
INTRINSIC FUNCTIONS ON MATRICES OF 
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1. Introduction. It is well known that any semi-simple algebra over 
the real field R, or over the complex field C, is a direct sum (unique except 
for order) of simple algebras, and that a finite-dimensional simple algebra over 
a field 5 is a total matrix algebra over a division algebra, or equivalently, a 
direct product of a division algebra over g and a total matrix algebra over 
5 (1). The only finite division algebras over R are R, C, and G, the algebra of 
real quaternions, while the only finite division algebra over C is C. Thus the 
algebra of real quaternions and the algebra of matrices of quaternions hold 
important places in the structure theory of semi-simple algebras. Q is the 
four-dimensional division algebra over R with basis 1, ih i2, H = i\i^ and with 
multiplication determined by the associative and distributive laws and 
i\ii — —iïi\y H2 = i2

2 = —1. 
Rinehart (4) has introduced and motivated the study of the class of intrinsic 

functions on a linear associative algebra 21, with identity, over a field g- Let 
@ be the group of all automorphisms and anti-automorphisms of 21 which 
leave $ element-wise invariant. 

DEFINITION 1.1. A set of elements 35 will be called an intrinsic set of 21 if 
1235 = 35 for every 0 in ®. 

DEFINITION 1.2. The single-valued function F, with domain, 35, and range 
in 21, is called an intrinsic function on 35 if 35 is an intrinsic set of 21 and if 
Z G 35 implies F(ttZ) = QF(Z) for all 0 in ®. 

Intrinsic functions have already been characterized for the algebra of 
complex numbers over the real field (4), for the algebra of real quaternions 
(4), and for total matrix algebras over the real or complex fields (5). In this 
paper we obtain a characterization for appropriately continuous intrinsic 
functions on the algebra of matrices of real quaternions. In all the cases 
previously studied the functional value has been a polynomial in the argument 
value, with coefficients from the ground field. For the algebra of matrices of 
quaternions this is not the case, as is shown in Section 4 by an example. In 
Section 5 we show that our results are consistent with the theory of primary 
functions (4). A primary function on an algebra 2t is a function, from 21 to 21, 
which arises from a function of a complex variable, called its stem function, 
by means of any one of the (essentially equivalent) extension techniques 
discussed in (3). 
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2. The structure of 2ft0 and the canonical forms. Let 9D?0 = §0îon 

denote the algebra of n X n matrices with quaternion elements. 9Jî0 is the 
direct product of the algebra of real quaternions and the total matrix algebra 
WR over the real field. 

If M is any unit-vector quaternion (AI2 = —1), then 

C{p) = {XQ + pu | XQ, p 6 R\ 

is a subalgebra of Q isomorphic to C. C(n) will be called a complex field of Q . 
It is immediate that 2JIC(M) *S a subalgebra of 2Jîo isomorphic to the total matrix 
algebra 3D?c. 

For any A in 9J?o we can write A = Ai + i2A2 where Ai and ^42 are uniquely 
determined elements of Tlcai)- For each 4̂ in SJJQ let 

4 = U2 ij" 
The mapping A <^> A is an isomorphism of 9)IQ into Sftcoo (2). Wiegmann 
(6) has proved the following theorem. 

THEOREM 2.1. 7w awy A in 9J?Q J^ere exi^5 a non-singular matrix P in WI& 
such that 

™-7-[t)\. 
i.e., P~lAP = / where J £ Wlcai) ^ ^ Jordan canonical form. 

If /x and *> are any two-unit vector quaternions, then we can always find 
a unit-vector quaternion p such that p~lp.p — v. To see this let £i, M2, M3 = MM2 
be an orthonormal basis for 33, the vector subspace of Q. If ^ = ay. + bp.<i-\-c\i%, 
then wre can take 

p = HV(2 + 2a) M + -, , „ M2 + T—j—- M3 if a ^ — 1, 1 + a 1 + ~ Ms if a 
a J 

V/X2 if a — — 1 . 

If P~1AP = JM is in Jordan canonical form in 9ftc(M), and p~lp.p = P, then 
(pI)~1P~1AP(pI) = p~lJpP = /„ is in Jordan canonical form in 23?coo- X is 
obtained from J"M by the formal substitution of *> for /x. 

From Theorem 2.1 and the foregoing discussion we have the following 
theorem. 

