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Abstract

We describe the structure of the lower central factors of free centre-by-metabelian groups.

1980 Mathematics subject classification (Amer. Math. Soc.): 20E05, 20E10, 20F 12, 20F 14.

1. Introduction

The lower central factors of free polynilpotent groups are torsion-free (Smelkin
[7], Ward [8]), but the cth lower central factor $c(Gn) of a free centre-by-metabelian
group Gn of rank n 3* 2 may have 2-torsion for c > 5. This was first shown by
Ridley [6] for n = 2, c even, and later for n > 5, c odd, by Hurley (unpublished).
For c «s 4, $<.((/„) is the same as the corresponding factor of a free group of rank
n.

In this paper, we give an explicit basis for $c(Gn). Gupta and Levin [2]
observed that the structure of the torsion group Tnc of $c(Gn) varies drastically
according to whether c is even or odd, but in either case Tnc is an elementary
abelian 2-group.

2. Notation

Our commutator notation is [g,, g2] = g^g^gigzAgu- • • >gn+\) ~ [[£i'--->£j>
£,+,] and [g,, g2; g3, g4] = [[g,, g2], [g3, g4]] for group elements, with analogous
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66 N. D. Gupta, T. C. Hurley and F. Levin [2 ]

notation for the ring commutator (r,, r2) = rxr2 - r2rx. further, [g,, kg2] =
[g\. 82,• • • 'S2I k repeats of g2, ([g,, 0g2] = g,)- For n > 1, yn(G) is the nth term
of the lower central series of G, G' - y2(G), G" - y2(G'). All other notation
follows Hanna Neumann [5].

3. Preliminaries

Much of the technical work required in this paper has been carried out in [2].
As in [2], the main tool in our investigation is the following power series
representation (cf. [3]). Let Pn — Z{[yl,...,yn]], n>2, be the free associative
power series ring over the integers and let C be the ideal of Pn generated by all
yt{yj, yk)ym for all i,j, k, m. Set Rn — Pn/C and denote the generators of Rn by
xv...,xn, where xi = yt + C. As shown in [3], the group of units of Rn is a
centre-by-metabelian group, that is, satisfies the law [g,, g2; g3, g4; g5] = 1. Thus
if Gn is the free centre-by-metabelian group of rank n with generators fx,. ..,/„,
then the map Q:f,-> 1 + *,-, 1 <i<n, can be extended to a representation of Gn

in Rn. C. K. Gupta [1] has shown that the kernel of 0 is an elementary abelian
2-group of rank (JJ) contained in the centre of Gn for n > 4, but for n = 2,3 the
representation is faithful.

For any w £ Gn, w® is a power series of the form 1 + SJl^wG);, where
(w0) , denotes the component of terms of total degree i. As in the corresponding
representation of the free group of rank n (see [4], chapter 5) the elements
w e yc(Gn) are characterized by (w©), = 0, i^c — 1. Thus, an element w e
yc(Gn) will be a relator for $c(Gn), the cth lower central factor of Gn, only if
( w 0 ) c = 0. In particular, if w is a relator for $c(C7n) then w6y c (G, )n G^ and
<w0)c = O.

The simple basic commutators of the form [fjf fJt fk,...,fm] of weight c with
i>j<k< • • • < » ! form a basis for $c(Gn/G^') (see [5], page 106) and is a part
of the basis for Oc(Gn). Thus if we write <!>c(Gn) = Fnc X Tn c, where Fnc is free
abelian and Tn c is the torsion group of $c(Gn), our problem reduces to extending
the simple basic commutators to a basis for Fn c and to finding a basis for Tn c.

4 . T h e s t r u c t u r e o f $ < . ( ( ? „ ) , c o d d , c > 5

For c > 5, let w* and «** be defined as

«* = [/i./2;/3./4>/5.---./c]

L /2 ' ^ ' / l ' / l ' ^ ' • • • »/c J

l/3> / l i /2> / t ' A'- • • »/cJ»
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and

« r = [/l./2;/4./5./3./«.---»/cl

I 31 > fi')J4> h' /l > ^ ' • • • >/c J

I h > / i ; /»> h > /2 ' h > • • • >/c J •

Then we have the following lemma.

LEMMA 1. For c odd, c > 5,

(i) «•((?,,) *yc+,((?„)/<«• » > c ;

(iii) a*(GH) < Yc+i^J/w « < c;
(iv) <o* M unaltered, modulo yc+l(Gn), by an arbitrary permutation » / { / , , . . . , / c } ;
(v) w**(Gn) < yc+ ,(Gn) /or a// n and all c even or odd.

