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ABSTRACT 

A systematic inves t iga t ion has been ca r r i ed out for 
periodic so lu t ions for standard-form rfe.mil tonian systems con
ta in ing a small parameter / the p r inc ipa l problem of dynamics/. 
An e f f i c i e n t method of i nves t iga t ion of condi t ions for p e r i o 
d i c i t y of so lu t ions has been developed. Besides f i t t i n g the 
i n i t i a l cond i t ions of the ac t ion-ang le v a r i a b l e s , the idea of 
f i t t i n g the va lues of t h e parameters of the problem i s used. 
Constructive condi t ions a re obtained for the exis tence of 
periodic so lu t ions in both p r inc ipa l and degenerate ca ses , a s 
well a s necessary condi t ions for t h e i r s tab—ili ty; algori thms 
have been developed for cons t ruc t ing these so lu t ions as se r 
i e s in in teger powers of the small parameter. To study p a r t i 
cular per iod ic so lu t ions /by high order resonances / , canoni
cal t ransformat ions of the i n i t i a l equations to a special 
form a re used. 

1. Consider a one-degree nonautonomous Hamiltonian system 

<LL - HI* di{) _ 3 H 
d t " 9t{j d t 9 1 

(1 ) 
00 

H = H ( I , A , B ) + I u°H < I , ^ , A , B , n , t ) 
° o=l a 

Here H i s the unperturbed Hamiltonian being a f u n c t i 
on of the pos i t ion va r i ab l e I and of the problem parameters 
A,B. The Hamiltonian H in (1) i s a holomorphous function of a 
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small nonnegative parameter u in some v i c i n i t y of p * 0. The 
funct ions H (I,iJ> ,A, B, fit) a r e 2ir per iodic in the angular v a r 
i ab le t|< and fit i s a given fixed frequency, T = 2Ti/fi i s the 
per iod. 

For ii = 0 we obta in from (1) a generat ing per iodic s o l 
u t ion [ 1 ] 

3 H 
I - a, * - n ( o ) t+w , n ( o ) = - —2. , qQn( o ) ( a , a o , BQ) = qfi 

(2) 

Here w i s an a r b i t r a r y cons tant , n^OJ i s t h e unperturbed f r e 
quency, q^ and q a re integer numbers. The generat ing va lues 
of the v a r i a b l e I and of the parameters A, B a re designated a s 
a and aQ, BQ. 

Let a+6 and w+y be the i n i t i a l va lues of the v a r i a b 
l e s , and A = a +a , B = B +B a re the parameter va lues for the 
sought per iodic so lu t ions . According to the proposed method, 
the q u a n t i t i e s 6,y, and in c e r t a i n condi t ions the q u a n t i t i e s 
a ,6 as well , a re constructed as s e r i e s in in teger or f r a c t 
ional powers of the small parameter u . The proof of ex i s t en 
ce of per iodic so lu t ions i s basing on the a n a l y s i s of t h e 
p e r i o d i c i t y condi t ions and of t h e i r r e s o l v a b i l i t y with r e s 
pect to some two out of four small q u a n t i t i e s v = (6 ,y ,a ,B) 
[ 2 ] , 

Let us des ignate as f and f t he constant and the condi
t i o n a l l y per iodic p a r t s , r e spec t ive ly , of t h e function 
f (I,i|» ,A, B,fit) being 2ir per iodic in ij> and in fit and c a l c u l a 
ted for the generat ing va lues of the parameters (2) , i . e . 

T 
f ( a , w , a o , 6 o ) = \ I f ( a , n ( o ) t + w , a o , B 0 , f i t ) d t , 1 = 0 

The main forms of the exis tence condi t ions of per iodic 
so lu t ions of the system (1) a re obtained a s a r e s u l t of an 
a n a l y s i s of the main terms in the expansion of the p e r i o d i 
c i t y condi t ions in powers of t h e small q u a n t i t i e s v . 