THEOREM 2.2. For any A in $D?<Q, and for any complex field C(p) of O , there 
exists a non-singular matrix PM in 9JÎQ such that P^AP^ — JM is in Jordan 
canonical form in WICM- The canonical matrix in 9)icoo» where C{y) is any other 
complex field of O , is obtained from JM by formally replacing /x by v. 

Since we are going to be dealing with function theory on 2JÎQ, we shall 
need to introduce a few topological concepts. For every Z = (srs) Ç 9JÎQ 
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define ||Z|| = (1/n) max |s^| , where |s0-| = ViZijZij) is the usual norm for 
Q. 9Wo becomes a normed ring and hence a metric topological space with the 
topology induced by the norm. The concepts of neighbourhood, limit, con
tinuity of functions, etc., are therefore well defined and the usual elementary 
processes of analysis are applicable. 

The topology induced on 2KQ by our norm in turn induces a topology in 
each of the subalgebras ffltc(n), the open sets of 9ft c(M) being the intersections 
of the open sets of 9fto with 9ft coo. The topology on 9ft coo described above 
is precisely the topology used in (5) to study intrinsic functions on 9ft coo-

Before discussing intrinsic functions on 9fto we need to discuss the associa
ted group of automorphisms and anti-automorphisms. Let ® be the group 
of all automorphisms and anti-automorphisms of 9fto, and let § be the sub
group of all inner automorphisms of 9fto- 9fto is a normal simple algebra 
over R and it is known (1) that every automorphism of a normal simple 
algebra is an inner automorphism, so § contains all the automorphisms in 
®. It is easy to see that § is normal in © and that § is of index two in ®. Since 
Hermitian conjugation (̂ 4<->^4* = AT) is known to be an anti-automorphism 
of 9fto (2), any anti-automorphism of 9fto is a product of an inner auto
morphism and Hermitian conjugation. 

3. Intrinsic functions on 9K0. Let F be an intrinsic function defined 
on a domain (open set) 25 of 9D?o- F must admit all automorphisms and anti-
automorphisms of 9fto- That is, we must have F(P~1AP) = P~lF(A)P for 
every non-singular P in 9fto> and we must also have F (A*) = F (A)*. 

By Theorem 2.2 every matrix in 35 is similar to a matrix in 35M = 35 P\ 9ft coo t 
for any unit-vector quaternion /JL. Thus F is determined in all of 35 once F 
is known in any 35M. We now prove the following important theorem. 

THEOREM 3.1. If n is any unit-vector quaternion, and F is an intrinsic function 
on a domain 35 of 9fto> then F maps the domain 35M = 35 C\ 9ft coo into 9ft coo-

Proof. Assume that J"M £ 9ft coo but that the element in the i,j position 
of F ( j g is g i C(fx). Let P = (pi), so that 

P/MP-i = (»I)U-»I) = J,. 
We must have 

% ) = F{PJ»P~i) = PFUJP-i 

since F is intrinsic. Comparing the elements in the i, j position of P(/M) and 
PF(Jv)P~l we see that we must have q = — /*g/i, which can be true only if 
g G C(/x). This establishes the theorem. 

For «. = 1, Theorem 3.1 yields an alternative, non-geometric proof of the 
result, proved in (4), that an intrinsic function on Q maps every complex 
field of Q into itself. 

Every inner automorphism of 9ft coo c a n be extended to an inner automor
phism of 9fto> s o F, restricted to 35M, must admit every inner automorphism 
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of 9ftcoi). The fact that a function from 9JÎC(M) to 9ft coo admits all the inner 
automorphisms of 9ft coo was enough to lead Rinehart (5) to a characterization 
of intrinsic functions on 9ft coo- This characterization, adapted to the case at 
hand, is contained in Theorems 3.2 and 3.3, the proofs of which are given 
in (5). 

THEOREM 3.2. An intrinsic function F on a domain 55 C 9fto induces a 
unique single-valued function /(X, ah . . . , vn-i) mapping a subset of each @c(/0 
{n-dimensional vector space over C(/x)) into C{y), \i being an arbitrary unit-
vector quaternion. The function f is defined at any point 

Pu = (Xo, 0"1 , . . . , (Tn-l) G @C(M) 

for which there exists a non-derogatory matrix JM G S)M
 = 35 ^ 9ft coo W ^ ^O as 

aw eigenvalue and with characteristic polynomial 

c(x) = x — (7i x + . . . + ( —1) <Jn-\X + ( - 1 ) <r„ . 