PROOF. The proofs of (i) to (iv) follow from Lemma 3.8 of [2]. For the proof of
(v) we simply observe that, modulo yc+,((/„),

1 / 2 ' / 3 ' / l > A ' fs>--- <fcl

[ h' /1» n > /4 > h > • • • >/c J >

which is trivial by the Jacobi congruence.

We can now give the structure of $c(Gn) for c odd, c s* 5.

THEOREM 1. For c o<W, c > 5, let $c(Gn) = Fnc X Tnc where Fnc is free abelian
and Tnc is the torsion subgroup. Then

(a) a basis for Tnc consists of the (") elements <o*(fc(l),... ,k(c)) given by

), fk(2);fk(3), f m , fk(5),... ,fk{c)]
[ A(2)> A(3)J A(i)> A(4)> A<5)>- • • >A(c)J

L A(3>' A(i) ; A(2) > A(4> > A<5) > • • • >A(c)J >

k(\) < • • • *s A:(c) < n;
(b)a basis for Fnc consists of all simple basic commutators of weight c with entries

from the set {/],... ,/„} together with all commutators

[fi> fj'> A( l ) ' A(2) > A(3)»• • • >A(c-2)J

; k(\) > k(2) <y < k(3) < • • • < k(c - 2).
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PROOF. The simple basic commutators of weight c with entries from the set
{/i,... ,fn) form a basic of $c(Gn/G^') and hence constitute a part of the basis for
Fnc. Let w G yc(Gn) D G^' be a relator for Oc(Gn). Then <w0) c = 0 and it
follows by Lemma 4.1(iv) of [2] that if w £ yc+,((/„) then « lies in the fully
invariant closure of w*. The proof of (a) now follows immediately by Lemma
l((i)-(iv)). For the remainder of the proof of (b) we first observe, using Lemma
3.1((i) and (iii)) of [2], that w can be written, modulo yc+l(Gn), as a product of
commutators of weight c of the form

Z ~[fi' fj'fk(l)> f(2)> A(3)'---'A(c-2)J

with i>j> k(2); k(\)> k(2) < k(3) *£ • • • «£ Jfc(c - 2). It remains to show that
modulo «*((?„) we can further assume that / > i ( l ) and j < k{3) in z. Let
m = max{i, j , k(l), k(3)}.

Type 1. (z with k(3) = m). Let {/, ;", k{\)} = {a, b, c) with a < ft < c. The
modulo w*(Gn), z can be expressed in terms of commutators [ fc, fa; fb, fk{X), fm,...]
and [fc, fa fa, A(i)> fm,---]eacn °f which is of the required form.

Type 2. (z with i = w). Let {j, k(l), k(3)} = {a, b, c). Then z is of the form
[fm, fa\ fb, fk(\), / c , . . . ] . If fl > c then modulo «**((?„), z can be expressed as a
product of Type 1 and the required commutator [fm, fc; fb, fk{X), fa,... ].

Type 3. (z with A:(l) = m). Here modulo w*(Gn), z can be expressed as a
product of Type 1 and Type 2 commutators. This completes the proof of
Theorem 1.

5. The structure of $<.((?„), c even, c s* 6

We begin by recalling some results from [2]. For the remainder of the paper, we
assume c even, c s» 6.

LEMMA 2. Let Z- [/., j ^ ; / , j ^ , /> , /„ . . . ,/>„/„] fte a«
c = 4 + / » 1 + - - - + A , p ( > 0 .

(i) In Rn, z© « obtained by expanding

z© = 1 + (*,, xy)xf • • • *j?.(l + ^ ) - ' (

n

(ii) (z0)c+1 = - 2
m = l

(iv) / / w e ?<;((/„) n G',1 with (w8)c = 0, //ien w « a product of commutators of
the form z.

https://doi.org/10.1017/S1446788700022606 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700022606


[s] Free centre-by-metabelian groups 69

(v) Let w be a product of commutators of the form z with weight at least 1 in each
f. If(w@)c = 0 and < H - 0 ) C + 1 = 0 (mod2), then w E yc+l(Gn).

(vi) Let au(wQ)c denote the component of (w®)c of those terms which begin
and end with x,. If w E yc+x(Gn) n G'^ then ati(wQ)c+1 = 0(2).

The proof of (i) follows from Lemma 3.4 of [2]; (ii), (iii) are easy consequence
of (i); (iv) follows from Lemma 4.1(i) of [2]; (v) follows from Lemma 4.4 of [2]
and (vi) follows from Corollary 3.5 of [3].