Besides the condi t ion of commensurability of frequen
c i e s n , fi, common here i s t he condi t ion of H. Poincare [ 1 ] 

T— (a,w,a , B ) = 0 (3) 
3 w v ' ' o o v / 

to which one of the following four addi t iona l condi t ions 
must be added: 
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1.1 

1.2 

1.3 

1.4 

3n 
( o ) 

3a 
t 0 

3n 
( o ) 

9a. 
t 0 

3n<°> * \ 
8a 3a 3w 

o 
( o ) Z2\ 3n 

3aQ 3 80 3w 

3 ^ ~ 

3n 

3a 

t 0 

^ 0 
3w 

( o ) S 2 ! ^ 

3a 3w o 

3 n ( o > S 2 ^ 

3 60 3a 3w 
o 

t 0 

t 0 

In t h e c o n d i t i o n s 1 .2 and 1.3 t h e p a r a m e t e r a can be 
r e p l a c e d by BQ. 

Note a l s o t h a t f o r t h e p e r i o d i c s o l u t i o n s de t e rmined by 
the c o n d i t i o n s ( 2 ) , (3 ) and 1 .2 - 1.4 t h e p a r a m e t e r s A, B a r e 
c o n s t r u c t e d a s s e r i e s i n i n t e g e r powers of t h e small pa rame
t e r u . 

Let t h e Hami l ton ian system (1) be_such_ tha t t h e f u n c t i o n 
does not c o n t a i n r e s o n a n t t e r m s , i . e . H, = H, (w) . Th i s s i t u 
a t i o n t a k e s p l a c e in many p rob lems of C e l e s t i a l Mechanics , 
e . g . , i n h i g h - o r d e r r e s o n a n c e s . In t h i s c a s e , a s a r e s u l t of 
deeper a n a l y s i s of p e r i o d i c i t y c o n d i t i o n s , new c o n d i t i o n s 
were o b t a i n e d fo r t h e e x i s t e n c e of p e r i o d i c s o l u t i o n s , g e n e 
r a t e d from t h e s o l u t i o n s ( 2 ) . For t h e s e g r o u p s t h e common 
c o n d i t i o n i s 

3K-
3 ^ — ( a , w , a 0 , B 0 ) = 0, 

which must be supplemented by one of t h e f o l l o w i n g four con
d i t i o n s : 

2.1 

2.2 

2.3 

3n 
3a 

3n 

( o ) 
t 0 

( o ) 
t 0 

3a, 

3n 
( o ) 3 2 K 

3a, 

3 2 K 

3w 

32K 

3w 
t 0, 

3n 
( o ) 3 2 r 

3a3w 3a 3a 3w o 
t 0 
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a n ( o ) 32K a <o) 32K 
3a„ 9 6 3w 3 B 3a 8w r u ' 

o o o o 

where 2 - 2 - -
- - H i ; j . % r A

 8 H 2 
K " a l F w " T l + ^ 2 — *i + 3lT ' 

and ul^, uif- are purely periodic components of the f i rs t -or

der perturbations in the sought solution. 

Of interest i s a more general case of degeneracy. When 
resonant terms appear only in construction of perturbation of 
a certain arbitrary order p. Using the method of canonical 
transformations /e .g . , the method of Deprit-Ibri [3 ,4 ,5] / , 
the ini t ial differential equations (1) in a sufficiently gen
eral case can be reduced to a canonical system with a Hamil
tonian 

P - l oo 

H= H (I.A.B) + I u°H (I.A.B) + I vi°H (I,*,A,B,fit) 
o=x ° o=p ° 

(4) 
Periodic solutions of the transformed equations with the 

Hamiltonian (4) are generated from the solutions (2) at small 
values of u if, besides the conditions 

.(°),„ „ * , = „o ! 4 qon
v '(a,cxo,6o) = qfi , _ - ( a , w,a0> 0O) - 0 (5) 

anyone of the following four conditions is fulfilled: 

3n( o ) *2jLP 

3w 

3 n(o) 3 % 
3-2 k~*°- 7Tf0' 
, , ^ j \ 3n̂ l j \ . . 

