Can. ]. Math., Vol. XXIV, No. 2, 1972, pp. 338-348

LOCAL TOPOLOGICAL PROPERTIES
AND ONE POINT EXTENSIONS

JOHN MACK, MARLON RAYBURN, AND GRANT WOODS

Introduction. In 1957, Mrowka [12] showed that a locally paracompact
space admits a one point paracompactification (see also [2, Chapter 9, § 4,
Exercise 27]). Similarly, in [9] Isiwata obtained a one point realcompactifica-
tion for locally realcompact spaces. Recently a number of authors (see [11,
16; 17; 18; 21]) have constructed one point P-extensions of local P-spaces for
a variety of topological properties P. It is the purpose of this paper to draw
together the various techniques used by the above mentioned authors and to
study the set (lattice) of all one point P-extensions of a particular space.

1. Axioms and basic definitions. Throughout this paper, space will mean
completely regular Hausdorft space. A topological property is a class P of spaces
such that if X € P and Y is homeomorphic to X, then ¥V € P. An element of
the class P will be called a P-space and a subspace of a P-space will be called
P-regular. (Note that if P is the class of compact spaces then P-regularity is
equivalent complete regularity.) In this note we shall restrict our attention to
topological properties P which satisfy the following Axioms.

A; (closed-hereditary): Each closed subspace of a P-space belongs to P.

A, (compact-productive): Any product of compact P-spaces belongs to P.

Aj; (compactification): Each P-space is a subspace of a compact P-space.

A,: The product of a P-space and a compact P-space belongs to P.

A; (Mrowka’s condition (W); see [12]): If X is a space in which there is
a point x, and a neighborhood base & at x, such that X\B € P for all B in &,
then X belongs to P.

Ag: If V4, YV, are closed Gs-subspaces of a compact P-space 7" and X is any
subspace of 7' for which X U ¥V, € P,i =1,2,thenX U [V, N V,] € P.

Remark. Axioms A;, As, and Aj; insure the existence of a maximal com-
pactification in the class P for each P-regular space (see 2.1 below) while
A;, A;, and Ag imply the existence of one point P-extensions (see 3.1 below)
and A, enables us to characterize the one point P-extensions in terms of
subspaces of the maximal compact P-extension.

1.1 LEMMA. If P is a topological property which satisfies the above axioms,
then P 1s productive if and only if P is closed with respect to arbitrary intersection.
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Proof. The necessity follows from [7, Lemma 7.3, p. 242]. We shall prove
that the condition is also sufficient. If {X,} is a family of P-spaces indexed by
a set T, then by axiom A; there is a family {K,} of compact P-spaces indexed
by the same set T' such that X, C K,. Let Y, be the product of X, with all
Kg, B # a. Then A, and A, insure that each Y, € P. Since the intersection of
the Y, is homeomorphic with the product of the spaces X, the proof is complete.

1.2 LeMMA. If Py and P, are two topological properties satisfying axioms A,
through As, then Py (M P, satisfies, with the possible exception of As, these same
axioms.

2. Extensions of P-regular spaces. An extension of a space X isa space T°
which contains X as a dense subspace. An extension 7" of X is a P-extension
of X if T € P. In this section we shall show that there is a canonical P-
extension of each P-regular space X. Moreover, this extension is closely
related to the P-reflection of X whenever the latter exists.

2.1 THEOREM. If X is a P-regular space, then there is a compactification
BpX of X belonging to P for which any continuous map f from X to a compact
P-space Y has an extension to a continuous map f from BpX to Y. Moreover, X
1s uniquely determined by this property.

Proof. See [7, § 3, p. 234 and Satz 4.3, p. 237].

If all compact spaces have property P, then the space 8,X in Theorem 2.1
is the Stone-Cech compactification of X. In any case 8pX is the PN K-
reflection of X [8] (here K denotes the compactness property).

A perfect map is a continuous closed map for which the pre-images of single-
tons are compact.

2.2 THEOREM. If f is a perfect map from a P-regular space X to any space
Y and T is a P-subspace of Y, then f~1(T) is a P-space.

