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1. Introduction

Let 0 < q � 1 and denote the q-integers by [n]q = 1 + q + · · · + qn−1 for n = 1, 2, . . .

and [0]q = 0. Besides, let [n]q! = [1]q[2]q · · · [n]q for n = 1, 2, . . . and [0]q! = 1. Then the
q-binomial coefficient is defined by[

n

k

]
q

=
[n]q!

[k]q![n − k]q!
,

where 0 � k � n.
Recently, Phillips [7] proposed the following generalization of the Bernstein operators,

based on the q-integers. For every n = 1, 2, . . . and f ∈ C[0, 1], we define

Bn,q(f, x) ≡ (Bn,qf)(x) =
n∑

k=0

fkpn,k,q(x), (1.1)

where fk denotes f([k]q/[n]q), k = 0, 1, . . . , n, and

pn,k,q(x) =

[
n

k

]
q

xk(1 − x)(1 − xq) · · · (1 − xqn−k−1), k = 0, 1, . . . , n

339
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340 Z. Finta

(an empty product is taken to equal 1). Bn,q(f, x) are called q-Bernstein polynomials.
For q = 1, Bn,q(f, x) reduces to the well-known Bernstein polynomials:

Bn,1(f, x) ≡ Bn(f, x) =
n∑

k=0

f

(
k

n

) (
n

k

)
xk(1 − x)n−k.

A useful property of (1.1) is based on the q-differences. For f ∈ C[0, 1] we define
∆0

qfi = fi for i = 0, 1, . . . , n and, recursively,

∆k+1
q fi = ∆k

qfi+1 − qk∆k
qfi (1.2)

for k = 0, 1, . . . , n − i − 1. It is easy to show by induction on k that q-differences satisfy
the relation

∆k
qfi =

k∑
r=0

(−1)rqr(r−1)/2

[
k

r

]
q

fi+k−r. (1.3)

Then, in view of [7], we may write

Bn,q(f, x) =
n∑

k=0

[
n

k

]
q

∆k
qf0x

k. (1.4)

The rate of convergence and a Voronovskaja-type asymptotic formula are studied in [7]
for the new Bernstein polynomials defined in (1.1). Results concerning the convergence
of derivatives of the q-Bernstein polynomials are given in [8]. Further properties of (1.1),
such as convexity and monotonicity, are obtained in [5] and [6], respectively. For the
main results of [7], Videnskii gave another proof in [9].

In the present paper we prove direct and converse global theorems for the q-Bernstein
polynomials. The direct results are formulated by the second-order Ditzian–Totik mod-
ulus of smoothness, given by

ω2
ϕ(f, δ) = sup

0<h�δ
sup

x±hϕ(x)∈[0,1]
|f(x + hϕ(x)) − 2f(x) + f(x − hϕ(x))|,

ϕ(x) =
√

x(1 − x), x ∈ [0, 1]. The corresponding K-functional is

K2,ϕ(f, δ2) = inf
g∈W 2(ϕ)

{‖f − g‖ + δ2‖ϕ2g′′‖},

where W 2(ϕ) = {g ∈ C[0, 1] : g′ ∈ ACloc[0, 1], ϕ2g′′ ∈ C[0, 1]}, ‖·‖ denotes the sup-norm
on C[0, 1] and g′ ∈ ACloc[0, 1] means that g is differentiable such that g′ is absolutely
continuous on every interval [a, b] ⊂ [0, 1]. It is known (see [3, Theorem 2.1.1, p. 11]) that
K2,ϕ(f, δ2) and ω2

ϕ(f, δ) are equivalent, i.e. there exists an absolute constant C > 0 such
that

C−1ω2
ϕ(f, δ) � K2,ϕ(f, δ2) � Cω2

ϕ(f, δ). (1.5)

Here we mention that C > 0 is an absolute constant which can be different at each
occurrence. The converse results are theorems of Berens–Lorentz type (see [3, (9.3.3),
p. 117]).
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2. Direct theorem

The direct results are presented in the following.

