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It i s shown that if v i s an odd p r i m e power , o ther than a p r i m e 
2 n 

of the f o r m 2 + 1, then t h e r e e x i s t s a Room s q u a r e of o r d e r 
v + 1 . 

1. In t roduc t ion . A r o o m squa re of o r d e r 2n , w h e r e n is a 
pos i t ive i n t e g e r , i s an a r r a n g e m e n t of 2n objects in a s q u a r e a r r a y of 

2 
side 2n - 1, such that each of the (2n - 1) ce l l s of the a r r a y is 
e i t h e r - e m p t y or conta ins exac t ly two d is t inc t o b j e c t s ; each of the 2n 
objects a p p e a r s exac t ly once in each row and co lumn; and each 
(unorde red ) pa i r of objec ts o c c u r s in exac t ly one ce l l . 

Room s q u a r e s a r e known to ex i s t for al l even o r d e r s v ^ 48 

(except 4 and 6)[3], for v =2 [1] and for v + 1 where 

v = p = 1 mod 6 [2] , 

2. P r e v i o u s R e s u l t s . We now ci te s o m e r e s u l t s of [2] which 
wil l be used in th i s cons t ruc t ion . Le t G be a finite Abel ian group of 
odd o r d e r 2n + 1. 

By a s t a r t e r in G we m e a n a se t 
X = { f x . , y . ) > (x^, y Ï, • • • , (x , y )} of u n o r d e r e d p a i r s of e l e m e n t s x 1 1 2 2 n n 
of G such tha t 

(i) the e l e m e n t s x , y , x^ , y^, * • • , x , y c o m p r i s e a l l v ' 1 yl 2 yZ n n 
the n o n - z e r o e l e m e n t s of G> and 

(ii) the d i f fe rences + (x - y ) i = 1, 2 , • • • , n c o m p r i s e a l l 
— i i 

the n o n - z e r o e l e m e n t s of G (genera t ing each p r e c i s e l y 
one e) . 
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By an adde r for the s t a r t e r X we m e a n a se t A(X) of n 
d i s t i nc t n o n - z e r o e l e m e n t s a , a . • • • , a f r o m G such tha t the 

1 2 n 
e l e m e n t s { x + a , y + a } i = 1, 2 , • • • , n a r e a l l d i s t i nc t and 

l l l i 

c o m p r i s e a l l the n o n - z e r o e l e m e n t s of G. 

Then by [2 , T h e o r e m 1] , if an Abe l i an g roup G of odd o r d e r 
v = 2n + 1 a d m i t s a s t a r t e r X and an a d d e r A(X), then t h e r e e x i s t s 
a R o o m s q u a r e of o r d e r v + 1; by C o r o l l a r y 1 to T h e o r e m 2, if an 
Abe l i an g roup G of o r d e r 2n + 1 a d m i t s a s t a r t e r 
X = { ( x , y ) : i = 1, 2 , • • • , n} such tha t a l l s u m s of c o r r e s p o n d i n g 

i i 
p a i r s a r e d i s t inc t and n o n - z e r o then the se t of e l e m e n t s - (x . + y.) 

fo rms an a d d e r for X. In v iew of t h e s e r e s u l t s , le t t ing G = GF(p n ) 
we need only c o n s t r u c t a s t a r t e r with the add i t iona l p r o p e r t y tha t the 
s u m s of c o r r e s p o n d i n g p a i r s of e l e m e n t s a r e a l l d i s t i nc t and n o n - z e r o 

to g u a r a n t e e the ex i s t ence of a R o o m s q u a r e of o r d e r p + 1. 

3 . The C o n s t r u c t i o n . The c o n s t r u c t i o n of th i s s ec t i on p r o d u c e s 
a s t a r t e r with the r e q u i r e d add i t iona l p r o p e r t y , for the addi t ive g roup 

of GF(p ) w h e r e p = 2 t + 1, t odd and exceed ing 1. Let us ca l l 
such a s t a r t e r s t r o n g . The f o r m of the s t a r t e r depends on the exponent 
k. We beg in with a l e m m a for the spec i f ic c a s e of k = 1 which 
i n d i c a t e s the g e n e r a l me thod used . 

LEMMA 1. If_ p n = 1 mod 2 but p n ^ 1 mod 4, then t h e r e 

e x i s t s a s t r o n g s t a r t e r for G = GF(p ) for p f 3 . 