LEMMA 3. / / G is a centre-by-metabelian group, then for all d E ym(G), g, E G,
k > 1, m > 2,

Ik

[ d ; d , g u - . . , g 2 k ] 2 = I I k ; rf. g i > - - - ^ , . g i , - - - > g 2 k ]

modulo ylm+2k+2(G)-

PROOF. By Lemma 3.1 of [2], for any </„ d2EG', g E G, [</,; d2, g]
[d{,g; d2] = [dug; d2, g]']. Further, for any g, E G, [dx\ d2,g],g2] =
[d\\d2, g2,g,]. Thus,

[d; d, gx,...,g2k\

= [d, g , ; d, g2,...,g2k]'i[d, g , ; d, gx, g 2 , . . .,g2k]'1

= [d, g , ; d, g2,..-,g2k\~X\-d> d> 8i> ?i> ^2»---.?2/tl

(modulo y2m+2k+2(G))

Similarly,

[d, gx;d, g2,...,g2k\~X

= [d, g\, g2; d, g3,...,g2k][d, gu g2;d, g2, g3,...,g2k]

= [d, gx, g2; d, g 3 , . . . ,glk][d; d, g,, g2, g2, g 3 , . . . ,g2k].

Repeated applications of this step yield

[d;d,gu...,g2k]
2k

= [d, g x , . . . , g 2 k ; d] I ] [d; d, g , , . . . , g , , g l t . . . , g 2 k \ \
i=i

or equivalently,
2k

[d;d,gu...,g2k]
2 = I ] [d;d,gl,...,gi,gi,...,g2k].
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Lemmas 3 and 2(ii) yield the following as a corollary.

LEMMA 4. Let z be as in Lemma 2. Then (z2@)c = 0 and
n

(z2®)c+i= 2 pm(xi,xj;xi,xJ,plxl,...,(pm+l)xm,...,pnxn).
m=\

More generally, ifw = zx • • • zt with each z{ as above, then

We now establish a useful criterion for identifying relations in $c(Gn), c even;

LEMMA 5. Let s(w) = (w2®)c+l. An element w E yc(Gn) is a relator of <Pc(Gn) if
and only ifs(w) = (t)2©)c + 1 for some v E yc+l(Gn).

PROOF. If w is a relator of ®£Gn) then w G yc+ t(Gn) and we may choose v = w.
Conversely, let s(w) = (v2@)c+l for some t> G yc+i(Gn). By Lemma 4,
<w20>c + 1 = <t)20>c+l implies 2(w0>c + 1 = 2<u0>c+1 and, in turn, <w0>c+1

= < u 0 ) c + 1 , (wv'l@)c+i - 0. By Lemma 2(i), (w0>c = 0 and, by hypothesis,
<t>0>c = 0. Thus ( m r 1 © ) ^ 0, and it follows by Lemma 2(v) that we"1 G
Yc+1(Gn). Thus w E yc+1(Gn) as required.

As a corollary to Lemma 5 we obtain the following result:

LEMMA 6. Let w G Tnc be a relator for <&c(Gn). Then an(s(w)) = 0 (mod 4) for
all i — 1,...,«.

PROOF. By Lemma 5, s(w) ~ <«26>c + 1 for some v E yc+1(Gn). By Lemma
2(vi), a,,(u©>c+1 = 0 (mod 2). Thus au(s(w)) = 0 (mod 4) as required.

For convenience, we will abbreviate z = [/, jf;/, fjf pju...,pnfn]byz = [i, j ;
P\,---,pn]. Further, for&nyfk we define

[z-Vkfk] =[fi>fj'>fi>fj>.

Using this notation we obtain the following consequence of Lemma 3.

L E M M A 7. Let z — [i, j ; p x , . . . ,pn] with c = 4 + px + • • • +pn. Then for arbi-
trary k,

n

(i) [z-2fk]
2 = II U-2fk- fiV'[z-3fk]2 m°dyc+4(Gn+1);
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(ii)

where ( z 2 0 ) c + 1 is as determined in Lemma 4.

[7(ii) is a direct consequence of 7(i).]

The next lemma gives a method for generating relations.

LEMMA 8. Ifw is a relator for Tn c, then [w : 2fk] is a relator for Tn+lc+2for any
k^n+\.

PROOF. By Lemma 5 it suffices to show that s([w: 2 /J) = (w 2 6) c + 3 for some
M e yc+3(Gn+1). Since w is a relator for Tnc, by Lemma 5 s(w) = (v2@)c+l for
some v G yc+l(Gn). Thus

+3 (by Lemma 7)

([w:3/,]20)c
c+3

= ("2e>c+3,
with u = [v: 2fk][w: 3/,] e yc+i(Gn+l).