Theorem 2.1. Let Bn,qf be defined as in (1.1) and let q = q(n) such that 0 < q(n) < 1
and q(n) → 1 as n → ∞. Then there exists C > 0 such that

‖Bn,q(n)f − f‖ � Cω2
ϕ(f, [n]−1/2

q(n) )

for all f ∈ C[0, 1] and n = 1, 2, . . . .

Proof. We recall some properties of the q-Bernstein polynomials. In view of [8, (10),
p. 264] we have

Bn,q(n)(1, x) = 1, (2.1)

Bn,q(n)(t, x) = x, (2.2)

Bn,q(n)(t2, x) = x2 +
1

[n]q(n)
x(1 − x). (2.3)

Moreover, the q-Bernstein operator defined by (1.1) is a positive linear operator. There-
fore, by (2.1), we obtain

|Bn,q(n)(f, x)| � ‖f‖Bn,q(n)(1, x) = ‖f‖,

i.e.
‖Bn,q(n)f‖ � ‖f‖, (2.4)

for all f ∈ C[0, 1].
Next, for g ∈ W 2(ϕ) we find, in view of Taylor’s expansion

g(t) = g(x) + g′(x)(t − x) +
∫ t

x

g′′(u)(t − u) du, t ∈ [0, 1],

by (2.1)–(2.3) and [3, Lemma 9.6.1, p. 140], that

|Bn,q(n)(g, x) − g(x)| =
∣∣∣∣Bn,q(n)

( ∫ t

x

g′′(u)(t − u) du, x

)∣∣∣∣
� Bn,q(n)

(∣∣∣∣
∫ t

x

|g′′(u)| |t − u| du

∣∣∣∣, x
)

� ‖ϕ2g′′‖Bn,q(n)

(∣∣∣∣
∫ t

x

|t − u|
u(1 − u)

du

∣∣∣∣, x
)

� ‖ϕ2g′′‖ϕ−2(x)Bn,q(n)((t − x)2, x)

=
1

[n]q(n)
‖ϕ2g′′‖. (2.5)
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Now for f ∈ C[0, 1], in view of (2.4) and (2.5), we find that

|Bn,q(n)(f, x) − f(x)| � |Bn,q(n)(f − g, x) − (f − g)(x)| + |Bn,q(n)(g, x) − g(x)|
� 2‖f − g‖ + [n]−1

q(n)‖ϕ2g′′‖

� 2{‖f − g‖ + [n]−1
q(n)‖ϕ2g′′‖}

Hence, ‖Bn,q(n)f − f‖ � 2K2,ϕ(f, [n]−1
q(n)). Using (1.5) we get the assertion of the

theorem. �

3. Converse theorem

The converse results of Berens–Lorentz type are included in the following theorem.

Theorem 3.1. Let Bn,qf be defined as in (1.1) and let q = q(n) such that 0 < q(n) < 1
and satisfies the following properties:(

3n[n]2q(n)

(
n

[n]q(n)

n − 1
[n − 1]q(n)

− 1
))

is a bounded sequence, (3.1)

C0 � (q(n))n < 1 for all n = 1, 2, . . . and for some absolute constant C0 > 0. (3.2)

Then, for f ∈ C[0, 1] and 0 < α < 2, the global approximation

‖Bn,q(n)f − f‖ � C[n]−α/2
q(n) , n = 1, 2, . . . , (3.3)

implies ω2
ϕ(f, δ) � Cδα, 0 < δ < 1.

First of all, we give two lemmas which are necessary to prove our theorem.

Lemma 3.2. For 0 < q < 1 and g ∈ W 2(ϕ) we have

|∆2
qgt| �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2q(1 + q)
[n]q

‖ϕ2g′′‖ if t = 0,

q2t+1(1 + q)2

2[n]2q
ϕ−2

(
[t + 1]q

[n]q

)
‖ϕ2g′′‖ if t = 1, 2, . . . , n − 3,

2qn−3(1 + q)
[n]q

‖ϕ2g′′‖ if t = n − 2.