Proof. Let S = f~(T"). By 2.1, there is a continuous map g from 8pS to
BrT which extends the restriction of f to.S. Since f is perfect, its restriction to
S is perfect; whence it follows that g~1(7") = S (see [5, Lemma 1.5, p. 87]).
By [7, Lemma 7.8, p. 243], g~1(7") is homeomorphic to a closed subspace of
BpS X T. It now follows from axioms A; and A, that S = f~1(7") is a P-space.

Recall that a set is regular closed (regular open) if it is the closure of an
open set (respectively, it is the interior of a closed set).

2.3 THEOREM. (a) If X is a P-space and K 1is a compact subspace of X, then
the quotient space of X obtained by identifying the points of K is a P-space.

(b) For P-regular spaces X, axiom Aj; remains valid when the point xy is
replaced by a compact subspace K of X.

(c) If X \U K 1is a P-regular space for which X € P and K 1is compact, then
XUKEP.
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Proof. (a) Let ¥V be the quotient space, f: X — ¥ be the projection map,
and vy, be the image of K under f. If & is the set of all regular open sets in ¥’
containing ¥, then f~[Y\B] is a regular closed subset of X ; whence it belongs
to P. Since f restricted to X\K is a homeomorphism, Y\B € P. Thus axiom
Aj; insures that ¥ € P.

(b) Let X be a P-regular space with a compact subspace K and base &%
for the neighborhoods of K such that X\B € P for all B € Z. Let V be
quotient space of X obtained by identifying the points of K. As in (a) it
follows that ¥ € P. Finally, since the quotient map is perfect, Theorem 2.2
implies that X ¢ P.

(c) This statement is an immediate corollary of (b).

Observe that up to this point we have not used axiom Ag. Thus we may use
any of the previously derived results in proving that a particular topological
property satisfies Ag. In the following lemma we shall give a condition which
in the presence of the other axioms implies As.

2.4 LEMMA. If P s a topological property which satisfies axioms A, through
As and s such that the union of two regular closed P-subspaces of a P-regular
space belongs to P, then P satisfies axiom As.

Proof. Let T be a compact P-space, ¥, and Y, be closed Gs-subspaces of 7',
and X any subspace of 7 such that X U V,; € P for ¢ = 1, 2. According to
2.3 (b) above, it is enough to show that there is a base & for the neighborhoods
of Y1 M Y, such that complement of B belongs to P for each B € %. Since
Y1, Vs, are closed Gs-sets in T, there are continuous functions f; from 7" to
[0,1] such that YV, = Z(f,)(=f/1(0) by definition) for ¢z = 1,2. Then
Z(fi+f) = YiNY, and {x: (fi + f2)(x) < 1/n} is a neighborhood for
V1M Y, Now let Z be the set of all regular open subsets B of X \U (V; N V)
such that B D Y3 M Yyand X\B € P. Nowset A; = clyyy; {x:x € X U T,
fi(x) > 1/3n}. Then A, is a regular closed subspace of the P-space VU ¥,
which is contained in X. The hypotheses thus imply that 4,\U 4, € P.
The complement of 4; \U 4, is a neighborhood of ¥; M ¥, which is contained
in {x: (fi + f2) () < 1/n}. Thus & is a base with the required properties.

We shall define two canonical extensions of P-regular spaces. One of them
will always be a P-space; the other is the largest space to which every conti-
nuous map to a P-space can be extended.

2.5 Definition. For a P-regular space X, define

Y X =N{T:XCTCBX,T € P}
and define

yxX = N{T: X CT CBX, T € P, cl(T\X) is compact}.

Remark. Clearly, X CyX CyxgX CBpX and X =4X =X if X € P.
Also, if yX € P (in particular, if P is productive), thenyX is the P-reflection
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of X [8]. For this reason we shall call yX the approximate P-reflection of X.
This terminology is further justified by the following theorem.