77£e m/we 0/ / a/ PM° is independent of the choice of the non-derogatory matrix 
J v. G 2)M and is given by /(PM°) = X0[P(/M)] = LJfi(\o) where LJfi(x) is a poly
nomial with coefficients in C(/x) swc& that F(Jy.) = LJtl(Jy) and \o[A] denotes an 
eigenvalue of A. If Pv° is obtained from PM° by replacing y. by v, then 

/(P,«) = / ( i V ) | _ . 

The induced function / , described in Theorem 3.2, will be called the stem 
function of F. 

If Jn G 35M has repeated eigenvalues, then in any 9ft coo neighbourhood of 
J,, there are non-derogatory matrices with the same eigenvalues as 7M (5). If 
there is a derogatory Jy G 35M, then, since 35M is open, there is an 9ft coo neigh
bourhood of Jn contained in 35M, and hence there is a non-derogatory matrix 
Jtl G 25/x with the same eigenvalues as JM. J / can be used to define / at the 
points of Ostein) associated with J^. 

THEOREM 3.3. Let F be an intrinsic function on a domain 35 C 9J?Q. Con
sider A G 35 and let PM fe a non-singular matrix of 9fto such that 

P^AP» = J, G SRCCM)-

Let f(z, ci, . . . , ov_i) 6e the function from ©coo ^ C(AO induced by F {Theorem 
3.2). If fjn(z) denotes the function of z only, f(z, cr^JJ, . . . , o-w_i[/M]), //zew F(J?) 
must be given by the primary function value fJfl (JM), according to the customary 
definition of the extension of a function of a single complex variable to 9ft coo» 
if either 

(I) Jp has distinct eigenvalues, or 

(II) Jy, has repeated eigenvalues, Jy is an interior point of 35M, F is continuous 
at Jy, andfJik(z) is analytic in a z-neighbourhood of the repeated eigenvalues of Jy. 

The <Ti[Jy,] are the coefficients in the characteristic polynomial of JM: 
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\xl - J A = xn - adJ^x*-1 + (r2[/M]xn-2 + - . . + (-l)n-Vn_![/M]x 

The extension mentioned in Theorem 3.3 is that provided by the Lagrange-
Hermite interpolation formula: 

(3.1) F(J„) = /,„(/„•) 

= £ ( II V, - ai)" I ]£ i a - «,/)" #„,(/,,(*))]). 
where the a* £ C(/x) are the distinct eigenvalues of 7M, with multiplicity s* in 
the characteristic equation of JM, and where 

(3.2) Hmj(fj,(z)) = £* (fj^z) FI (* - «,)"Spj • 

If Jv Ç SDîc(v) is obtained from /M by replacing pt by *>, then F(/„) is obtainable 
from F{Jy) by the same replacement since, if p is a unit-vector quaternion 
such that p~1jdp = v, then p~lJ^p — Jv and, by the intrinsic property of F, 
we must have 

F(JV) = F(p-U,P) = p-'F(J»)P. 

Since F(J^) £ 2ftc(M), the last term above is precisely F^J^) with \x replaced 
by v. 

Thus we see that the behaviour of F on any of the domains 35M is determined 
by the behaviour of F on £)Z1. For the rest of this section we shall focus our 
attention on the domain 3)^. For simplicity in notation let us set Jh = J 
and 3)ft = SDi. 

It is known (3) that F(J), as given by (3.1), with /* = i\, is also given, 
according to the definition of Giorgi, by 

(3.3) F(J) = fj(J) = fAA) + ...+fAJk), 

where J is a direct sum, J = J \ + • • • + -/*, of Jordan blocks of the form 

X, 1 0 
0 X< 1 

'.0 0 0 . . . Xi_ 

with Xj = at + biii, where at and bt are real, and where 

1 

(3.4) fj(Jt) 

/ /(X«) / / (X« ) ^ / / ' ( X « ) 

0 / , (X , ) /, '(X«) 

(Si - 1) 
1 

(Si ~ 2) 

j / ^ ' ^^CXi) 

0 
0 

0 
0 

//(x«) 
/ /(X«) 
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Since F is intrinsic we must have, as mentioned at the beginning of this 
section, F (J*) = F (J)*. F (J) can be computed as above, yielding the matrix 
described by (3.3) and (3.4). There is always an inner automorphism of 
2)?c(ii) which maps J into JT> so, we must have by the intrinsic property of 
F, F{JT) = F(J)T. Thus we can use F (J*) = F(J*T)T = F(J)T, and Giorgi's 
definition (3) to compute F(J*). Specifically we have 

where 
HJ) =/7(Ji) + . . .+/7(J.), 

f7(z) = f(z, ffl[J] cn^[J\) = f(z, ffl[J], 

and where 

"" 1 

, an-i[J]), 

fj(Ji) = 

Mx<) fy'ih) ^fj"(h) 
1 r (Si- l ) 