Proof. Using the definition of the q-integers and the definition of the divided differ-
ences for g at points [t]q/[n]q, [t + 1]q/[n]q and [t + 2]q/[n]q, we have, by (1.2),

[
[t]q
[n]q

,
[t + 1]q

[n]q
,
[t + 2]q

[n]q
; g

]
=

[n]2q
q2t+1(1 + q)

(gt+2 − (1 + q)gt+1 + qgt)

=
[n]2q

q2t+1(1 + q)
∆2

qgt.
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Hence, taking into account the representation of the divided differences by the Peano
kernel [2, (7.16), p. 123], we find that

∆2
qgt =

1
2[n]2q

q2t+1(1 + q)
∫ ∞

−∞
g′′(u)M[t]q (u) du, (3.4)

where

M[t]q (u) := M

(
u;

[t]q
[n]q

,
[t + 1]q

[n]q
,
[t + 2]q

[n]q

)
is the piecewise linear B-spline (cf. [2, pp. 137–138]). From∫ ∞

−∞
M[t]q (u) du = 1

we find

M[t]q

(
[t + 1]q

[n]q

)
=

2[n]q
qt(1 + q)

.

Therefore,

M[0]q (u) �
4[n]2q
1 + q

u(1 − u), u ∈ [0, 1]

and

M[n−2]q (u) �
4[n]2q

qn−2(1 + q)
u(1 − u), u ∈ [0, 1].

We thus conclude from (3.4) that

|∆2
qg0| � 1

2[n]2q
q(1 + q)

4[n]2q
1 + q

∫ [2]q/[n]q

0
ϕ2(u)|g′′(u)| du

� 2q(1 + q)
[n]q

‖ϕ2g′′‖ (3.5)

and

|∆2
qgn−2| � 1

2[n]2q
q2n−3(1 + q)

4[n]2q
qn−2(1 + q)

∫ 1

[n−2]q/[n]q
ϕ2(u)|g′′(u)| du

� 2qn−3(1 + q)
[n]q

‖ϕ2g′′‖, (3.6)

respectively. If t ∈ {1, 2, . . . , n − 3}, then, for u between [t]q/[n]q and [t + 2]q/[n]q, we
have ϕ2([t + 1]q/[n]q) � (1 + q)ϕ2(u). Hence, by (3.4),

|∆2
qgt| � 1

2[n]2q
q2t+1(1 + q)ϕ−2

(
[t + 1]q

[n]q

)
(1 + q)

∫ 1

0
ϕ2(u)|g′′(u)|M[t]q (u) du

� 1
2[n]2q

q2t+1(1 + q)2ϕ−2
(

[t + 1]q
[n]q

)
‖ϕ2g′′‖, (3.7)
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because ∫ ∞

−∞
M[t]q (u) du = 1.

By combining (3.5)–(3.7) we arrive at the desired estimates. �

Lemma 3.3.

(i) We have
‖ϕ2B′′

n,qf‖ � Cn‖f‖

for 0 < q < 1, f ∈ C[0, 1] and n = 1, 2, . . . .

(ii) Let q = q(n) satisfy the conditions 0 < q(n) < 1, (3.1) and (3.2). Then

‖ϕ2B′′
n,q(n)g‖ � C‖ϕ2g′′‖

for g ∈ W 2(ϕ) and n = 1, 2, . . . .

Proof. (i) For 0 < q < 1 we have

pn,k,q(x) =

[
n

k

]
q

xk(1 − x)[(1 − x) + x(1 − q)] . . . [(1 − x) + x(1 − qn−k−1)]

=

[
n

k

]
q

{xk(1 − x)n−k + xk+1(1 − x)n−k−1(1 − q + 1 − q2 + · · · + 1 − qn−k−1)

+ · · · + xn−1(1 − x)(1 − q)(1 − q2) · · · (1 − qn−k−1)}.

Thus, pn,k,q(x) is a polynomial with positive coefficients in x and 1 − x (see [2, pp. 109–
113]).