' 3a 3a3w " 3a 3a 3w f u ' 
o o 

3aQ 3 6Q3w 3 Be 3aQ3w f 
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2. Periodic so lu t i ons determined by the condi t ions 1.1-1.4, 
2.1 - 2.4 and 3.1 - 3.4 a re represented by s e r i e s in integer 
powers of the small parameter y converging by i t s small va lue . 

As a r e s u l t of a deeper a n a l y s i s of the p e r i o d i c i t y 
condi t ions , pe r iod ic so lu t ions of t h e equat ions (1) were s t u 
died; these so lu t ions can be represented as s e r i e s in f r a c t 
ional powers of t h e anal l parameter u . 

The condi t ions of ex is tence of per iodic so lu t ions which 
were obtained a s a r e s u l t of an a n a l y s i s of two and t h r e e 
mul t iple r o o t s of the corresponding p e r i o d i c i t y condi t ions , 

(z) can be wr i t t en down a s an ensemble of condi t ions Q. and 
( z , u ) . 

4Z) , *f'U )) (6) 

(z = ( a , a o , B 0 ) , u = ( a ,w , a 0 ,B 0 ) , z f u; i , j = 1 , 2 , . . . , 1 5 ) 

(z ) The condi t ions Q\ , in t h e i r t u r n , a r e given in Table 1, 
and the condi t ions <t>\ ' a re obtained from the condi t ions by 
a formal s u b s t i t u t i o n of iK to F) ,J ', i = 0 , 1 , 2 , 3 , 4 , of 

1 1
 M ) 

arguments z to u, and of the q u a n t i t i e s , in p a r t i c u l a r , z£ 
t o u ^ . Here Z l

( i ) = ( ^ . a j 1 * , B*1*) and u ^ i ) = ( 6 1
( i \ 

•ŷ  .a^ »6][ )• The integer exponents k , cha rac te r i z ing 
the m u l t i p l i c i t y of the corresponding r o o t s of the p e r i o d i c i 
ty condi t ions , a re replaced by k ^ u ) . Some formulae, allowing 
to descr ibe in d e t a i l the s t r u c t u r e of the exis tence condi 
t i ons (6) a re given in the Appendix. 

If t he cond i t ions (6) a re f u l f i l l e d , then the d i f f e r en 
t i a l equat ions (1) admit per iodic so lu t ions which can be r e 
presented by s e r i e s in , genera l ly speaking, f r ac t iona l powers 
of the parameter y: 

. ( z ) (u) - . . v 
I ( » . u ; i . J ) = a + z p

k i k j / ^ ^ . ^ ( t ) 

^ ( z , u ; i , j ) = n ( o ) ( a ) t + w + ^ ^7lT)k-Tu-) ( z , u ; i ) j ) 

?=1 vl 
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Table 1 : The c o n d i t i o n s 0 j ( j = 1,2 1 5 ) 

,<* ) 

0 ( z ) Q ( z ) 
u 2 ' u 3 

0 ( z > 0 ( z ) 
u 4 , u 5 

Q ( z ) Q ( Z ) 
u 6 , u 7 

, ( z ) 

3* t 

3z" 

3* 

3z 

^ 0 

3z 

3* 

3z 

34»c 

3"F 0 , 

t H 
3* 

aV 
o = o, —n°- ^ o, ^ f o 

3z 

9 * o 9 \ 
° = 0, — £ - t 0, *^ = 0 

3z aV 
3z 

3 2 * c 

3 % 

0, 
33*.. 

