2 . Let X be a weakly countably determinedBanach space. Then
X contains a bounded total weakly a—shrinking subset. Moreover, every total and
bounded subset TofX which countably supports X* is weakly o—shrinking.

We can now characterise Gul'ko compacta in E(5). Our approach is similar to that
in [6] and uses ideas in [13].

THEOREM 3 . Given a compact subset K of the topological space E(5), the two

following properties are equivalent:

1: K is a Gul'ko compact.

2. There exists a sequence {Sn)^=1 of subsets of S such that S = \J Sn and
n=l

given k € K, e > 0 and so € S there exists n € IN such that sQ G Sn and

#{s€Sn: |fc(s)| > e} < NO-
PROOF: Given a compact set K in £(S), let 7r : 5 -> C(K) be defined by 7r(s)(/c)

:= k{s), for all s e S,k e K. From the fact that K is in E(5) it follows that #7r"1(/)

^ No for all / € TT(5), say ir~l{f) := {s{/ i l ) , s(/,2), • • •} (repeating elements if T T " ^ / ) is a

finite set). Given m € IN, let wm : n(S) —> S be the selector for the multivalued mapping

71-1 : TT(5) ->• 2s given by wm(f) := 5(/,m), / € TT(5) and let Sm := ium(7r(S)). Obviously,

S = U Sm- Now the mapping R^ : [-1,1]5 -> [ - M ] S m defined by Rm{x){s) := x(s)
m€lN

for all s e Sm and x € [-1, l ] s , is continuous and i C k is one to one. Thus Km := Rm(K)
is homeomorphic to K. Let 7rm : Sm -¥ C{Km) be defined by xm{s)(Rm{k)) :- k{s), for
all s € Sm, k € K. 7rm is a one-to-one mapping.

(1 => 2) Fix m € IN. Let Xm := span{7rm(s) : s e 5m} C C(A"m). As it was men-
tioned before, (C(Km), || • ||) is weakly countably determined, and then {BC{Kmy,w') is
angelic (a compact space is angelic if the closure of every subset is attained by sequences),
see for example [4, Exercise 12.55]. The set 7rm(Sm) countably supports Km as Km is
in £(5m). Thus 7rm(Sm) countably supports conv(±Km) in the dual space and hence
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ftm(Sm) countably supports BC(Kmy because of the angelicity of (Bc(Kmy,w')- Thus
7rm(Sm) countably supports Bx^- Xm is also weakly countably determined. Apply now

00 "*

Proposition 2 to get Sm — (J 5 m i n from the weakly a—shrinking property of 7rm(5m).

Then the family {5m,n : m,n € IN} gives the conclusion.

(2 =*• 1) By the definition, we need to prove that (C(K),p) is K — ed. Note that
TT(5) separates points of K. From 2 we get a sequence ( S n ) ^ of subsets of S such that
VA; € K, s € 5, £ > 0, there exists n € IN such that s £ Sn and

(1) # { s ' € 5n : |fc(s')| ^ e} < No-

It follows that (TT(5),P) is /C—ed: indeed, consider the closure TT(5) of TT(S) in ([0, l]K,p),
a compact space. By adding one coordinate if necessary, we can always assume that there
exists s0 € 5 such that k{s0) = 0, VA; € K. Then 0 € TT(5). Given i; € 7r(S)\7r(S), there
exists k € K such that u(A;) ^ 0. Choose e > 0 such that 0 < e < \v(k)\. Then, given
s € 5 , we can find, for these s, /c,£, some n € IN such that (1) holds. It is then obvious
that v & 7T(5AT) and this proves that (n(S),p) is IC-cd.

Let W be the algebra generated by n(S). By the Stone-Weierstrass Theorem it is
|| • || — dense, and by elementary properties of IC — cd, it is again K—ed. Define the mapping

$ : (W,p) x {Bw,pf ^ (C{K),p)

given by

*(/,(/»)) :=/ + ! > - / -
n=l

This is a continuous mapping from the /C-cd topological space (W,p) x (SM' ,? ) 1 ^ onto
(C(K).p), hence the latter space is also K—ed. D

R E M A R K . A similar proof gives Farmaki's characterisation [8] of Eberlein compacta in

£(S) (see [6]).

We shall now define a property of a Banach space that is related to Gruenhage

compacta. Note that in this definition we do not explicitly assume that the unit ball of

the dual space is a Corson compact.

D E F I N I T I O N 4: We shall say that a Banach space X has property G if X contains
oo

a bounded total set T so that F can be split into T = \J Tn in such a way that given
n=l

/ , g € Bx-, / ^ 5, there are 7 e T and n € IN such that \{f-g)(-y)\ > 0, 7 € Tn and either

# { 7 € Tn ; | / ( 7 ) | > | ( / - p ) ( 7 ) | / 4} < 00 or # { 7 € Tn ; |<?(7)| > | ( / - g){-y)\/*} < 00.

R E M A R K . Clearly, every weakly a—shrinking total bounded set in a Banach space X
makes X have property G. Thus it follows from Proposition 2 that Vasak spaces have
property G. We conjecture that the non Vasak space C{Cl) constructed in [1, p. 421] (see
also [3. Section 7.31) has property G.
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THEOREM 5 . Assume that a Banach space X has property G. Then there is an
equivalent norm on X the dual of which is strictly convex.

P R O O F : Let { r n } be the collection of all T'ns as in Definition 4. For n € IN, let
|| • ||n be a seminorm on X' defined for / € X' by | | / | | n := | |(Re),i/ | |D, where (Re)n is
the operator of the restriction to F n and || • ||z> is the Day norm on ^ ( F , , ) . Let the dual
equivalent norm || • || on X* be defined for / € X* by

n=0

where || • ||0 is the original dual norm on X*. We shall show that || • || is a strictly
convex norm on X'. Let f,g € X* be such that 2| | / | | 2 + 2||5||2 - | | / + g\\2 = 0. Then
a similar equality holds for each n. We may and do assume that / , g € Bx- • If / ^ <?,
choose 7 € F so that e := | ( / — <?)(7)| > 0 and then choose Fn so that 7 € Fn and
either # { 7 ' € Fn; | / ( y ) | > 5/4} < No or # { 7 ' € Fn; \g(-f)\ > S/A) < No. Then by [6,
Proposition 4], supy€rj(/—<?)(7')| ^ 3e/4, which is a contradiction with |( /-ff)(7) | = e

and 7 € Fn. D

Theorem 5 reminds of a result in [14] which says that a very smooth Banach space X

has a dual X" with an equivalent (not necessarily dual) strictly convex norm. However,
the space C[0, Wi] has an equivalent Frechet smooth norm and yet does not have property
G, since does not have norm whose dual is strictly convex (see, for example, [2]).

From the remark before Theorem 5 we obtain the following

COROLLARY 6 . [10] Every Vasak space has an equivalent norm the dual of which
is strictly convex.
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