Let I+ = {k ∈ {0, 1, . . . , n} : fk � 0} and I− = {k ∈ {0, 1, . . . , n} : fk < 0}. Then∑
k∈I+

fkpn,k,q(x) and
∑

k∈I−

(−fk)pn,k,q(x)

are polynomials with positive coefficients in x and 1−x. Using the Bernstein-type inequal-
ity for polynomials with positive coefficients in x, 1−x and of degree � n (see [2, pp. 112–
113] or [4]), we obtain

ϕ2(x)|B′′
n,q(f, x)| = ϕ2(x)

∣∣∣∣ ∑
k∈I+

fkp′′
n,k,q(x) +

∑
k∈I−

fkp′′
n,k,q(x)

∣∣∣∣
� ϕ2(x)

∣∣∣∣ ∑
k∈I+

fkp′′
n,k,q(x)

∣∣∣∣ + ϕ2(x)
∣∣∣∣ ∑

k∈I−

(−fk)p′′
n,k,q(x)

∣∣∣∣
= ϕ2(x)

∣∣∣∣
( ∑

k∈I+

fkpn,k,q(x)
)′′∣∣∣∣ + ϕ2(x)

∣∣∣∣
( ∑

k∈I−

(−fk)pn,k,q(x)
)′′∣∣∣∣
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� Cn

∥∥∥∥ ∑
k∈I+

fkpn,k,q

∥∥∥∥ + Cn

∥∥∥∥ ∑
k∈I−

(−fk)pn,k,q

∥∥∥∥
� Cn‖f‖

(∥∥∥∥ ∑
k∈I+

pn,k,q

∥∥∥∥ +
∥∥∥∥ ∑

k∈I−

pn,k,q

∥∥∥∥
)

� Cn‖f‖,

because Bn,q(1, x) = 1 in view of (2.1). Hence, ‖ϕ2B′′
n,qf‖ � Cn‖f‖, which was to be

proved.

(ii) By [8, (21), p. 269] we have

B′′
n,q(n)(f, x) =

n−2∑
k=0

(k + 2)(k + 1)
[k + 2]q(n)[k + 1]q(n)

[
n − 2

k

]
q(n)

∆k
q(n)([n]q(n)[n − 1]q(n)∆2

q(n)f0)xk.

(3.8)
Following [8, (12), p. 265], let us consider the next modified form of the q-Bernstein
polynomials:

B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2
q(n)f, x)

=
n−2∑
k=0

[
n − 2

k

]
q(n)

∆k
q(n)([n]q(n)[n − 1]q(n)∆2

q(n)f0)xk, (3.9)

where f ∈ C[0, 1]. By combining (3.8), (3.9) and (1.3), we arrive at the following inequal-
ity for g ∈ W 2(ϕ):

∣∣∣∣ϕ2(x)B′′
n,q(n)(g, x) − ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2

q(n)g, x)
∣∣∣∣

�
n−2∑
k=0

(
k + 2

[k + 2]q(n)

k + 1
[k + 1]q(n)

− 1
) [

n − 2
k

]
q(n)

[n]q(n)[n − 1]q(n)

×
( k∑

r=0

q(n)r(r−1)/2

[
k

r

]
q(n)

|∆2
q(n)gk−r|

)
xk+1(1 − x). (3.10)

By applying Lemma 3.2 for t ∈ {1, 2, . . . , n − 3}, we obtain

|∆2
q(n)gt| � q(n)2t+1(1 + q(n))2

2[n]2q(n)

[n]2q(n)

[t + 1]q(n)([n]q(n) − [t + 1]q(n))
‖ϕ2g′′‖

� q(n)2t+1(1 + q(n))2

2[n]2q(n)

[n]2q(n)

q(n)tq(n)t+1 ‖ϕ2g′′‖

< 2‖ϕ2g′′‖;
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by applying the same Lemma 3.2 for t ∈ {0, n − 2}, we also obtain

|∆2
q(n)gt| � 4

[n]q(n)
‖ϕ2g′′‖ � 4‖ϕ2g′′‖.

