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EMBEDDING AND REPRESENTATION THEOREMS
FOR CLONES AND VARIETIES

TREVOR EVANS

To Bernard Neumann on the occasion of his eightieth birthday

We use the theory of clones to prove that a countably presented variety of algebras can
be embedded in a variety of groupoids.

0. INTRODUCTION

In Section 1 we show that any countable collection of functions f;: §™ — §,
n; 21,1=1,2,3,... onacountably infinite set S can be generated, under composition,
by a single function f: §2 — §. In Section 3 we prove that any countable clone can be
represented as a clone of functions and then, in Section 4, we deduce that any finitely
or countably presented variety of algebraé can be “emnbedded” in a variety of groupoids.

1. GENERATING FUNCTIONS

Let §={1,2,3,...} and let f;: §2 -+ S, i =1,2,3,... be a countable collection
of functions of two variables on S. Partition S into subsets S, S3,93,... where

S;i={2>"'(2z-1):z€ S},i=1,2,3,...

andlet f: $2 — S be defined by
) f(z,z)=2x,8€5;
(ii) f(z,22)=2z -1,z € S;
(iii) f(xiy) = fi((z + 21’)/2”.1(3! + 1)/2)1 z € Sit1, Y€ 51,1=12,3,...;
(iv) f(=z,v) is arbitrary for all other values of z and y.
From (i), (ii) f(z, f(z,z)) =22 — 1, z € S. Also, from (iii),

(1'1) fi(w,y)=f(2i(23_1)12y“1)a37y€ S.

Now if we put g,(z) = f(z,z), giv1(z) = f(gi(z), 9i(z)), ¢+ = 1,2,3..., then g(z) =
2z, for all i. Hence
gi(f(z, f(z,2))) = 2°(2z — 1).
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From (1.1) we now have

(1‘2) fi(z’y) = f(gi(f(za f(w,:c))), f(y; f(y;y)))

That is, each f; can be obtained by repeated composition from f and the projection
function py(z,y) =z, p2(z,y) = y.

Now any function of one variable f can be replaced by a function of two variables
g, where g(z,y) = f(z) for all z,y. Furthermore, (see Sierpinski [6]) any function of
n variables can be written as a composition of functions of two variables. For example,
take any bijection from S$? to S, say h(z;,z;) = 2°171(2z, — 1), and define iterates
h; by hy = h and

(13) hi+1($1,22,. . .,:Bi+2) = ’L(Z], h,’(tg,w;;,. . ,2),'+2)), 1= 1,2,3,. eae
Then for any f: ™ — S, n > 3, there is a [unclion g: §2 — § such that

(1.4) f(z1,22,...,2zn) = g(21, hi_z(Z2,23,...,24)).

Combining the above remarks, we have the following:

THEOREM 1. Let f;: S™ — §5,1=1,2,3,... be a countable collection of functions
on a countable set §. Then there is a function f: S — § such that f generates each

i

Remark. For S finite, a similar result follows from the existence of Sheffer stroke
functions on any finite set (see, for example, Evans and lardy [2]).

2. CLONES

Let S be a nonempty set and let C be a collection of functions f: S™ — S, on

some fixed positive integer, such that

(i) C contains the projections pi(z,zg,...,2n) =z, 1 =1,2,...,n;
(i) C is closed under the (n+-1)-ary composition operation X where
2fg192..-9gn is the function S™ — S defined by

(21) Bfg192...9n: (21,%2,-. ., &) = f(g1(x), g2(X),...,9n(x))

for all x = (z;,22,...,2,)in S™.

C is called n-clone of functions on §.
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Note that T satisflies the generalised associatlive law for composition

(22) EEfglgz .. -gnhlh2 .o .hn = Englhlhz . .hn - Egnhlhz .. .hn
for all f, gi, hj in C.

An abstract n-clone may be defined as an algebra on a set C with n constants

P1)P2,-->Pn and an (n + 1)-ary operation ¥: C™**! — C such that

(i) Tzpip2...poforallz €C
(2.3) (ii) Zpiyry2 .. -yn = yi for all y3,9,,...,y,in C,1=1,2,3,...,n
' (iii) ZX2y1Y2..-Yn?122 ... 2n = BT LY125Y2Z .. . DYnZ

forallz €C,y,ze€C"

Examples of n-clones are:

1. C is the set of derived n-ary operalions of an algebra A;

2. C is a free algebra on n generalors g,,4g2,...,gn and
Yuvivy ... vy = ua for all u, v; in C;

where a is the endomorphism mapping g; — vi,1=1,2,...n;
3. C is the set of homomorphisms A™ — A of somne algebra A.
Other examples may be found in Evans [3].

