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1. Introduction

It is known that the theory of Cauchy’s problem for differential equations
with two independent variables is réducible to the corresponding problem
for systems of quasi-linear equations. The reduction is carried further, by
means of the theory of characteristics, to the case of systems of equations of
the special form first considered by H. Lewy [1]. The simplest case is that of
the pair of equations

0z, 02,
. an oz + a2 oz 0
) 0z, 0z,

azla—y + azzg‘——' 0,

where the a,; depend on 2, and z,. The problem to be considered is that of
finding functions z,(z, y), 2,(z, y) which satisfy (1) and which take pre-
scribed values on z + y = 0.

For brevity we shall say that a function f(a, , ¢, - - -} of the arguments
a,b,c ---is of class C'™[a, b, c, - - -], or simply of class C™, when all the
partial derivatives of f with respect to these variables of order < #» exist and
are continuous. If on the line # = 4, y = —2 the Cauchy data are C® (1], if
the coefficients a,, are C®[z,, z,], and if
@ Gy

4= #0,

a3 G
Lewy showed
(I) that there exists a solution-pair z,, z, of equations (1) of class CV[x, y]
defined near x = y = 0 and which takes the prescribed valuesonx + y = 0,
and for which the ‘“mixed” derivatives
@) 0%z, ' 0%z,
0x 0y Ox oy

exist and are continuous.
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12 W. B. Smith-White (2

(II) that the solution just described is unique.

Lewy’s method consists in replacing the differential equations by differ-
ence equations and then establishing the validity of a limiting process.
Other writers [2] have obtained the same results under the weaker hypoth-
esis that the Cauchy data are C'V[1] on the line x =4, y = —A.

But the result on uniqueness is conditional on the existence and continuity
of the derivatives (2). This involves a condition that is awkward to express
for the derived uniqueness theorems for more general equations. In fact
these theorems as stated in [2], [3] are not proven. To make this point clear
let us consider Monge’s equation

(3) Ar + 2Hs + Bt = C.

Here
0%z 0%z B 02z

=, s=——, t=—0.
Ox? * ox Oy oy?
We write also

. 0z

=

. oz
=%
In (3) the coefficients 4, H, - - - will depend on z, ¥, 2, $, ¢, and we suppose
them to be functions of class C?,
Five C functions x(4), y(4), z(), p(A), ¢(4) form a *strip” if
(4) dz = pdz + qdy

identically in 4. Cauchy’s problem for the equation (3) is to find a solution
z(z, y) of class C® which ‘“‘contains’ this strip. For equation (3), the strip is

P q

“regular”’ if

(5) Ady* — 2Hdxdy + Bdx? # 0,
and is “hyperbolic” if

(6) H* — AB > 0.

Setw = H + VH? — AB;we may suppose that the square root is chosen so
that % does not vanish on the strip. Then

(7) AB + w? = 2Hw
(8) (w* — AB)? = 4w?*(H® — AB) > 0.
Lewy’s characteristic equations belonging to the equation (3) may be written
down in the form
wx, — Ay, = 0, wyy, — Bxy =0,
C) Wp, + B — Cya =0, Apy + wgy; — Czp =0,
Z, — %y — @Y= = 0, zg — pTg —qyp =0
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(3] On the differential equations of H. Lewy 13
where the suffixes denote partial derivatives:

X
T, = a, etc.

This system of equations may be discussed in just the same.way as the pair
(1). Under the assumptions indicated the coefficients in (9) are C® [z, y, 2,
$, q]. It has been shown [2] that the system of equations (9) have a unique
solution z(«, f), - - -, g(«, B} of class CV'[«, B] which reduce to z(4), - - -, g(4)
on a« = 4, f = —A4, and for which all the derivatives

(10) Zopr* " s Qap
exist and are continuous. The uniqueness established depends upon this last
condition (10). If for instance the system (9) were satisfied by functions of
class CW[«, B8] which satisfy also the conditions on a« = 4, § = —A4, but for
which the derivatives (10) do not exist, then these functions would yield a
solution of the regular hyperbolic Cauchy problem different from the one
whose existence has been established. This possibility is not excluded by the
discussion of [1}, [2], [3]. Lewy recognises this effectively in a footnote to
his paper.

The proof of the statement just made may be had in a few lines. If
& == dz|dA, etc., we have

E=2, — % Y=Ya— Yp
On « + B = 0, using (9),

o y)
o(x, B)

0, —Bg + wy
wi — Ay, 0

(@? — AB) =

z, Y, |{w —B
g Yp| | —4 w
= w(Ay® — 2Hay + Ba?).

