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Abstract

To explore the difficulties of classifying actions with the tracial Rokhlin property using K-theoretic data,
we construct two Z2 actions α1, α2 on a simple unital AF algebra A such that α1 has the tracial Rokhlin
property and α2 does not, while (α1)∗ = (α2)∗, where (αi)∗ is the induced map by αi acting on K0(A) for
i = 1, 2.
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1. Introduction and preliminaries

The Rokhlin property in ergodic theory was adapted to the context of von Neumann
algebras by Connes [6]. Following this approach to Rokhlin actions, Herman and
Jones [13] considered the Rokhlin property for Z2 in the setting of UHF algebras.
In the remarkable papers [14, 15], Izumi investigated the Rokhlin property for finite
actions on unital C∗-algebras. The Rokhlin property has been used for classification of
actions on C∗-algebras (see [13–15]). However, finite group actions with the Rokhlin
property are rare. For example, even for the CAR algebra, A, there is no action of Z3

on A which has the Rokhlin property [21, Example 13.22].
For actions of finite groups on C∗-algebras, the tracial Rokhlin property is a weak

version of the Rokhlin property which is much more common and very useful in the
classification theory for simple C∗-algebras. Indeed, if G is a finite group, A is a simple
unital C∗-algebra with tracial rank zero and α is a G-action of A with the tracial Rokhlin
property, then C∗(G, A, α) also has tracial rank zero [22, Theorem 2.6]. This result
can be used for classification purposes by Lin’s classification theorem [19]. Phillips’
seminal papers [22, 23] contain more information about the tracial Rokhlin property.

We will use the following useful criterion for an action of Z2 to have the tracial
Rokhlin property.
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Lemma 1.1 [23, Lemma 1.8]. Let A be a finite infinite-dimensional simple unital C∗-
algebra with tracial rank zero. Let α ∈ Aut(A) satisfy α2 = idA. Suppose that for every
finite set F ⊂ A and every ε > 0, there are mutually orthogonal projections e0, e1 such
that:

(1) ‖α(e0) − e1‖ < ε;
(2) ‖e ja − ae j‖ < ε for all a ∈ F and j = 0, 1;
(3) τ(1 − e0 − e1) < ε for each tracial state τ on A.

Then the action of Z2 generated by α has the tracial Rokhlin property.

It is an important problem to find and classify all order 2 automorphisms of
an AF algebra. Partly because of their intrinsic interest and partly because of
their applications in C∗-dynamical systems, this problem has attracted considerable
attention (see, for example, [3, 5, 10, 12, 13, 23]). Amongst these results is Blackadar’s
construction [3] of an action of Z2 on the 2∞ UHF algebra such that the crossed product
has nontrivial K1-group. This gave a negative answer to one of the two questions
about AF algebras which he posed in [2, 10.11.3]. For the other question, Blackadar
considered the following AF algebra A and K-theory structure [2, 10.11.3, Question 2].
We use this structure detailed in Notation 1.2 throughout the paper.

Notation 1.2. Let A be a simple unital AF algebra, whose ordered K0-group is
isomorphic to

(K0(A),K0(A)+, [1A]) = (D ⊕ Z,D>0 ⊕ Z ∪ {(0, 0)}, (1, 0)).

Let σ be the order 2 scaled ordered automorphism of K0(A) which is defined by
σ(a, b) = (a,−b), where (a, b) ∈ D ⊕ Z.

In this note, for the tuple (A, σ), we construct two Z2 actions α1, α2 on A such that
α1 has the tracial Rokhlin property and α2 does not have the tracial Rokhlin property,
while (α1)∗ = (α2)∗ = σ, where (αi)∗ is the induced map by αi acting on K0(A) for
i = 1, 2. In fact, C∗(Z2, A, α1) shares many common properties with C∗(Z2, A, α2).
The examples demonstrate the differences between an action with the tracial Rokhlin
property and an action without the tracial Rokhlin property and may shed some light
on the classification of all Z2-actions on general AF algebras.

2. Main result

We are now in a position to prove the main result. The structure of the proof of
Theorem 2.1 is similar to that of [23, Proposition 4.6].

Theorem 2.1. There exist order 2 automorphisms αi of A, i = 1, 2, such that:

(1) (αi)∗ = σ for i = 1, 2;
(2) K1(C∗(Z2, A, αi)) � Z for i = 1, 2;
(3) α1 has the tracial Rokhlin property and C∗(Z2, A, α1) is a unital simple AT-

algebra with tracial rank zero and a unique tracial state;
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(4) α2 does not have the tracial Rokhlin property and C∗(Z2,A, α2) is a unital simple
AT-algebra with two extreme tracial states;

(5) the CAR algebra is a unital subalgebra of Aαi for i = 1, 2. That is, for each αi,
there exists a unital subalgebra Ci of A such that αi|Ci = idCi and Ci is isomorphic
to the CAR algebra for i = 1, 2.