We may generalise the notion of n-clone to that of heterogeneous clone (or simply
clone). Here, in the function case, § is a non-empty set, and collections C{™ of functions
f: 8™ = S, n=1,23,... such that C'™ contains the projections p;, i = 1,2,...n,
and the set C = CUUCA UCB U ... is closed under the composition operations T%

where
(2.4) T L ol (c<m))" ™
and X7 fg195...9m, f €C™), g; € C{™ is the function S™ — S given by

(25) 2::J9192 ceeGm (331, T2y0.. ,zn) I f(gl(x)a gZ(x)y v ,gm(X))

for all x = (z;,22,...,2,) in S™.

For case of reading X7 will be written simply as £ when this causes no ambiguity, and
veclor notation will also be used for the same purpose, for sequences of functions as
well as for sequences of elements of §. Thus, £ fg192...9m may be writien as T fg
and (2.2) as

(2.6) T3fgh=% f¥g;hEg.h.. Zg.h.
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The abstract version of a general clone of functions is defined as follows. We have a
set C which is the disjoint union of sets (), C(?), C(3) ... For each n, C™ contains
elements p{™, pgz), ees ,pg,") (we omit the superscripts whenever possible) and there is
a partial operation £ on C which is the union of the operations I : C{™) x (C*)™ —
C(™, m, n > 1, such that the following axioms are satisfied:
2.7y
(i) zpips...pm = z, for any z in C(™);
(i1) £piv1¥z-..Ym = ¥i, for any projection p; in C™ and yy,¥2, . - . Ym in C'V;
(i) 2Xzy1y2 ... Ym2122-..2n = L2 LY Z2XY2Z . . . By
n
for any z in C'™),y1,y2,...,ym in C'™ and z = (2, 22,...,2,) in (C(‘)) .
The examples of n-clones given earlier can be extended. The set of all derived
operations of an algebra A is a clone. Similarly, the set of all homomorphisms A™ — A,
n=1,23,..., is a clone. In both cases the clone operation is composition. For the
third examples, we take C(™ to be the free algebra F,(V) in the variety V and the
value of the clone operation Xuvyvz...v;m for u € Fp,(V), vi € Fr(V) is defined to be
the image of u under the homomorphism which maps the generating set of I;,(V) onto

V1,V2,. .0, Upy in Fp(V).

3. REPRESENTING CLONES AS CLONES OF FUNCTIONS

Lel C be an n-clone, that is, a set C, an (n + 1)-ary operation ¥ and projection
elements py,ps,...,Pn, salisfing (2.3). It is a simple matter to extend to n-clones the
Cayley representation theorem for groups and semigroups. To each ¢ € C, we assign

the function f.: C* — C where
fz1,22,...,2,) = Bezyzy .. .2y, x €Cpy

and it is easily checked that ¢ — f, is an isomorphisin from C to a clone of functions.
A corresponding theorem holds for general heterogeneous clones but is more complicated
to prove.

Let C be a heterogeneous clone with elements
C=CcMyc®ucu...

where C(™) is the set of elements of arity m. Lel 0 be an element not in C and consider

the set S of all sequences
(21,22, 23,...), z; € C) U {0} such that for some i, z; £ 0, and
(3.1) (i) ifz;=0, thenz; =01forall j <:
(ii) ifz;#0, then z; = Ez;pgj)pgj) .. .ps.j) for all § > i.
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Note that if i < j < k, by (3.1) and the generalised associative law

k k k k k
(3.2) zi = Sz;p " pa ... ") = Bzap{pl?) .. pM.

Thus, a sequence in S begins with an initial segments of 0’s (possibly empty) and after
the first non-zero z;, each term is determined uniquely by (3.1).

We now define iwo sequences s = (z1,%2,Z3,...), ¢t = (¥1,¥2,¥3,...) in S to be
equivalent, s = t, if there is some non-zero term z; such that z; = y;. Let 3 denote
the equivalence class containing s and let S denote the set of equivalence classes. Note
that in each 3 there will be a unique sequence with a shortest initial segment of 0’s
and the first non-zero term in this sequence determines 3.