J* 0 , 
3z 

3 3 * , 

kf> = 1 

k ( z ) _ . ( z ) _.. 
*4 ~K5 _ 1 

k ( z ) = k ( z ) = 
Kg - K ? ^ 

^ > - 3 

. ( z ) _ . ( z ) _ 
^ ' V f W i ' R * • •• ^ - "• ^ ' °- k " - * » = 2 

3z 3Z 

3*1 

*1 " °> 3 ^ ' °' l£> = 1 

5 ( Z ) 
J12 

3 * - 3 * „ 3 * o 

3z^ 3 z d 3z 
t 0, 

3 * i 

*1 = °' W = °' *2 * °« k ( z ) = 3 k 1 2 d 

3* ^2 , 
3 i|) 3 3 * , 

. ( z ) „ ( z ) „ ( z ) ZSL-o —IS. = 0 ° + 0 
0 13 ' ° 1 4 ' ° 1 5 3 ~ °» ^ U ' 3 Z 3 f U ' 

3*1 

*1 = °' W = °' *2 - °-
. ( z ) ( z ) = 
*13 *14 

] J Z ) =1 
*15 L 
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where if:"'', $£'"' a r e per iodic funct ions of t i m e , d e t e r 
mined sequen t i a l ly by means of simple quadra tures . 

A l i s t of p a r t i c u l a r cases of exis tence of per iodic so
lu t i ons of the Ifa.miltonian systems (1) can be extended a s 
much a s one may l i k e . Der ivat ion of new condi t ions of e x i s t 
ence must base on a de t a i l ed a n a l y s i s of the p e r i o d i c i t y con
d i t i o n s and of the cond i t ions of t h e i r r e so lvab i l i ty .Thereby , 
as we did e a r l i e r , the idea of s e l ec t ion of the problem para 
meters in form of corresponding s e r i e s in integer or f r a c t i 
onal powers of u can be e f f i c i e n t l y used. 

3. The above-mentioned method of i nves t iga t ion of per iodic 
solut ions a l lows to study the exis tence of per iod ic so lu t ions 
in v i c i n i t i e s of fixed p o i n t s . Here i t i s advisable to use 
normal forms of Hamiltonians [ 5 ] : 

H = Ho(I,A,B) + u 2 ^ ( I , A , E ) + . . . + p 2 " - 2 ^ ^ A , B) + 

+ p 2 n " 1 H 2 n + 1 ( I , * , A , B , n t ) + 0 ( y 2 n ) (7) 

for the resonances (2n+l )n^° ' = mfi, 

H= Ho(I,A,B) +y2H2(I ,A,B) + . . . + v^^^d.A.B) + 

+ p 2 n H 2 n + 2 ( I , * , A , B , n t ) + 0 ( p 2 n + 1 ) (8) 

for the resonances 2(n+l)n^ ' = m£2 (n,m a re integer numbers). 

For the function H we have the following expressions, 
depending on the type of resonance 

^ n + 1 = h 2 n + l ( a o ' 6 o ) a n + * cos(2n+l)w, 

if ( 2 n + l ) n ( o ) = mil, 

%(n+l) = ° < - n + l c g 2 ( n + l ) ( a o ' B o ) + T 2( n +1 )<<V 6o ) c o s 2 < « + 1 W . 

if 2 ( n + l ) n ( o ) = mil, 

where hon+1 , s 2 ( n + l VT2f n+1} a r e c o n s t a n t c o e f f i c i e n t s of the 
normal forms. The parameter y i s introduced into (7) , (8) 
a r t i f i c i a l l y , by a simple s u b s t i t u t i o n of v a r i a b l e s . 
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The s t r u c t u r e of t h e Ifa.mil t o n i a n s (7 ) , (8 ) c o r r e s p o n d s 
t o ( 4 ) ; t h e r e f o r e , f o r an i n v e s t i g a t i o n of p e r i o d i c s o l u t i o n s 
here t h e c o n d i t i o n s ( 5 ) , 3 . 1 - 3.4 a r e v a l i d . By means of 
t h e s e c o n d i t i o n s we o b t a i n t h e f o l l o w i n g four g r o u p s of c o n 
d i t i o n s of e x i s t e n c e of p e r i o d i c s o l u t i o n s of c a n o n i c a l equa 
t i o n s w i t h t h e Ife.miltonians ( 7 ) , ( 8 ) : 