2.6 THEOREM. Every comntinucus function from the P-regular space X to a
P-space Y is continuously extendable toyX. Moreover, vX is the largest P-regular
space with this mapping extension property. Specifically, if S is a P-regular
space containing X as a dense subspace such that every continuous map from X
to a P-space Y has an extension to a continuous map from S to Y, then there is a
continuous homeomorphism h from S into vX leaving X pointwise fixed.

Proof. If f:X — Y is continuous where Y is a P-space, then by 2.1, there is
a continuous extension f: 8pX — BpY. By 2.2, T = f~1(Y) is a P-space.
Since X C T C BpX, it follows that 7" D yX. Thus the restriction of f to
vX is the desired extension. Next, let S be as in the statement of the theorem.
Let &: S — BpX be the continuous extension of the inclusion of X in 38X and
let g: 3pX — BpS be the continuous extension of the inclusion of X in §pS.
Now g o % is the identity since its restriction to X is the identity. Similarly,
h o g; is the identity on % (X) where g; is the restriction of g to 2(X). Thus %
is a homeomorphism from S onto %(S). Now if 7€ P and X C T C 8,X,
then 2 may be thought of as a map from .S into T"; whence A(S) C vX.

Remark. In general, vX fails to be a P-space. If P is the class of paracompact
spaces, then yX is the Dieudonné completion of X which, in general, is not
normal, let alone paracompact. To make up for this deficiency of vX, we have
introduced the space yxX. Fortuitously, it is true that yxX € P as the next
theorem shows.

2.7 THEOREM. The space yxgX belongs to P for every P-regular space X.

Proof. Let K be the intersection of all compact Gs-sets H in BpX such
that X \U H € P. First we show that yxX = X U K. It is immediate that
vxX C X U H for any of the above sets H. Thus yxX C X U K. Now let
p € BpX,p € vxX.Then thereexists 7' € PwithX C T C pX and cl(7\X)
compact such that p ¢ 7. By the complete regularity of §X, there is a
compact Gs-set H D I\X such that p ¢ X U H. Since X\UH =T UH,
this spaceisin P by (c) of 2.3 above. Thusp ¢ X \U K;whence yxX = X U K.
We shall now use 2.3 (b) to show that yxX € P. Let G be a regular open
neighborhood of K in 8pX. Then by the definition of K and the compactness of
the sets H, there are compact Gs-sets Hy, Hy ... H, such that X U H, € P
fort=1,2,...,n and N1 H; C G. By axiom Ag, X U (Ni=1 H;) € P.
Thus X\G € P by A;. Thus if & is taken to be the set of all regular open
neighborhoods of K in yxX, then & has all the required properties for (b) of
2.3. ThusygX € P.

2.8 THEOREM. IfvX belongs to P, thenyxX = X \U clgpx 0 X\X). In particular,
this will be the case when P 1s a productive property.
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Proof. By 2.7, there is a compact set K such that X U K = yX. Whence
YX\X CK and X Ucd@rX\X) CygX. I vX € P, then by 2.3 (c),
X U cl(yX\X) does also. Finally, 2.5 implies that X U cl X\ X) D vxX.

Remark. In the proof of 2.7, note that for finitely productive properties P,
axiom Ag is redundant. Thus Theorem 2.7 is valid for finitely productive
properties that satisfy axioms A; through A;.

Also, we observe that except for Theorem 2.2, axiom A; is used only to
show that compact subspaces and regular closed subspaces of P-spaces belong
to P. Thus if P is a compact hereditary and regular closed hereditary property
for which 2.3 (b) and axiom A, through A hold, then the conclusion of the
theorems in this section, with the exception of 2.2, remain valid. In particular
this is true for the class of pseudocompact spaces even though closed subspaces
of pseudocompact spaces may fail to be pseudocompact (see [4, 8.20]).

3. Specific topological properties. In this section we give some examples of
topological properties which satisfy the axioms A; through As. The list of
topological properties given in Theorem 3.1 is not exhaustive but it is repre-
sentative of the types of properties which satisfy our axioms.