For each c € €™ m =1,2,3,..., in the clone C we define a function f.: §" — 3§
as follows. Let 5,,32,393,...3,n be elements of § and let 7 be such that for all 7 each
sequence in 3; has its 1th terin non-zero. Denote this ith term for 3; by «;,j =

1,2,...m. Then we define

(3.3) fe(31,52,...,3m) =1
where ? contains all sequences of § having

(3.4) ez Ty ... T

as ith term. Since z; € C(¥), this element also belongs to C(V.
We claim that the f. form a clone of functions on § and that ¢ — f. is a isomor-

phism from C to this clone of functions.

(i) fc is well-defined in the sense that it is independent of the particular ¢
we choose. This follows from (3.2).
(i) ¢ — fc is one-one. Forif f. = f4, then

fc(plaﬁb vee 7ﬁm) = fc(ﬁl)ﬁza cee ’ﬁm)’
where py,pz,...,pm are the projection elements in C{™). Hence,
Yep1p2..-Pm = Xdpips...pm and so by (2.7), c =d.

(i) ¢ — f. is a homomorphism. Let ¢ € C'™) and dy,ds,...,d,, € C(™.
Then d = Zedyd; ... d, belongs to C(™). We have to show that

(3.5) fa=2fcfa,fa; - fam-
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Let 5; € 8,5 =1,2,...,n so that (31,92,...,3,) €S and let f4,(31,52,...,5.) = I,
1 < I < m where, by (3.3), ; consists of all S-sequences having L diz1z;...z,
as ilh term, for some i such that each z; is a non-zero ith term of S;. Then

fe(31,32,...,3n) = W where W is the class of sequences having, as the ith term

Ed:cl,:vz e e = Ezcdldz...dmz122...$n
EcEdIXEdzx. . .Edmx.

But
Efcfdl fdg .. -fdm(sly-jh .. "En) = fc(zlazh- . ,Zm)

where z is the class of sequences having
Ycidix...Xd,x

as ith term. Hence, @ = Z and (3.5) is verified.

THEOREM 2. Every countable clone is isomorphic to a clone of functions.

4. EMBEDDING THEOREMS

The set of derived operations of an algebra A = (A: F) is a clone C(A) under
composition. An algebra B = (A : F') obtained by taking some set of derived oper-
ations of A as basic operations is called a derived algebra of A. lts clone C(B) is a

subclone of C(A). Theorem 1 can be stated in the following equivalent forms

THEOREM 3.

(i) Any countable algebra with countably many finitary operations is isomor-
phic to a derived algebra of some groupoid.
(ii) The clone of any algebra (countable with countably many finitary opera-

tions) is isomorphic to a subclone of the clone of some groupoid.

To oblain a corresponding theorem for varieties, we first combine Theorems 1 and

2 in the following form.

THEOREM 4. Any countable clone can be embedded in a clone which is generated
by one element of arity two.

Let V be a variety defined by a countable number of finitary operations. There are
various ways of associating a clone C(V) with the variety V (see, for example, W.D.
Neumann [6]). We adopt a diflerent approach. Regard the primitive operations of the
variety V as generators of a clune C(V} and translate the defining identities of V into
defining relations for C(V). For exawmple, if V is given by two binary operations +, -
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and the defining identity z(y + z) = zy + zz, then C(V) is generated by elements m,
a of arily two (corresponding to multiplication and addition) and satisfies the defining
relation

Y mp; Yapaps = LaXmp1p2 Zmnp;ps.

We omit the tedious description of the general case of this correspondence between V
and C(V) and the verification (by induction on length and the rules of equational logic)
that an identity holds in V if and only if the corresponding relation on the generators
holds in C(V). Putting together the preceding theorerus, we obtain the following result
on the embedding of a variety in a variety of groupoids.

TReoREM 5. Let V be a countably presented variety with finitary operations.
Then there exists a variety of groupoids W such that to each n-ary operation of V
there corresponds a groupoid word in n variables (a derived n-ary operation in W)
and an identity holds between the operations in V if and only if the corresponding
identity holds between the derived operations of W.

5. REMARKS

The origin of the above results is, of course, the original embedding theorem of
Higman, Neumann, and Neumann {4] that any countable group can be embedded in
a group generated by two elements. Many analogous theorems have been proved for
other algebras, semigroups, quasigroups, rings, latlices, et cetera. For monoids, which
are 1-clones, the result states that any countable inonoid can be embedded in a monoid
generaled by {wo elements. A consequence of the results in Lhis paper is that any
n-clone (n > 1) can be embedded in an n-clone generated by one element.
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