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A CHAIN RULE FOR DIFFERENTIATION WITH
APPLICATIONS TO MULTIVARIATE HERMITE POLYNOMIALS

C.S. WITHERS

A chain rule is given for differentiating a multivariate function

of a multivariate function. la the univariate case this chain

rule reduces to Faa de Bruno's formula.

Using this, a simple procedure is given to obtain the rth order

multivariate Hermite polynomial from the rth order univariate

H ermit e polynomi al.

1. The chain rule

The following formula for the derivatives of a function of a function

is easily verified.

For f : R° -*• R , g : FT -»• if , TT = (a , . . . , a ) a set of r

integers in {l, 2, . . . , e} and x in K , set y = f(x) , and

(f) (x) = 3r/(x)/3x . . . dxa ; then (g o f)(x) = g[f(x)} has rth order
1 r

derivatives

where summation as each i , . . . , i, ranges over 1 to d is implicit,
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and Y sums over a l l p a r t i t i o n s (TT , . . . , TT, ) of TT .
TT IK

I f the number of se t s TT , . . . , TT, of length i i s n . ,
1 K 7*

1 5 i 5 r , t h e n n + 2 n + . . . + m = r , n + . . . + n = k , a n d t h e

v r n. i
number of such partitions is m{n) = r\ / \ \ \i\ n.\\ . Hence

i=l ^ l '

m{n) m(n)
wr i t e Z = Z Y > where Y s u m s over a l l m{n) such pa r t i t i ons of TT

TT n

and ^ sums over a l l such n .
n

EXAMPLE. I f v = It , the p o s s i b i l i t i e s are

n n n n, k m(n)

1 2 3 U

0 0 0 1 1 1

1 0 1 0 2 It

0 2 0 0 2 3
2 1 0 0 3 6

it 0 0 0 h 1 ;

hence

(9 o f) (x) = (g) if )

1 2

wft.re (g)^ = (gl^fa) and ( / ^ = (Z^),,!*) . D

If c = <i = 1 this becomes Faa de Bruno's formula

<* « />(2>)<«> = I ff
(fc)(i,)I»(n)/(l)(«)'Il...

k=l n

where f ( r ) ( a : ) = id/dx)rf{x) ; see Goursat [2 , p . 3*0.
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2. The multivariate Hermite polynomials

The 2*th univariate Hermite polynomial is defined as

ffer(x) = exp(x2/2)(-<i/da;)rexp(-x2/2) , r > 0 . x in R .

The first 10 are given in Kendall and Stuart [3, p. 155]. For example,

He Ax) = x5 - 10x3 + 15x .

Let A = \A. .) be any symmetric c x c matrix, x any point in

K , and a = (a , ..., a ) , where for 1 5 i 2 r , a. is any number in

{l, 2, ..., o) . Then the general rth order Hermite polynomial is

Hea{x, A) = (-)
rexp(e/2)f3r/8xa ... 3xa |exp(-<?/2) , where Q = x'Ax .

These polynomials are the building block for multivariate Edgeworth

expansions.

(For some results on these see Erdelyi [7, p. 285]; his notation is

different.) An expression for He (x. A) follows immediately from that of

He (x) . This is best illustrated by an example. From He Ax) above it

follows that, for r = 5 ,

10 15

Hea(x, A) = W^ ... W^ - Y, WaW W A + Y. W A A

where

»i = 1 A.-x.
V 3=1 V° 3

and

m m

^ W a • • • W a A b b ••• A b b = Z I l 2 k i a > b )
ai al D\°2 °2k-l 2k L'2k

say, denotes the sum over a l l m = U+2/c)!/ [112 k'.) pa r t i t i ons a , b of

a of length I and 2k respect ive ly , allowing for the symmetry of A .

For example
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3
Y W A, = W Au + W, A + W A , .
^ a be a be b ca c ab

The general formula

He Ax, A) = I (-)kT.I7 ?Aa, b)

follows from §1.
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