4 1 3 n ( o ) 3 h 2 n + l 3 n ( o ) 3 h 2 n + l . -
3 a o 3f?o " 9 f 5 o 3 a o 

<if 0, (2n+l )w?t uk, (k = 0 , 1 , 2 , . . . ) 

h 2 n + l ( a o ' B o > = 0. ( 2 n + l ) n ( o ) ( a o , 3 0 ) - m 

3 n ( o ) 3 T 2 ( n + l ) 3 n ( o ) 3 T 2 ( n + l ) 
3aQ 36 0 - 3 6 0 

«. f 0, 2 (n+l )w f irk 

3aQ 36 0 - 3 6 0 3«0 ? ° 

^ ( n + l ^ o ' V = °« 2 ( n + l ) n ( o ) ( a o , B 0 ) - m 

3 n ( o ) 

4 . 3 | S ^ 0, ^ 0, ( 2 n + l ) w = kir 
3 a o 

^ n + l ' W ^ ° ' ( 2 n + l ) n ( o ) ( a o , B o ) =m 

3 n ( o ) 

4 .4 i 2 jfc o, jt o, (2n+l)w = kir 
3 a o 

T 2 < n + l ) - ( V B o > * ° . 2 ( n + l ) n ( 0 ) ( a 0 , B 0 ) - m 

4 . The c o n d i t i o n s 4 . 1 and 4 . 2 have a l lowed t o e s t a b l i s h r a 
t h e r r e a d i l y t h e e x i s t e n c e of p l a n e p e r i o d i c m o t i o n s of a 
n o n s p h e r i c a l s a t e l l i t e in an e l l i p t i c o r b i t / i n t h e v i c i n i t y 
of a c i r c u l a r synchronous m o t i o n / i n a c e n t r a l g r a v i t y f i e l d . 
P e r i o d i c s o l u t i o n s were found i n t h e c a s e s of commensu rab i l i t y 

of t h e main f r e q u e n c e n^° ' and of t h e mean o r b i t a l mot ion fi 

of t h e form n ( o ) = | - , n ( o ) = | Q and n ( o } = | - n . To t h e s e 

s o l u t i o n s c o r r e s p o n d t h e f o l l o w i n g g e n e r a t i n g v a l u e s of t h e 
e c c e n t r i c i t y of t h e s a t e l l i t e ' s o r b i t e = e and of t h e dyna 
mic compress ion a = a : ° 
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eo = °> ao = I ; eo = °' ao = I ; eo = °. ao " 16 

To these values of the parameters, correspond nonsymme-
tric periodic solutions. 

The existence of symmetric periodic solutions, determi
ned by the conditions 4.3, 4.4 in dependence of the type of 
resonance was also established from the coefficients of the 
normal form of the Ifamiltonian of the problem; these Hamil-
tonians were constructed in [6] , 

5. The results obtained in §§1-3 are valid for an investi
gation of periodic solutions of Schwarzschild type of two-
degree autonomous Ifemiltonian systems. For this purpose, it 
is sufficient to use their reduction to a system of canonical 
equations with one and a half degrees of freedom, i .e . to the 
equations of the form (1). 

The same approach allowed to obtain constructive condi
tions of existence of periodic solutions in the vicinities 
of stationary solutions of two-degree autonomous Ib.miltonian 
systems, in particular, for the resonances 0:1, 1:1, 1:3,1:2, 
etc. The conditions of existence of these periodic solutions 
were written down by means of expressions for frequencies and 
coefficients of normal forms of the Bkmiltonians. 