Proof . Let x be p r i m i t i v e in GF(p ) w h e r e p = 2t + 1, t 
, 0 1 2 3 , 2 t -2 2 t - l , 

odd ; then the se t X = { (x , x ), (x , x ) , • • • , (x , x )} i s a 
s t a r t e r for G and f u r t h e r the s u m s of r e s p e c t i v e p a i r s a r e a l l 
d i s t i nc t and n o n - z e r o , tha t i s , X i s a s t r o n g s t a r t e r . 

Since x is p r i m i t i v e in GF(p ) it g e n e r a t e s G - { 0} and 
0 1 2 2 t - l 

the e l e m e n t s x , x , x , • • • , x a r e a l l d i s t i nc t and n o n - z e r o . 
F u r t h e r the d i f f e rences of c o r r e s p o n d i n g p a i r s in the se t X a r e 

0, 2 2 t -2 
jf x (1 -x ) , jf x (1-x) , • • • , +_ x (1-x) r e s p e c t i v e l y . (1-x) is a 
n o n - z e r o field e l e m e n t so it i s evident tha t the only p o s s i b l e dupl ica t ion 

2i 2j 
would o c c u r if x (1-x) = - x (1-x) for 0 < i, j < t - 1 , but then 

2i 2j n 
x + x = 0 . I f i = j the field GF(p ) would have c h a r a c t e r i s t i c 2 , 
an i m p o s s i b i l i t y s ince p is odd. If i f j , say i < j then 

<. 1(1 + x J~ X) = 0 and it follows tha t x 2 ^~ Z l 
(1 + x ) = 0 and it follows tha t x J = - 1 . But s ince x i s 
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p r i m i t i v e in GF(2t + 1), x = - 1 and 0 < 2j - 2i < 2t - 2 < p n - 1 

is a r e s i d u e mod p and hence m u s t be equa l to t, a con t r ad i c t i on o c c u r s 
s ince 2j - 2i i s even and t i s odd. The s u m s of c o r r e s p o n d i n g 

0 2 2 t -2 
p a i r s of e l e m e n t s of X a r e x (1 + x) , x (1 + x) , • • • x (1 + x) . 

2i 2j 
Indeed, suppose that x (1 + x) = x (1 + x) , then if x f - 1 , (i . e . 

n - 1 2i 2j 
if p > 3), (1 + x) e x i s t s and we would have x = x for 
0 < 2 i , 2j < p - 1 which can only happen if i = j , and the l e m m a 
fol lows. 

THEOREM 1. T h e r e e x i s t s a s t rong s t a r t e r for G = GF(p ) , 
n k 

w h e r e p = 2 t + 1 for k a pos i t ive i n t ege r and t an odd in t ege r > 1. 

Proof . Let 2 
. k - 1 

A , and x be a p r i m i t i v e e l e m e n t in 

GF(2 t + 1). Then the set 

X = J 

/ ° A* 
(x , x ) 

1 A+l . 
(x , x ) 

/ 2 A 3A* (x , x ) 

, 2A+1 3A+1 
(x , x ) 

. A - l 2 A - 1 W 3A-1 4A-1V (x , x ) (x ,, x ) 

( x ( 2 t . 2 ) A j x ( 2 t - l ) A ) ; 

, (2 t -2)A+l ( 2 t - l ) A + l 
( x > x ); 

( 2 t - l ) A - l 2 t A - l 
(x , x ) 

i s a s t r o n g s t a r t e r for GF(p ). The se t X, if c o n s i d e r e d as an 
a r r a y and r e a d v e r t i c a l l y l i s t s the e l e m e n t s 

0 1 2 2 t A - l 2 k - l p n - 2 n i i 

x , x , x , • • • , x = x = x in n a t u r a l o r d e r and thus 
c o m p r i s e s G - { 0} . The d i f fe rences be tween p a i r s in the s t a r t e r 
a r e 

x°(l - xA), 

x 4 ( l - x A ) , 

X (1 - X ) , 

2 A + 1 / „ A X 

x (1 - x ), 

A - l A. 3A-l / > ( A, 
x (1 - x ), x (1 - x ), 

, x ( 2 t - 2 > * ( l - x A ) ; 

j X ( 2 t - 2 ) A + l ( 1 _ x A ) ; 

( 2 t - l ) A - l n A. 
, x (1 - x ). 