In conclusion, by (3.10),

|ϕ2(x)B′′
n,q(n)(g, x) − ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2

q(n)g, x)|

�
n−2∑
k=0

(
k + 2

[k + 2]q(n)

k + 1
[k + 1]q(n)

− 1
) [

n − 2
k

]
q(n)

[n]2q(n)

×
( k∑

r=0

q(n)r(r−1)/2

[
k

r

]
q(n)

)
4‖ϕ2g′′‖. (3.11)

Since
k + 2

[k + 2]q(n)

k + 1
[k + 1]q(n)

− 1 � n

[n]q(n)

n − 1
[n − 1]q(n)

− 1

for k ∈ {0, 1, . . . , n − 2} and the q-binomial coefficients are increasing functions of q, we
get from (3.11) and (3.1) that∣∣∣∣ϕ2(x)B′′

n,q(n)(g, x) − ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2
q(n)g, x)

∣∣∣∣
� 4[n]2q(n)‖ϕ2g′′‖

(
n

[n]q(n)

n − 1
[n − 1]q(n)

− 1
) n−2∑

k=0

(
n − 2

k

) (
k∑

r=0

(
r

s

))

= 4[n]2q(n)3
n−2

(
n

[n]q(n)

n − 1
[n − 1]q(n)

− 1
)

‖ϕ2g′′‖

� C‖ϕ2g′′‖. (3.12)

Furthermore, by (1.1),

ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2
q(n)g, x)

=
n−2∑
k=0

[n]q(n)[n − 1]q(n)∆2
q(n)gkϕ2(x)pn−2,k,q(n)(x).

Hence, using Lemma 3.2, we find that

|ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2
q(n)g, x)|

�
n−2∑
k=0

[n]2q(n)|∆2
q(n)gk|ϕ2(x)pn−2,k,q(n)(x)

� 2q(n)(1 + q(n))[n]q(n)‖ϕ2g′′‖ϕ2(x)pn−2,0,q(n)(x) + 1
2 (1 + q(n))2

× ‖ϕ2g′′‖
n−3∑
k=1

q(n)2k+1ϕ−2
(

[k + 1]q(n)

[n]q(n)

)
ϕ2(x)pn−2,k,q(n)(x)

+ 2q(n)n−3(1 + q(n))[n]q(n)‖ϕ2g′′‖ϕ2(x)pn−2,n−2,q(n)(x). (3.13)
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But

ϕ2(x)pn−2,0,q(n)(x) = x(1 − x)2(1 − xq(n)) · · · (1 − xq(n)n−3)

� x(1 − xq(n)n−3)n−1

and x(1 − xq(n)n−3)n−1 has its maximum at x = 1/(nq(n)n−3) on [0, 1]. Therefore,

ϕ2(x)pn−2,0,q(n)(x) � 1
nq(n)n−3

(
1 − 1

n

)n−1

<
1

nq(n)n−3 . (3.14)

A similar argument gives the following estimate for t = n − 2:

ϕ2(x)pn−2,n−2,q(n)(x) = xn−1(1 − x) �
(

1 − 1
n

)n−1 1
n

<
1
n

. (3.15)

At the same time, for t ∈ {1, 2, . . . , n − 3}, we have

q(n)2k+1ϕ−2
(

[k + 1]q(n)

[n]q(n)

)
ϕ2(x)pn−2,k,q(n)(x)

= q(n)2k+1
[n]2q(n)

[k + 1]q(n)([n]q(n) − [k + 1]q(n))

[
n − 2

k

]
q(n)

× xk+1(1 − x)2(1 − xq(n)) · · · (1 − xq(n)n−3−k)

< q(n)2k+1
[n]2q(n)

[k + 1]q(n)([n]q(n) − [k + 1]q(n))

[
n − 2

k

]
q(n)

× xk+1(1 − x)(1 − xq(n)) · · · (1 − xq(n)n−3−k)(1 − xq(n)n−2−k).

Using [9, (2.3), (2.4), p. 214], we get[
n − 2

k

]
q(n)

=

[
n − 1
k + 1

]
q(n)

[k + 1]q(n)

[n − 1]q(n)

=

[
n

k + 1

]
q(n)

[n − k − 1]q(n)

[n]q(n)

[k + 1]q(n)

[n − 1]q(n)
.