3.1 THEOREM. If P is the class of all completely regular Hausdorff spaces
which are (a) compact, (b) Lindeldf, (c) paracompact, (d) countably compact,
(e) countably paracompact, (f) realcompact (more gemerally, k-compact in the
sense of Herrlich [6]), (g) topologically complete in the sense of Dieudonné [20],
(h) N-compact [15], (i) m-bounded (22], or (j) zero-dimensional, then P satisfies
axtoms Ay, 1 =1 = 6. Moreover, the intersection of any number of the above
classes satisfies these same axioms.

Proof. Since this theorem represents little more than an amalgamation of
known facts, we shall give proofs or references for only the less well known
results. For the sake of brevity we shall use x; to denote the statement that
property (x) satisfies axiom A; (e.g., j» denotes the statement: The class of
compact zero-dimensional spaces is productive). Statements b; and ¢; are proved
in [12]; ds, es, k5, and g5 are in [16]; while f5, g5, fs, and g are proved in Lemmas
3.2, 3.4 and 3.5 below. The statements f;, 1 < ¢ =< 4 are either in Chapter 8 of
[4] or in § 3 of [6]. The productive and closed hereditary axioms for topological
completeness appear on p. 232 of {7] (see Remark following 3.4 below). For
facts concerning m-bounded spaces see [22]. Finally, it is a simple matter to
check that A; holds for the intersection of any of the above classes. Thus the
final statement of the theorem follows immediately from Lemma 1.2.

Remark. There are a number of topological properties which fail to satisfy
some of the axioms A; through As but which none-the-less lend themselves
to one point extensions for spaces which satisfy the property locally. Examples
of such properties are normality [12], s-compactness, H-closedness [17], and
pseudo NX-compactness [21; 16]. Note that according to the remark at the
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end of § 2, pseudo-R-compactness can be brought into the purview of this
study if axiom A; is weakened slightly.

3.2 LEMMA. If X is a completely regular space and K is a compact subspace for
which any closed subspace of X disjoint from K is k-compact (in the sense of
Herrlich [6]), then X is k-compact.

Proof. Let % be a free z-ultrafilter on X. Then there exists Z; € % which
is disjoint from K. Next, let /' be a closed set disjoint from K such that X\ F
is completely separated from Z;. It is easy to verify for any zero set W in F
that WM Z; is a zero-set in X (cf. [4, 3C]). Define ¥~ = {V: V € Z(F),
V D Z for some Z € %}. Since % is free, ¥  is a free g-filter on F. Now if
W€ Z(F)isnotin ¥, then WM Zis a zero-set in X which is not in %. Thus
there is a Zy € % for which WM Z, M Z, is empty. Since Z; N\ Z, € ¥,
it follows that ¥ is a z-ultrafilter on F. By hypothesis F isa k-compact space;
hence there exists a family {V,} C ¥~ with cardinal £ £ such that N V, is
empty. Since {V, N Z1} C %, the latter z-ultrafilter fails to have the k-inter-
section property. Thus X is k-compact.

In order to show that topological completeness satisfies As, we will need
the following characterization of completeness [20, p. 172].

3.3 (Tamano). 4 completely regular space X is topologically complete if and
only if for each p € BX\X, there is a locally finite partition of unity {f.} on X for
which the extensions f.f vanish at p.

3.4 LeMmMA. If X is completely regular and K is a compact subspace for which
any closed subspace disjoint from K 1is topologically completely, then X 1is topo-
logically complete.

Proof. We show that X satisfies the condition in 3.3. Let p € X\X and
h € C(X), h 20, be such that k(p) = 2 while £(K) = {0}. Define F =
{x: x € X, h(x) = 1}. By the hypothesis, F is topologically complete. Let
¢: BF — clgx F be the continuous map that leaves F point-wise fixed. Then
select ¢ € ¢~ (p). By 3.3 there is a locally finite partition of unity {k.} for F
such that 4. vanishes at £. Define g = (b — 1)* A 1, and fo(x) = g(x)ha(x)
forx € Fand f,(x) = 0 for x in X\ F. Clearly, f, is continuous. Since f,| F < &,
we have f,f o ¢ = h.f. Thus f.f vanishes at p. Finally, since g(p) = 1, it
follows that {1 — g[X} U {f.} is the desired partition of unity.