The results obtained allowed to study periodic soluti
ons in the problem of motion of a point satell i te in the eq
uatorial plane of a rotating nonspherical planet. To these 
solutions correspond sa te l l i te ' s periodic motions in the vic
inity of the planet's libration points. Planet's dynamic co
mpressions a,g were used as active/varied/ parameters of 
the problem. As a result, symmetric period solutions were 
found in the vicinity of resonant curves f m/n(a0>B0) = 0, 
corresponding to the commensurabilitys of the frequencies of 
the problem M:n = 1:2, 1:3, as well as nonsymmetric periodic 
solutions in the vicinities of some particular points of the
se resonant curves. 

By means of the above-mentioned conditions, was proved 
also the existence of periodic solutions in the restricted 
circular problem of three point bodies. To this solution cor
respond periodic motions of a point with a negligible mass 
in the vicinity of the triangular libration point by the com-
mensurability of frequencies. Earlier, these motions were 
studied by means of numerical and analytical methods in the 
works of Henrard, Schmidt, et a l . [7] . 

6. The restricted space of this report does not permit to 
consider in detail similar problems of investigation of per
iodic solutions of multidimensional Hamiltonian systems.Among 
the works of this research branch, devoted to a study of 
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exis tence , cons t ruc t ion , and s t a b i l i t y of per iodic so lu t ions 
of Kamiltonian systems in p a r t i c u l a r and degenerate ca ses 
/ inc lud ing the s tud i e s with an a c t i v e use of the problem par 
ameters/ a re the works [ 2 ] , [ 9 ] , [ 1 0 ] e t c . 

These same works in fac t ind ica te pathways and approac
hes to a more complete and thorough inves t iga t ion of the pe
r i o d i c i t y cond i t ions and of t h e per iodic so lu t ions themselves 
in a l a rge v a r i e t y of degenerate cases , in p a r t i c u l a r , to a 
study of per iodic so lu t ions of autonomous and nonautonomous 
Hamiltonian systems of the second, t h i rd and a r b i t r a r y o rders 
in the v i c i n i t i e s of s t a t i ona ry and per iod ic re ference solu
t i o n s . It seems thereby poss ib l e to use e f f i c i e n t l y the r e s 
u l t s of cons t ruc t ion of the Hamiltonian' s normal forms both 
for general-form sy stems and for spec i f ic problems of Ce le 
s t i a l Mechanics, s ta ted in [ 5 ] , [ 1 1 ] , e t c . 

7. By means of the H.Poincare 's c l a s s i c a l condi t ions and of 
the above-mentioned cons t ruc t ive e labora t ion , a systematic 
study was done of per iod ic so lu t ions in the plane and spa t ia l 
problems of the motion of two mutually g r a v i t a t i n g bodies, 
which e i t he r possess quasiconcentr ic dens i ty d i s t r i b u t i o n s 
or a re represented by homogeneous e l l i p s o i d s with small com
pres s ions . Here new fami l ies of symmetric and nonsymmetric 
per iodic so lu t ions were found both in general and in degene
r a t e cases , with an app l i ca t ion of the procedure of the prob
lem parameters ' f i t t i n g , in the nonres t r ic ted a s well a s in 
the r e s t r i c t e d s tatements of the problem. 

For these so lu t ions , the motions of t h e c e n t r e s of mass
es a re c lose to the Eulerian ones of the bodies with s p h e r i 
ca l e l l i p s o i d s of i n e r t i a . In a few o r b i t a l r evo lu t ions ,each 
body commits an in teger number of r evo lu t ions around i t s own 
cen t re of masses . [10] . 

The exis tence was studied of per iodic so lu t ions in the 
p lanetary vers ions of the problems of t h r e e and n r i g i d bodies 
with small dimensions and with the e l l i p s o i d s of i n e r t i a c lose 
to spheres . These so lu t ions genera l ize the H.Poincare 's c l a s 
s ica l per iodic so lu t ion in the problem of t h r e e point bodies 
to a p lane ta ry sys tem of nonspherical r i g i d bodies [ 1 0 ] [ 1 2 ] , 

An a p p l i c a t i on i s presented of t h e found per iodic so lu
t i o n s to a study of resonant phenomena in the motions of the 
Moon, Mercury, and Venus. I t i s shown, in p a r t i c u l a r , tha t 
the observed in the Venus' motion resonance i s well described 
by one of the found f i r s t - k i n d per iod ic so lu t ions in a nonre
s t r i c t e d three-body problem /Venus being a nonspherical r i g 
id body, and the Sun and the Earth - point masses/ , with the 
necessary s t a b i l i t y condi t ions f u l f i l l e d for t h i s so lu t ion 
[ 1 0 ] . 
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APPENDIX 

Dcpans ion f o r Z and f o r m u l a e f o r z | J , z i . 