(s, - 1 ) ! / J (X«) 

MU //(*«) 

0 
0 

0 
0 

(st - 2)\fl 
(s i -2 ) /T 

a*) 

An element-by-element comparison of F (J)* and F (J*) now yields 

/ / (Xi) = / 7 (X 4 ) 

or 
(3.5) / ( z , o-i[/]f . . . , crn_i[/]) = / ( z , o-i[ J], . . . , (7n_i[J]) 

at the eigenvalues of / . A similar relation is readily seen to hold for the 
z-derivatives of / at the repeated eigenvalues of / . 

A function / , from C to C, is intrinsic if and only if f{z) = /(z) (4), so a 
reasonable extension of this terminology is given by the following definition. 

DEFINITION 3.1. A function from a domain 33 of ©cuo to C{i\) will be called 
intrinsic at the point (z, ah . . . , <rn-i) Ç 33 if 

(z, o-i, . . . , crn_i) Ç S3 and/(z, d , . . . , o-n-i) = /(z, o"i, • • . 0"«-i). 

Now consider any A Ç 3} and let P be such that P~lAP = J in 2)tc(*i). 
Now, 
F(il) = PFiDP'1 = Pfj{J)P-x 

= pi (nu-««*)"[Ë 1 ^(/-«,/)"H»i(//(*))lV1, 
J==l \ ^ L w=0 W! J / 

W = Z ( IT (̂  - JP(«^)^1)S* I" E1 i (A - P(a,/)P-

or 

(3.6) - 1 \ O T 

X P{Hmj{jj{z))I)p-1 

) • 
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where the at are the distinct eigenvalues of J with multiplicities st in the 
characteristic equation of / , and HmJ(fj(z)) is given by (3.2). 

T h e matrices P(a.iI)P~l which appear in (3.6) are not in general equal to 
the scalar matrices a J since, if A $ 3)i, the elements of P are not all from 
C(ii), and hence do not commute with non-real at. T h e same remark applies 
to the matrices P(Hmj(fJ(z)I)P-1. 

T H E O R E M 3.4. If F is an intrinsic function on D C 2)?0, and if A £ 35, then 
F (A) is given by formula (3.6) provided the restrictions of Theorem 3.3 are satis
fied. The stem function f is an intrinsic function from Sc(u) to C(i\) at the points 
(A*, ( 7 i [ / ] , . . . , an-i[J]), where the A*, i = 1, 2, . . . , k, are the eigenvalues of J. 
If \i is a repeated eigenvalue of multiplicity siy then the first st — I z-derivatives 
of f are intrinsic at (Ai, v\[J] , . . . , <rn-i[J]). 

4. T h e n-ary f u n c t i o n s o n Sfto- Conversely, let us now consider a 
function f(z, ah . . . , <rn-i) from @c to C whose domain (open set) 33 is such 
t ha t 33 = 33. We shall investigate an extension of/ to 2JÏQ. For any unit-vector 
quaternion /x we can define / on (Sco*) by means of the isomorphism between 
C and C(AO; t h a t is, i f / is defined a t i V Ç 33, then / is defined a t the point 
PM° = iV|;=M ^ S e w , the value being f(Pi°)\i^ = / (PM°) . In (5), such func
tions, with suitable differentiability requirements, are extended to intrinsic 
functions on SKcoo by defining the value /(J"M, o"i[/M], . . . , o-w_i[JM]) to be the 
value of the pr imary function extension to ÏÏRcin) °f the stem function 

/ /M(*) = f(z, <ri[J*\, • • • , ^n- i [^ ] ) -

Let «i, . . . , afc be the dist inct eigenvalues of JM with respective multiplicities 
Si, . . . j sk in the characteristic equation of JM. Specifically we have 

(4.i) /,„(/„) = £ ( n UM - «</)" [ S ' i a - ^iTHUfjMv) , 
j=i \ i9£j L m =o W! J / 

where Hmj(fJfl(z)) is given by (3.2). 
Let £)M represent the domain of definition of (4.1). JM £ S)M if all the points 