Remark. In the notation of Herrlich [7], Engelking and Mrowka [3], the
topologically complete spaces are precisely the & -compact spaces where & is
the class of metric spaces. Thus by using the concept of P-embedding due to
Arens [1] and Shapiro [19] (which is equivalent to Herrlich’s & -embedding),
one can generalize 3.4 to an exact analogue of [15, 3.1].

3.5 LEMMA. For a completely regular space X, let vX denote the Hewitt real-
compactification and 86X the Dieudonné completion of X. Then any realcompact
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cozero-subspace of X s a cozero-set in vX and any topologically complete cozero-
subspace of X is a cozero-set in 6X.

Proof. Let V be a realcompact, cozero-subspace of X. Then VU clgg (X\V)
is realcompact (3.2 above, or [4, Chapter 8]). Thus vX C V U clgx (X\V)
since vX is the smallest realcompact subspace of 3X which contains X. Whence
vX = VU cl,x(X\V). By [4, 8.8(b)], cl.x (X\V) is a zero-set in vX. Thus
V = vX\cl,x(X\V) is a cozero-set in ,X. In view of 3.4, the fact 6X C vX
implies that the above argument also applies to topologically complete
cozero-sets.

3.6 THEOREM. In any completely regular space X, a countable union Y of
realcompact (topologically complete) cozero-subspaces 1is realcompact (topo-
logically complete, respectively).

Proof. Since countable unions of cozero-subspaces are cozero, 3.5 implies
Y is a cozero-set in vX (86X, respectively). Since the topological properties
considered are productive and enjoyed by every subspace of R, ¥ is an inverse
image of a realcompact (topologically complete) space. The theorem now
follows from [7, Lemma 7.8]. (Here, R stands for the real numbers.)

Remark. Theorem 3.6 should be contrasted with the example in [15] of a
non-realcompact space X which is the union of two closed realcompact sub-
spaces.

4. The lattice of one point extensions. In this section we shall character-
ize those P-regular spaces which admit a one point P-extension and then study
the lattice of such extensions.

An extension 1'is a one point extension if T\X consists of at most one point.
A local P-space is a space such that every point has a neighborhood which is a
P-space with respect to the relative topology.

4.1 THEOREM. For any P-regular space X, the following are equivalent:

(a) X s locally P.

(b) X s open in vgX.

(¢) X has a one point P-extension.

(d) X is a dense subspace of a P-space T for which T\X s compact.

(e) X s an open subspace of some P-space.

Moreover, if vX belongs to P, then each of the above statements is equivalent
to X being open invX.

Proof. If X is a P-space, then these condition are equivalent in a trivial way.
Assume in the remainder of this proof that X is not a P-space.

(a) implies (b). For x in X, let ¥ be a P-space neighborhood of x. Since
B,X is compact and Hausdorff, there is a compact set H in 8pX such thatx ¢ H
while X\YV C H. By 2.3 (c) and 2.5, X \UH = VU H is a P-space that
contains ygX. Thus X\H is an open neighborhood of x in the space yxX.
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(b) implies (c). By 2.7, we have yxX = X U K for some compact set K.
The hypothesis (b) allows us to assume that K is disjoint from X.
Let *X = X U {w} where w is a point not in X. Define f:yxX — *X to be
the identity on X and f(K) = {w}. When *X is assigned the quotient topology
with respect to this map, it becomes a completely regular Hausdorff space.
It is a simple matter to check that the set of all open neighborhoods of w in *X
satisfies the requirements for & in axiom A;. Thus *X is a P-space.

It is clear that (c) implies (d) and (d) implies (e). Finally it is easy to see,
using regularity and axiom A;, that (e) implies (a). With regard to the final
statement, note that (b) implies X is open in yX while if X is open inyX and
vX € P then (e) holds.

In the remaining part of this section we shall assume that X is a P-regular,
local P-space that is not in P and let *X denote the one point P-extension of
X constructed in the proof of Theorem 4.1.