It follows from Lemma 2(iv) that for c even, c > 6, any relator w of Tn c is a
product of commutators of the formz = [i, j \ px,...,pn], 4 + />, + • • • +/>„ = c.
Since z2 = lmod yc+\(Gn), Tnc is, in fact, generated by all such commutators.
Thus to determine the relators of Tn c it suffices to assume that n *s c — 2 and that
each [i, j ; px,...,pn] has weight at least one in each generator/, , . . . , /„.

If c > 8 and n = c — 2, it follows from the proof of Theorem B(i) of [2] that
there is just one relator which involves all the c — 2 variables, namely,

(1) «(c-2) = II«0

where a(i, j) = [i, j;\,l,...,i,j,...,\] (k indicates k missing), and a runs over
the permutations of {1,. . . ,c — 2} with \a <2a < • • • < (c — 2)a. Hence, we
may assume that n < c — 3. For each i,j £ ( 1 , . . . ,c — 3}, i <j, we define

c-5

(2) v(c,i,j)= I ] [fhfpfi'fj' 8\>- ••»?«' gm' - ' - .^c-s ] '
m = l

where {«„...,gc_5} = { / „ . . . , ^ . . . , J 5 , . . . , / C _ 3 } . By Lemma 3.2(i) of [2], Gn

satisfies the congruence v(c, i, j) = 1. Using this fact and Lemma 8 we can
reduce the generating set for Tn c as follows.
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LEMMA 9. Let W= {[i, j ; px,...,pn], i <j} be the set of all commutators of

weight c = 4 +/>, + ••• +pk such that pk «£ 1 for all k < i and the first nonzero
integer reading left to right in the sequence pn, /*„_,,...,/>, is odd. Then W is a
generating set for Tnc, n < c — 3, c > 8.

PROOF. The condition i <j is clearly no restriction. The next condition, pk < 1
for k < i follows directly from Lemma 3.1(vii) of [2], by which for any g, g, in a
centre-by-metabelian group G,

/~ \ IS> 51» S> 61» &2> S3>" • • >Sm' S> g\

= [ S , g\\g, g\> gl, gl, * '3 ' - - ->6 'm][6 ' ' gl> g> # 2 ' Si» S i ' & » • • • » £ « ]

modulo ym + 5(G). The third condition, namely, the first non-zero integer in
pn,...,px is odd, may be seen as follows. As observed above Tnc is spanned by all
commutators z = [i,j; px,...,pn] with pk *s 1, k<i, i<j. Without loss of
generality we may further assume that z involves /„_, and/n . Hence if both/?n_,
and pn are zero, this means that i = n — \ andy = n so c — 2 = n. Thus we may
assume that at least one oipn_x,pn is non-zero.

Case I. pn T^ 0, pn even. Since Gn satisfies the congruence t>(c, /, j) = 1 defined
by (2), it follows that for pn > 2,

[i,j;Px,...,PnY"~x II [i,j\pu...,pm+\,...,pn-\]
p" = \.

m=\

However, for pn even [i, j ; pu...,pn]
p"~l =[i,j; pu...,pn], and the proof

follows since each factor [i, j ; pl,...,pm+ 1,...,/>„— 1] can be expressed as a
product of commutators of the required form without affecting the oddness of the
occurences of/,.

Case II .pn = 0,/>„_, even. In this case z = [/, n; px,...,/?„_,,0] and as before
the law v(c, /, n) gives

[i ,n;/», , . . . , />„_,,0] II [i,n;plt...,pm+l,...,pn-2,pn-l - l . O j ' - s 1.
m = l

Since each factor [i, n; px,... ,pm + 1,. . . ,/>n_2, / ? „ _ , - 1,0] reduces, by (3), to a
product of commutators of the required form and of commutators covered by the
Case I, the proof follows.

LEMMA 10. For c~s* 8, « < c - 3 the set W defined in Lemma 9 is a basis for Tnc.