(1 - x ) is a non z e r o e l e m e n t of G s ince the o r d e r of the e l e m e n t x 
2 i ' A + j ' A. 

-x (1 - x ) i s by hypo thes i s 2tA > A- Suppose x (1 - x ) 

for 0 < i, i» < t - 1 , and 0 < j , j ! < A - l , then x J + x^1 J = 0. 
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Since p i s an odd p r i m e , 2iA + j f 2 i ! A + j 1 . A s s u m i n g tha t 

2iA + j < 2 i -A + j ' we w r i t e X
2 i A + j (1 + JV A + j ' " 2 i A + j ) = 0. 

As b e f o r e , th i s i m p l i e s 2 i ' A + j ' - 2iA - j = (2i ! - 2i)A + (j f - j) = At. 
Since j 1 - j l i es in the r a n g e - A + l to A - l and is a mu l t ip l e of A , 
it m u s t be 0 . Hence 2 i ! - 2i = t which c o n t r a d i c t s the fact that t 
i s odd. 

The fact that the s t a r t e r X i s s t r ong can be seen by noting 
that the s u m s of r e s p e c t i v e p a i r s a r e the s a m e f o r m as the d i f f e rences 

with the fac to r (1 + x ) r a t h e r than (1 - x ). But (1 + x ) is non
z e r o if x i s not of o r d e r 2 A , tha t i s , if t > 1. As above , th i s 
hypo thes i s g u a r a n t e e s that the s t a r t e r is s t r o n g , and the t h e o r e m 
fol lows. 

n k 
We note that in the c a s e p = 2 + 1, the se t 

v n 0 A. , 1 A+l x , A - l 2 A - 1 0 . 
X = {(x , x ), (x , x ), • • • (x , x )} i s a s t a r t e r , but the 
s u m s of p a i r s of r e s p e c t i v e e l e m e n t s a r e x (1 + x ), x ( l + x ), • • • , 

x (1 + x ); h o w e v e r , 1 + x = 0 and so t h e s e s u m s a r e a l l e q u a l 
to z e r o . Howeve r , it is s t i l l p o s s i b l e to obtain f u r t h e r r e s u l t s in t h i s 

k 
c a s e . It i s t r i v i a l to show that if p is a p r i m e of the f o r m 2 + 1 , 

3 3 k 
then p does not have th is f o r m , tha t i s , if p h a s the f o r m 2 + 1, 
p does not . H o w e v e r , Stanton [4] h a s shown that if t h e r e ex i s t s q u a r e s 
of s ides m and n, then t h e r e e x i s t s a s q u a r e of s ide m n . So in any 

3 
even t , t h e r e e x i s t s a R o o m s q u a r e of s ide p for a l l odd p r i m e s p . 
A s i m i l a r a r g u m e n t shows that t h e r e e x i s t s a R o o m s q u a r e of s ide 

2 
p for a l l odd p r i m e s p f 3. H o w e v e r , a s q u a r e of side 9 is known 

to ex i s t [3 ] . Since any p r i m e power p (m > 1) m a y be w r i t t e n as 

(P ) (P ) » f ° r non -nega t i ve i n t e g e r s a, (3 , t h e r e e x i s t s a R o o m 

s q u a r e of side p for a l l odd p r i m e s p and a l l i n t e g e r s m > 1. 
Hence the only p r i m e power excep t ions a r e s o m e of the p r i m e s t h e m 
s e l v e s . M o r e o v e r it i s an e l e m e n t a r y e x e r c i s e in n u m b e r t h e o r y to 

show tha t 2 +1 cannot be p r i m e un l e s s k i s a power of 2 ; tha t i s , 
the only excep t i ona l p r i m e s a r e the famous F e r m â t p r i m e s , n a m e l y 
3 , 5, 17, 257 , 65,537 and any o ther F e r m â t p r i m e s which m a y 
e x i s t . ( A R o o m s q u a r e of s ide 17 i s known to ex i s t , cf. [3] . ) 

The a u t h o r s w i s h to thank P r o f e s s o r R. G. Stanton for h i s 
va luab le c o m m e n t s and s u g g e s t i o n s . 
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