For a pair T1, T of one point P-extensions of X, define 77 = T, to mean
there is a continuous map % from 7', to 7'y which leaves X point-wise fixed.
Note that this order is analogous to the usual order on the set of compactifica-
tions of a space [10]. We shall say that two one point P-extensions are identical
if they are homeomorphic with respect a map that leaves X point-wise fixed.
With this agreement, the relation defined above becomes a partial order on the
set of all one point P-extensions of X.

An anti-lattice isomorphism between two partially ordered sets is an order
reversing bijection ¢ such that

¢(@ AD) = (¢a) V (¢D)

and

¢(aVbd)=(pa) A ($D)
whenever ¢ V b and a A b exist.

4.2 THEOREM. The partially ordered set of all one point P-extensions of X is
anti-lattice isomorphic to the inclusion ordered collection of all compact subsets of
BrX\X which contain vxgX\X.

Proof. For a point P-extension T of X, define ¢7 = f~1(T\X) where f is
a continuous map from BpX to a P-space compactification a7 of 7" which leaves
X point-wise fixed. Since the restriction of f to f~1(T") is a perfect map, f~(7\X)
is independent of the compactification a7 (see [5, p. 87]). Thus ¢ is a well
defined map. This map is injective since the topology on T" is the quotient
topology determined by the restriction of f to f~1(7"). Since f is a perfect map
and 7\X is a single point, ¢7 is a compact subset of 8pX which is disjoint
from X. It follows from Theorem 2.2 that f~'(7") is a P-space; whence
vxX C f~1(T) and finally ¢7" D vxX\X. To see that ¢ is surjective let K be
a compact set in 8,X\X which contains yxX\X. Then X U K = yxX UK
is a P-space by Theorem 2.3 (c). Let ' = X U {w} be the quotient space of
X U K obtained by collapsing K to a single point and leaving X unchanged.
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Then by 2.3 (a), T is a one point P-extension of X. Since the quotient map
from X U K to T is a perfect map it follows, as noted above, from [5] that
¢T = K. It remains to show that ¢ and ¢! are order reversing maps. Let 7
and 7 be one point P-extensions of X with 71 < T, and let h: 8p7s — 851
be the continuous map (the existence of which is insured by 2.1) which extends
the continuous map from 7', to Ty leaving X pointwise fixed. Next, let f;: 8,X —
BT ; be the extension of the inclusion map of X in T'; for 7 = 1, 2. Then

f1=hofs. Now T1 £ T, implies that 2~1(7T1\X) DO T.\X. Thus
Ty = fo ' (T\X) C fo'(mY(T\X)) = ¢T1.

Conversely, if $7'1 D ¢T, then it is clear that h: Ty — Ty, defined by & (x) = «
for x € Xand k(T:\X) = T:\X, is continuous.

Remark. IfyX € P, then any compact set which contains yX\X also contains
vxX\X. Thus, in this case, yxX may be replaced by yX in the statement of
Theorem 4.2.

4.3 COROLLARY. The partially ordered set of all one point P-extensions of a
P-regular, local P-space X is a V -complete lattice for which *X is the maximal
element. Moreover, this lattice has a smallest element (and thus is complete) if and
only if X s locally compact; this smallest element (if it exists) is the one point
compactification X* of X.

Proof. The first sentence follows immediately from 4.2. If T is the smallest
one point P-extension, then ¢ 7" must be a compact set in 8,X\X which contains
every compact subset of 8,X\X. This is possible only when 8,X\X is compact;
that is when X is locally compact. Conversely, if X is locally compact, then
BrpX\X is compact; whence by 2.3 (a), X* is a one point P-extension.

4.4 Remark. The lattice of all one point P-extensions of X can be thought of
as a family of topologies on a single set X,, = X U {w}. For one point P-
extensions T'; = {X,, .7 ;} where S ,; is the topology for T, then T < T if
and only if fl C_é/-Q

We now study more closely the topology on the maximal P-extension *X.
For this purpose we define the concept of P-separated [7]. Two sets 4, Bin X
are P-separated if there exists a P-space ¥ and a continuous map f from
X to Y such that f(4) and f(B) have disjoint closures in Y.