PROOF. For z = [i, j ; />,,...,/>„], z' = [/', j ' \ />'„... ,p\] we define z < z' if (j,y,
px,... ,pn) < (/', y', />!,... ,/> )̂ in the lexicographic ordering of the (n + 2)-tuples.
The proof of Lemma 9 shows that if z $. W, then z can be written as a product of
elements of W which are less than z in the above ordering.
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By Lemma 9, W generates Tnc. Let w = z, • • • zr, zi E W, be a relator of Tn c

with z, < • • • < zr. By Lemma 6, a ^ ^ w ^ ^ O (mod 4) for all k. Suppose
zr = [«> j\P\,---,Pn],Pn odd, and let ajj(s(zr)) = XjPrxr By Lemma 2(i), Pr has a
term

(4) * , • • • * , -_,xf ' +V- f i 1 • • • X£L-VX£"+ '

with coefficient 2/>n £ 0 (mod4). Since a^(i(w)) = Tk=iajj(s(zk)) = 0 (mod4),
it follows that for some q < r, <Xjj(s(zq)) = XjPqXj, where Pq has a term (4).
However, zq < zr implies zq = [/', / ; />'„... ,/>;] with (/', f, p \ , . . . ,p'n) <
(i, j , />,,... ,/>„)• If /' < / then each term in Pq has degree at least 2 in x'n so none
is of the form (4). If p'n < pn then p'n < pn — 2 and ecah term of /*, has degree at
mostp^ + 1 ̂  pn — 1 in xn, so /*9 has no term (4). Finally, if p'n = /?„ and/>^ <pk

for some k < n, then every term of P with degree pn + 1 in xn has degreep- < pk

in x .̂, and, again Pq does not have a term (4). Thus, if pn ^ 0, then a^siw)) s 0
(mod 4), and w is not a realtor of 7n c.

Thus, we may assume that w = z, • • • zr is a relator of Tn c with zr = [/, n;
/?„.. .,/?„_,, 0], ̂ n_, odd. As above, if ann(s(zr)) = *nPrxn, Pr will have a term

(5) 2/>n_,x1 • • • x,_1xf.+2xftV • • • ^ l ' + 1,

with 2pn_! £ 0 (mod 4), and it follows, as above, that this term must occur in the
expansion of some Pq, q < r. The same argument shows that this, too, is not
possible. This completes the proof of the lemma.

We may summarise the above results as follows.

THEOREM 2. For c even, c > 8, the torsion subgroup Tn c of $c(Gn) is an
elementary abelian 2-group with a basis consisting of the set W of all commutators
z — ['. J>Pi<-- • >Pn]'' <./> w*th the following properties:

(a)c = 4 +/? , + ••• +pn'Pk > 0 for all k < n;
(b)pk*i \forallk<i;
(c) the first nonzero integer reading from left to right inpn,...,px is odd;
(d) for any /(I) < • • • < i(m), m «£ n, W does not contain [i(m — 1), i(m);

PROOF. The conditions (a), (b), (c) follow directly from Lemma 10, and (d)
follows from the fact that if a relator contains any part of u(c — 2), as defined in
(1), then it must contain all of M(C — 2).

For c = 6, essentially the same argument applies. However, [/•, fy, ft, fp fk, fk]
G Y7(G4) and as C. K. Gupta [1] has shown, M(4) £ Y7(G4). The basis for Tn6 is
given by the following theorem.
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THEOREM 3. For c — 6, Tn6 has a basis consisting of all commutators [/(1), / { 2 ) ;
f f f f 1 with zYII < i(T\ id) < i(d\

As with the case for odd c, a basis for Fnc must be chosen to account for the

Jacobi congruence and the above structure of Tn c. The argument is analogous to

that for odd c and we omit the details. The complete description of <bc(Gn), c even,

is given by the following theorem.

THEOREM 4. For c even, c>6, let $<.((/„) = Fnc X Tnc, where Tnc is the torsion

subgroup of$c(Gn) and Fnc is free abelian.

(i) A basis for Tnc is given by Theorems 2 and 3.

(ii) Fnc is generated by the simple basic commutators of weight c and by the

commutators of the form [ft, ff, fk(l), fk(2),... ,fk(c-2)] subject to k(l) > k(2) < k(3)

< • • • < k(c - 2); i >j < k(3); k(2) <j and such that k(l) < i or k(l) > i and

k(2) <j <i<k(l)< k(3) < • • • < k(c - 2) (no repeated entry) or k(l) = i, k(2)

<j and ifk(l) is another repeated entry (3 < / < c - 2), then k{\) < k(l).

CONCLUDING REMARKS. With the aid of Lemma 8 we can give a different

description of Tnc, c even, as follows.

THEOREM 5. For c even, c > 6, the torsion subgroup Tnc of$c{Gn) is generated by

all commutators z = [i, j ; pu...,pn] with 4 +/>, + ••• +pn = c, pt > 0, subject

only to the relations

[u(c' - 2): 2 * , / , : • • • : 2kJn] = 1 and [v(c', i, j): 2 * , / , : • • • : 2kJn] = 1,

where c — c' + 2A;, + • • • +2kn, k^O andu(c' — 2), v(c', i, j) are as defined by

(I) and (2).
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