Proof. For k ∈ N, choose positive integers mk, nk such that 2nk + 2 ≤ mk+1/mk and
log4(mk+1/mk) ∈ N. Let Ak = Mmk (C(S 2)) and let λ be the reflection map defined by

λ(u, v,w) = (−u, v,w), where (u, v,w) ∈ S 2.

Suppose that x1, x2, . . . ∈ S 2 are such that {xk : k ≥ n} is dense in S 2 for each n ∈ N,
and let z∗ be a fixed point of λ.

Define Φk : Ak → Ak by

Φk( f ) = diag( f ;

(mk+1/mk)−2nk−1︷             ︸︸             ︷
f (z∗), . . . , f (z∗); f (x1), f (λ(x1)), . . . , f (xnk ), f (λ(xnk ))).

Set
A = lim

k→∞
(Ak,Φk).

Then A is a simple Goodearl algebra with RR(A) = 0 (see [11] or [24, Prop-
osition 3.1.8]). Moreover, it is routine to check that

(K0(A),K0(A)+, [1A]) = (K0(A),K0(A)+, [1A]).

By [8], we have A � A.
For k ∈ N, define ρk = λ∗ ⊗ idMmk

. Set u1 = idA1 and define

uk+1 = diag
{(mk+1/mk)−2nk︷  ︸︸  ︷

1, . . . , 1 ;

nk︷             ︸︸             ︷[
0 1
1 0

]
, . . . ,

[
0 1
1 0

]}
⊗ idMmk

for k ∈ N.

It is straightforward to check that Φk ◦ (ρk) = Aduk+1 ◦ (ρk+1) ◦ Φk and u2
k+1 = idAk+1

for k ∈ N. Set v1 = idA1 and define vk+1 = Φk(vk)uk+1 inductively. Then vk = v∗k and
v2

k = idAk for k = 1, 2, . . . . Define γk = Advk ◦ ρk, k ∈ N. One can easily construct the
following commutative diagram:

A1
Φ1

−−−−−→ A2
Φ2

−−−−−→ A3
Φ3

−−−−−→ · · · Ayγ1

yγ2

yγ3

A1
Φ1

−−−−−→ A2
Φ2

−−−−−→ A3
Φ3

−−−−−→ · · · A

Hence, the automorphisms γk define γ : A→ A, which is a symmetry with γ∗ = σ.
Let B = C∗(Z2, S 2, λ). Then, exactly as in the proof of [23, Proposition 4.6]:
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(a) K0(B) = K0(C) = Z[e] ⊕ Z[1 − e] � Z2, K0(B)+ = Z≥0 ⊕ Z≥0; and
(b) K1(B) � Z and Bk = C∗(Z2, Ak, βk) � Mnk ⊗ B,

where

C = { f ∈ C(L,M2) : f (x) is diagonal for x ∈ E}, e =

[
1 0
0 0

]
, 1 − e =

[
0 0
0 1

]
and

E = {(x0, x1, x2) ∈ S 2 : x0 = 0}, L = {(x0, x1, x2) ∈ S 2 : x0 ≥ 0}.

Let Φ̃k : Bk → Bk+1 be the map induced by Φk and γ̃k : Bk → Bk the map induced by
γk for k ∈ N. Then it is not hard to check that the induced map γ̃k∗ : K0(Bk) = Z ⊕ Z→
K0(Bk) = Z ⊕ Z is given by [

0 1
1 0

]
.

Notice that γ̃k+1 ◦ Φ̃k = Φ̃k ◦ γ̃k for k ∈ N; hence, Φ̃k∗ must have the form[
ak bk

bk ak

]
.

Then, following the discussion in the proof of [23, Proposition 4.2], it is not hard to
check that Φ̃k∗ : K0(Bk) = Z ⊕ Z→ K0(Bk+1) = Z ⊕ Z is given by

Φ̃k∗ =

[
(mk+1/mk) − 2nk 2nk

2nk (mk+1/mk) − 2nk

]
.

Exactly as in the proof of [23, Proposition 4.6], for each k ∈ N, Φ̃k is unitarily
equivalent to the direct sum of the identity map and a map which factors through a
finite-dimensional C∗-algebra. So, K1(Bk)→ K1(Bk+1) is an isomorphism for all k ∈ N
and it follows that K1(C∗(Z2, A, γ)) � Z.

Choose mk = 2(k+2)(k−1)/2 and nk = 2k − 1 and denote the corresponding action γ by
α1. Similarly, for mk = 2(k+2)(k−1)/2 and nk = 1, denote the corresponding action γ by
α2. Notice that we have finished the proof of (1) and (2).

We are now in a position to show that the action of Z2 generated by α1 has the
tracial Rokhlin property. To this end, we fix a finite set F ⊂ {a : a ∈ A, ‖a‖ ≤ 1} and
ε > 0. Then there exists a positive integer k such that F ⊂ε/2 Ak and

1
2k <

ε

100
.

Define

e = diag
{

0, 0;

2k−1︷             ︸︸             ︷[
1 0
0 0

]
, . . . ,

[
1 0
0 0

]}
⊗ idMmk

.