(au <TI[/M], . . . , o-re_i[/M]), i = 1, 2, . . . , k, 

are in 33M, with fJ(i(z) analyt ic a t au if st > 1, i = 1, 2, . . . , &. 
Rinehar t (5) has called the function, from TlC(n) to 2)îc(/*)» defined by (4.1) 

an w-ary function on 9Dîc(/x) with stem function / ( z , ci, . . . , o-w_i). 
Let us further assume tha t , for each JM Ç 3)M, / ( z , o-i[/M], . . . , an-i[J^\) is 

an intrinsic function from SC(M) to C(/x) a t the eigenvalues of /M (see Definition 
3.1). If (A^ o-i[/J, . . . , o-w_i[/M]) is a point of analyt ici ty of fJlt(z), then it 
follows from the Taylor series t ha t the s-derivatives of / are all intrinsic func
tions from dc(ii) to C(tx) a t the point (A*, o-if/J, . . . , o-n_i[JJ). 

There is an obvious 1-1 correspondence between the points of 35M and the 
points of 3)„, where v is any other unit-vector quaternion. I t is clear from the 
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way t h a t / was defined on @c(M) a n d ° n @c(„) that fJV(Jv) is obtainable from 
fjn(Jn) by simply replacing ju by v. That is, if p~liip = *>, then 

P~lfjÀJ»)p = fjv(Jv). 

Now let 33 £ 93?o be the set of all A € 9KQ which are similar to an element 
of 331. Since all the sets 33M are essentially the same, we would get the same 33 
if we chose a different unit-vector quaternion than ix. Note that 33 properly 
contains VJM 33M. 

Let us now observe that, if P~lAP = J £ 3Jlc(n) and p~Hip = /z, /x any 
unit-vector quaternion, then (Pp)~lA (Pp) = JM. Let us also note that, for 
fj{J) given by (4.1), 

Pfj(j)p-^ = Ppp-U^pp-'P'1 = (iW^WCPp)-1-
Thus, we can extend / t o a function F on 33, independently of the choice of 
the complex field C(/x), by defining 

(4.2) F(A) = f(A, n[A], . . . , an^[A)) = Pfj(J)P~\ 

F(A), as defined by (4.1) and (42.), will be called an n-ary function on 2Jîo 
with stem function/(s, <n, . . . , crn-i) provided the above restrictions, regarding 
the intrinsic nature and the analyticity of / , are satisfied. 

Let 12 be any automorphism of 9J?Q; as remarked following Theorem 2.2, 
Q must be an inner automorphism of 9J?o- Let W Ç 3J?o be such that 
QZ = WZW-1 for all Z in 2)?Q. 

From (4.2) we have QF(A) = (Î2P) (£#,(/)) (&P"1). Since P"14P = / we 
have 

( Q P - O ^ H & P ) = QJ = WJW~\ 
or 

^ - K Û P ^ K ^ H Û P ) ^ = [ ( f i P ) ^ ] - 1 ^ ) ! ^ ) ^ ] = / . 

Now, computing P(îM) from (4.2), we have 

F(QA) = mP)W]fAJ)[(QP)W]-i 

= ( O P J W ^ C J ) ^ - 1 ^ ) - 1 = (OP) (12/^(7)) (12P"1) = 12PU). 

Thus P admits all the automorphisms of 9D?o-
We can show that our extension is independent of the choice of P . If 

P~lAP = J = P - ^ P , then 7 = [R-^-UlR^P] and from the argument 
above we have 

F(J) = p a p - ^ P ] - 1 / ^ - 1 ^ ] ) = [jf-^j-iFCJOlie-1^]. 

It follows that RF(J)R~l = PF(J)P~l and thus that our extension is un
ambiguous. 

To show that F admits all anti-automorphisms of 9D?o> it suffices to show 
that F(A*) = F(A)*. P^AP = J Ç 33i, implies that p*A*P*~1 = J* £ 33i, 
so that, by (4.1) and (4.2), 
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j= l \ i^j L w = 0 W! J / 

where 

ttZ \ P^j / Z=a p^j ' Z=aj 

The intrinsic requirements imposed above on / are adequate to ensure that 
H'ni = Hmj, so we have F (A*) = F {A)*. 

We have shown that F admits all automorphisms and anti-automorphisms 
of 5D?o a n d have thus established the following theorem. 

THEOREM 4.1. An n-ary function on 9#o ^s intrinsic. 

Theorems 4.1 and 4.2 (a restatement of Theorem 3.4 in n-ary function 
language) constitute our principal results. 