Thus,

q(n)2k+1ϕ−2
(

[k + 1]q(n)

[n]q(n)

)
ϕ2(x)pn−2,k,q(n)(x)

< q(n)2k+1
[n]2q(n)

[k + 1]q(n)([n]q(n) − [k + 1]q(n))
[n − k − 1]q(n)

[n]q(n)

[k + 1]q(n)

[n − 1]q(n)

×
[

n

k + 1

]
q(n)

xk+1(1 − x)(1 − xq(n)) · · · (1 − xq(n)n−3−k)(1 − xq(n)n−2−k)

= q(n)2k+1 [n]q(n)

[n − 1]q(n)

[n − k − 1]q(n)

[n]q(n) − [k + 1]q(n)
pn,k+1,q(n)(x).
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On the other hand,
[n]q(n)

[n − 1]q(n)
=

1 − q(n)n

1 − q(n)n−1 < 1 + q(n)

and
[n − k − 1]q(n)

[n]q(n) − [k + 1]q(n)
=

1 + q(n) + · · · + q(n)n−k−2

q(n)k+1 + q(n)k+2 + · · · + q(n)n−1 =
1

q(n)k+1 .

In conclusion,

q(n)2k+1ϕ−2
(

[k + 1]q(n)

[n]q(n)

)
ϕ2(x)pn−2,k,q(n)(x) < q(n)k(1 + q(n))pn,k+1,q(n)(x)

< 2pn,k+1,q(n)(x). (3.16)

Combining the estimates (3.13)–(3.16), we find that

|ϕ2(x)B̃n−2,q(n)([n]q(n)[n − 1]q(n)∆2
q(n)g, x)|

� 2q(n)(1 + q(n))[n]q(n)
1

nq(n)n−3 ‖ϕ2g′′‖

+ 1
2 (1 + q(n))2‖ϕ2g′′‖

n−3∑
k=1

2pn,k+1,q(n)(x)

+ 2q(n)n−3(1 + q(n))[n]q(n)
1
n

‖ϕ2g′′‖

� 4
q(n)n

[n]q(n)

n
‖ϕ2g′′‖ + 4‖ϕ2g′′‖

n−3∑
k=1

pn,k+1,q(n)(x) + 4
[n]q(n)

n
‖ϕ2g′′‖

� C‖ϕ2g′′‖, (3.17)

where we have used [n]q(n) � n, (2.1) and (3.2). Now, from (3.12) and (3.17), we arrive
at the desired estimate, which completes the proof of the lemma. �

Proof of Theorem 3.1. By taking into account the definition of the K-functional
K2,ϕ(f, δ2), (3.3) and Lemma 3.3, we obtain

K2,ϕ(f, n−1) � ‖f − Bk,q(k)f‖ + n−1‖ϕ2B′′
k,q(k)f‖

� ‖f − Bk,q(k)f‖ + n−1(‖ϕ2B′′
k,q(k)(f − g)‖ + ‖ϕ2B′′

k,q(k)g‖)

� C[k]−α/2
q(k) + Cn−1(k‖f − g‖ + ‖ϕ2g′′‖)

� C

(
[k]−α/2

q(k) +
k

n

(
‖f − g‖ +

1
k

‖ϕ2g′′‖
))

.

Taking infimum over all g ∈ W 2(ϕ), we find that

K2,ϕ(f, n−1) � C

(
[k]−α/2

q(k) +
k

n
K2,ϕ(f, k−1)

)
.
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Moreover, by (3.1), we obtain that the sequence (n/[n]q(n)) is also bounded. Then

K2,ϕ(f, n−1) � C

(
k−α/2 +

k

n
K2,ϕ(f, k−1)

)
.

Hence, in view of the Berens–Lorentz lemma (see [1] or [2, p. 312]), we have

K2,ϕ(f, n−1) � Cn−α/2, n = 1, 2, . . . . (3.18)

For every 0 < δ < 1 there exists n such that

1√
n + 1

< δ <
1√
n

.

Then the definition of K2,ϕ(f, δ2) and (3.18) imply K2,ϕ(f, δ2) � Cδα. By (1.5) we obtain
ω2

ϕ(f, δ) � Cδα, which was to be proved. �

Remark 3.4. There exist sequences (q(n)) which satisfy conditions (3.1) and (3.2).
An example of such a sequence is q(n) = 1 − 1/nan, where a > 27 and n = 1, 2, . . . .

Remark 3.5. Condition (3.2) provides that q(n) → 1 as n → ∞. Thus, in Theorem 3.1
we have the uniform convergence of Bn,q(n)f to f on [0, 1] (see [7,8]).
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