Hence by (8), (5)
o(x,y) Ay®— 2Hzy + Bz?
3 B)  2+/(H*— AB)
This implies also y, % 0. We may therefore express z, p, ¢ as functions of
z, y of class CY. Then
dz = 2,do + 24dP = (P2, + qy.)dx + (P25 + qYs)df = pdx + qdy.
So p = 0z/0x, ¢ = 0z/dy and zis of class C® [z, y]. Finally, from equation (9),
0 = w?p, + wBq, — wCy,
= wi(rz, + sy,) + wB(sz, + ty,) — wCy,
= Awy,r + (w® 4+ AB)y,s + Bwy,t — Cwy,
= wy,[Ar + 2Hs 4+ Bt — C].

Since wy, % 0, so equation (3) is satisfied.
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It will be seen that, contrary to the statements of the text books, we
cannot infer on the basis of anything yet proved, the uniqueness of the solu-
tion of Cauchy’s problem for functions z(z, y) of class C® simply. To obtain
any statement of uniqueness for equation (3) we would need to admit only
those solutions of class C® such that, when z, y, 2, $, ¢ are expressed by
means of the characteristic parameters «, §, all the mixed derivatives (10)
exist and are continuous. Thisis the awkward and unsatisfactory result for
Monge’s equation which I referred to at the beginning. It wil be clear also
that what we need is an unconditional uniqueness theorem; in the case of
the pair of equations (1) we need a proof of uniqueness which is independent
of the existence or otherwise of the derivatives (2). Such a proof will now
be given.

2. The Uniqueness Theorem

Suppose z,, z, and Z,, Z, are two solution-pairs of (1) of class CV[z, y] and
that on z + y = 0,

2y =17, 2y = Z,.
Write 4,; = a;(%,, Z,). Set u, = 2, — %;, w, = z; — Zy s0 that u,, u, both
vanish on # 4+ y = 0. Now we find

0 oz _ 0z 0 _ 0z
9z (@11%,) = “ua—xl - “na_l + “15; (@11) + (@11 — ayy) 3_2:1 ,

0 oz oz 0z
P (@12%p) = ayy—— P 2 — dyp—— o 2 + uy 5‘ (a12) + (@12 — a12) 3::
Adding, and using equations (1),
0 bij 0 . 0z
P (@11 %, + ajau,) = “1% (11) + “25‘ (a12) + (@y — ay1) 5;:
0%,
+ (A1 — ayp) - %

Now apply the mean value theorem to the differencesd;; — ay;, d;5 — 44,.
Then we can find a constant K, > 0 such that nearz =0,y =0

0
%2 (ar3%y + aya%y) | < K (|2y] + |u]).

In just the same way,

0

3_y (a1 %y + agot4p) | S K, (tq] + |145]).

Again, if

U = Gy %y + By U, V=3 Ay Uy + By Uy
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we find, for a suitable constant K,,

= Ky(lul + [0])

1
[#y] = ‘Z (@221 — ay5v)
(11)

= Ko(jul + |v])

1
oo = 'Z (a0 — anu)
Hence if K = 2K,K,,
12
(12) P

From these inequalities (12) and the fact that « =0, v =0onx 4y =0
it follows that %, v vanish identically. For, choose a constant G such that

v < G, lv] = G.
Considering the part of the plane z + y > 0, set

0
2 < K(jul + o)), la—”| < K(lu| + [v])-
Yy

G
fa = 5 (2K) @ +y)"

so that
o, o,
= 2K
ox 8y bna-
By induction we find, in (z 4+ y) > 0,
(13) ] = Car I =4,
This is true already for n = 0; if we suppose it holds for (# — 1) then
x a x
| = f a9 gf 2Ke, , dx
-V 3 -y
=,
— d —
—y a.’z: * C

and similarly |v| < ¢,.

Since {, >0 asn—> 0, so weinfer u =0, v=0,inz+y >0 Itis
obvious that the result holds also for z 4+ y < 0.

Now from (11), %, , u, vanish identically, so that z;, = Z,, z, = %,, and any
CW solution of the Cauchy problem for (1) is unique. Of course, it now fol-
lows from the existence theorem itself, that a C(® solution necessarily admits
the continuous derivatives (2).

It will be clear that the discussion above extends so as to obtain similar
results for a system of N = m 4+ n equations of the form

a 1=1,2+- m.
ng "32:
za t=m -+ 1, N

a oy 8y
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