Then αk+1(e)e = 0 and e commutes with Φk(Ak). Moreover, for any tracial state τ on
Ak+1,

τ(1 − e − αk+1(e)) <
ε

2
.

By Lemma 1.1, α has the tracial Rokhlin property.
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Hence, by [22, Corollary 1.6 and Theorem 2.6], C∗(Z2, A, α) is a unital simple,
separable C∗-algebra with tracial rank zero. Since Ak is nuclear and Z2 is amenable
and compact, it follows from [27, Corollary 7.18] and [7, Proposition 6.1] that
C∗(Z2, Ak, αk) is nuclear and satisfies the universal coefficient theorem. Hence, by
[24, Proposition 2.4.7(ii)],

C∗(Z2, A, α) = lim
k→∞

(C∗(Z2, Ak, αk),Φk)

is also nuclear and satisfies the universal coefficient theorem. Therefore, by [18,
Theorems 6.4.11 and 4.7.5], C∗(Z2, A, α) is a unital simple AT-algebra. This finishes
the proof of (3).

Define pk = 1
2 (mk+1/mk) = 2k+1, qk = 1

2 ((mk+1/mk) − 4) for k ∈ N. Then

lim
n→∞

∞∏
k=3

pk

qk
≤ lim

n→∞

(
1 +

1
n

)n
<∞.

Hence, K0(B) = limk→∞(Z ⊕ Z, (Θk)∗) is a 2-symmetric group of type (4) in the sense
of [2, 7.7.4 (4)], K0(B) has two different states by [4, Corollary 3.4] and

|ext(T (C∗(Z2, A, β)))| ≥ 2.

In fact, by [20, Proposition 2.4], |ext(T (C∗(Z2, A, β)))| = 2. Recall that A has a unique
tracial state; hence, by [7, Proposition 5.7], β does not have the tracial Rokhlin
property.

Evidently, α2 is outer, that is, there is no unitary u ∈ A such that uau∗ = α2(a)
for all a ∈ A. Then, by [17, Theorem 3.1], C∗(Z2, A, α2) is simple. Note that by
[28, Theorem 1.6], the decomposition rank dr(B) of B is dr(B) = 2. Therefore, by
elementary properties of the decomposition rank (see [16]),

dr C∗(Z2, A, α2) ≤ lim inf
k→∞

(dr Bk) = dr B = 2.

Then it follows from [29, Theorem 5.1] that C∗(Z2, A, α2) is Jiang–Su stable.
Therefore, by [9, Theorem 5.9], C∗(Z2, A, α2) is classifiable (by means of the naive
Elliott invariant). Notice that T (C∗(Z2, A, α2)) and S (K0(C∗(Z2, A, α2))) both have two
extreme points; hence, by [26, Theorem 4.2], C∗(Z2, A, α2) is a unital simple AT-
algebra with two extreme tracial states.

It remains to prove (5). Since C∗(Z2, A, αi) is simple, by [25] or [22,
Proposition 4.7], Aαi is simple and isomorphic to a full hereditary subalgebra, and
is strongly Morita equivalent to C∗(Z2, A, αi) for i = 1, 2. Then K0(C∗(Z2, A, αi)) and
K0(Aαi ) are order isomorphic and, by [24, Proposition 3.2.5], Aαi is an AT-algebra. In
particular, tsr(Aαi ) = 1 for i = 1, 2. Notice that K0(C∗(C∗(Z2, A, αi))) is a 2-divisible
scaled ordered group. Hence, by the existence theorem [18, Theorem 3.4.6], there
exists an embedding hi : M2∞ → Aαi for i = 1, 2, where M2∞ is the CAR algebra. This
completes the proof. �
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Remark 2.2. Let α be any order 2 automorphism of A such that α∗ = σ. As in the
proof outlined in [2, 10.11.3], C∗(Z2, A, α) is not an AF algebra. Hence, by [22,
Theorem 2.2], α does not have the Rokhlin property.

Lastly, we suggest two avenues for further study.

Question 2.3. Is K0(C∗(Z2, A, α)) always torsion free, where α is any order 2
automorphism of A such that α∗ = σ?

Remark 2.4. According to the discussion in [2, 10.11.3], either K0(C∗(Z2, A, α)) has
torsion or K1(C∗(Z2, A, α)) , 0. Note that in Theorem 2.1, K0(C∗(Z2, A, αi)) is torsion
free for i = 1, 2.

As the tuple (A, σ) is fixed, the following conjecture about the range is more
ambitious.

Conjecture 2.5. For any simple dimension group G, there exists an order 2
automorphism α of A such that α∗ = σ. Moreover, K0(C∗(Z2, A, α)) = G and
K1(C∗(Z2, A, α)) = Z.

Remark 2.6. Results of this kind can be found in [5, Theorems 1.1 and 1.2] and [1,
Example 4.2]. For simplicity, perhaps, we should first consider the special case in
which G is a 2-symmetric group in the sense of [2, 7.7.4].
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