4.5 THEOREM. Let A be a subset of X. The following are equivalent:

(@) A4 s closed in vrX.

(b) A is closed in *X.

(c) A s closed in X and is P M K-separated from v X\X in yxX (here,
P M K denotes the class of compact P-spaces).

Proof. (a) and (b) are equivalent since the quotient map defining the
topology on *X is a closed map.
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(a) implies (c). By hypothesis, 4 and yxX\X have disjoint closures in the
compact P-space 8pX. Thus the inclusion of yxX into 8pX is the map that
shows 4 and B are P M K-separated.

(c) implies (a). Let Y be a compact P-space and f: yxX — ¥ be such that 4
and f(yxX\X) have disjoint closures. Then f~1 clyf(4) is closed in yxX and
contained in X. Thus 4 is closed in y£X.

5. Examples. In this section we illustrate some of the possible relationships
that exist among the one point compactification X*, the maximal one point
P-extension *X, and other one point P-extensions. In order to be specific, we
shall let P be the class of Lindeléf spaces. Then 85X is the Stone-Cech com-
pactification of X and yX is the Hewitt realcompactification v.X.

5.1 Example. Let n and m be positive integers and let ¥ be a non-compact,
Lindelsf space. As usual, W will denote the space of all ordinals less than the
first uncountable ordinal ;. Define X to be the free union of # copies of W
and m copies of Y. Now W = W* = WU {w;} (see [4, 5.13]); thus vX is
the free union of # copies of W* and m copies of ¥, and [yX\X| = #; whence
vxX = vX. Obviously X is open in yX, and so *X exists; if # > 1 then
vX #= *X. If V is not locally compact then neither is X and so X* will not
exist (as a Hausdorff space). Thus the existence of *X does not imply the
existence of X* (although the existence of X*, for non-Lindel6f X, implies
the existence of *X). As Y is not compact, neither is *X. Hence if ¥ is locally
compact, then X* exists but is distinct from *X. In this case, if m = 2 there
are one-point Lindeldf extensions of X that lie strictly between *X and X*;
for, choose k copies of ¥V (where 1 = & < m), take the one-point compactifica-
tion 7" of the free union of the # copies of W and & copies of ¥, and then form
the free union S of 7" and the remaining m —k copies of V. [t is evident that .S is
a one-point Lindelof extension of X distinct from both *X and X*. Variations
on this general theme lead to examples of spaces X for which [yX\X| = R,
*X exists, and X* may or may not exist.

5.2 Example. We now construct a locally compact space X for which yX
is Lindelof but yX £ yxX. Let W be as in 5.1, and let N denote the positive
integers with the discrete topology. Define an equivalence relation on ¥V =
W* X W* X N as follows: (a, w1, #) ~ (o, w1, 2+ 1) if « € W* and # is
even, and (w1, 8, #) ~ (w1, 8,7 + 1) if 8 € W* and # is odd. All other points
are equivalent only to themselves. Let S be the space of equivalence classes
endowed with the quotient topology. The quotient map f from ¥ onto S is
closed, and Y is a normal, T;-space; hence .S is a normal Ti-space and is thus
a completely regular Hausdorff space. Note thatin ¥, (w1, w1, m) ~ (w1, w1, 7)
for all m, n € N; let s* be the equivalence class containing these points, and
set 7" = S\f[s*]. Then T is open in S, so f|V\s* is a perfect map from the
locally compact space Y\s* onto 7" (s* is the only non-compact equivalence
class). Hence T is locally compact and C-embedded in S; now S is ¢-compact
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and hence Lindeléf; so S = yT = *T. Now put X = T X N; then X is locally
compact, and yX =.5 X N is o-compact, and hence Lindeléf. Evidently
vX\X is a countably infinite, closed, C-embedded subspace of vX, and so
cloxy W X\X) = vxX\X is homeomorphic to BN. Also, vX, vxX and *X are all

-

compact but not locally compact.
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