THEOREM 4.2. An intrinsic function on 2JÎQ subject to the conditions of Theorem 
3.3 is an n-ary function on WI&. 

Let us now consider an example of a binary function on 3JÎ& = SDÎQ; thus 
n = 2. Take /(z, <ri) = cos(o-iz). It is easy to check that /(z, ci) = /(z, <ri) 
and also t h a t / i (2, cri) = fi(z, ô""i), where /i(z, 0-1) is the first ^-derivative of/. 
Since /(z, <ri) is an entire function, /(z, <7i) can be extended to an intrinsic 
function F, on all of 2fto> a s described above. 

Consider 

J = 
n 0 

.0 1. 

F ( J ) = / ( / , cn[J]) = / ( / , 1 + ii) = cos[(l + i i ) / ] 

= |"cos(l + ii)ii 0 1 = FcosO'i - 1) 0 1 
L 0 cos(l + ii) J L 0 cos(ii + 1) J * 

Since 

cos (ii + 1) = cos 1 cos ii — sin 1 sin i\ 

= cos 1 cosh 1 - ii sin 1 sinh 1 = (0.54) (1.54) - ix (0.84) (1.18) 

is not real, it is clearly impossible to find a real polynomial in J yielding this 
non-real complex number in the 2, 2 position. 

This example shows that it is impossible in general to represent an intrinsic 
function value on WI& as a real polynomial in the argument value. This is 
the first example of an intrinsic function on a simple algebra not having the 
property that the functional value is a polynomial in the argument value with 
coefficients from the ground field. For the algebra of complex matrices, con
sidered as an algebra over the real field, our example shows that an intrinsic 
function on a normal simple algebra need not have the above property, f 

f I am indebted to the referee for this observation. 
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5. Primary functions on 9W0. We now consider whether the extension 
techniques of Section 4 are consistent with the theory of primary functions 
on 9JÎQ as discussed in (4). 

Let/(s) be an intrinsic function of the complex variable z (f(z) = f(z)) and 
suppose that / is sufficiently differentiate for / to be definable on an intrinsic 
domain 35 Ç $1^. Let fP represent the primary function on SDÎQ obtained 
from/ by the method discussed in (4), and \etfN represent the n-ary function 
on 9D?£> obtained from/by the method of Section 4, where/(s) is to be thought 
of as a special function of the type g(z, ah . . . , cn_i). 

We shall now check to see if, for any A 6 T), fP(A) = fN(A). Let R £ 5DÎ0 

be such that Rr^AR = J £ 3Wc(il). Since/P is intrinsic (4),fP(A) = RfP{J)Rr\ 
It was shown in Section 4 that fN(A) = RfN(J)R~1, so it will suffice to consider 
fN(J) and fP(J). 

Let 

c(%) = \%i - J\ = n ( * - x*)11" 

be the characteristic polynomial of / , and denote by pi(z) the polynomial 

£i(«) = Z ( n (2 - x«) " T E A (« - x ,nr ,J) , 
j= i \ ^ L w =o W! J / 

where 

Let 
A; 

m(x) = Jj[ (x — Xi)m' 
be the minimum polynomial of / over the complex field C(ii), and let pi{z) 
be the polynomial computed in the same way as pi(z) except that each tt is 
replaced by m*. It is well known (3) that pz{J) = pi(J) = ÎN(J). 

Let 
m 

r(x) = n (* — ai)Si 

be the minimum polynomial of J over the real field. r(x) is also the minimum 
polynomial of the matrix 

3 = [o j] 6 ^ ^ 

Let £3(2) denote the real polynomial 

where 
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Kmj = §, (m n (2 - «P)"sp) • 
(IZ \ p^j / z==aj 

Thus p9(J) = fP(J) (4)^ 
Let us now think of J as an element of an algebra over the complex field 

C(ii) and let us compute/(J) . Using Bucheim's definition of f(J) (3), we have 

Using Giorgi's definition of f(J) (3), which is known to be equivalent to 
Bucheim's definition (3), we have 

n } L o / ( J ) J L o pi(j)l' 

The second equality above uses the fact that pi(J) = pz(J) and the equiva
lence of Bucheim's and Giorgi's definitions of / ( / ) , where / is thought of as 
an element of an algebra over C(ii). Thus fP(J) = pz{J) = pi(J) = JNU), 
and we have shown that the extension described in Section 4 yields, for the 
special case just considered, results consistent with the theory of primary 
functions on 2RQ (4). 
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