. - , « > ^ ( z ) , , a i „kJ ( 2 ) • 
T ^ o f1 • • • • » 
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.(d) 
3tfi 

M j H T > ° x-1 , 0 ) = 
! 32* 

_ ( 2 ^ "1 
3,"o - 1 

o B U)V2 l 
Z - 3z 

j = 2 , 3 ; k2
(z^ - , < « > = 1 

g2 

Zl
( j ) -•+ /-2H( -JSL- r 1 

1 ~ X 3 z Z 

. ( j ) _ 
=-( 

3 * 1 + 1 a 3 * o , 
3"S~ + 5 ~ 3 ~ > 3z 

3 2 * , 

3z^ 

j = 4 , 5 ; k • * < z ) = „<2) = 
32iJ) 3*1 

r ( . < J K _ i ° y o _ ( j r , P 4 , i _ ( J ) , . = 0 
p 2 i z l > 2 7 ^ Z l + 3 z ^ Z l + * 2 °» 

, ( j ) _ 

2 s ^ " 
dZ 

3P„ 
= - P „ ( r r a ) , J = 6 , 7 ; kfi 

3 3 z « ) 6 

( z ) _ t ( z ) _ 
*7 = 2 

P 2 ( Z 1 > ° . 3 - ^ j T 3 — ^ 2 - z l - 0 . z 2 

.(J) 

1 

3 2 I (J 

= " P 3 ( 2 8 z 2 

8 , k g ( z ) = 3 
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V f z ( d ^ = - 8 *° z ( J ) + A = 0 z ( : i ) = -V ( V 3 l Z l > 6 . 3 Z l + *1 °» Z 2 V 4 * 3z 

j = 9 ,10; k £ Z ) = k [ z ) = 2 

u ( z ( ^ ) = z ( J ) ( l ^ z ( " 2
 + ! i l . ) = 0 u 3 t z l } z l < 5 , 3 Z l 3z ; U ' 

dZ 

Z ( J ) = _U ( 2 ^ 3 _ - 1 
2 4

 3 z 1 ( J ) ) 

j = 1 1 ; k ^ z ) = 1 

z l 2 l 9z ; ' Z 2 * V 3z ; 

j = 12 ; k < z ) = 3 

j = 1 3 , 1 4 , 1 5 ; k { z ) = k < | > = k ^ = 1 

P ( z ( j ) ) = i ! ! ! o z ( j ) 3
+ L ^ z a ) 2

+ ^ 
3 ( Z 1 } 6 3z 3 X 2 ^ X 3 Z 

z(j) = _P ( l h r1 

z 2 p 4 (
 3 z a ) ) 

Po lynomia l s P ^ z ^ ) , V ^ z ^ ) , u 4 ( a s f J ) ) 

P f - ( 3 ) x _ i ; Q - ( J ) + i _ L Z < J ) + 
V z l } 4! ~2 Z l + 3 ! , 3 z l 

3z 3z 

3*3 M l 
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v ( B o ) , -i-J%z(j)
4
 + ! I L Z (J ) + , 
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u 4 C z l ' 4 ! ~ 4 z l + 2T 7 T Z l + 
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2 . E x p r e s s i o n s f o r t h e f u n c t i o n s F ^ z , J ' , i = 0 , 1 , 2 , 

For j = 1 , 4 , 5 , 1 1 , 1 3 , 1 4 , 1 5 : 
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