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RIGHT CYCLICALLY ORDERED GROUPS®

BY
B. C. OLTIKAR

This paper presents a study of right cyclically ordered groups (RCO-groups)
and their relation to right ordered groups (RO-groups). Cyclically ordered
groups (CO-groups) and their connection with ordered groups (O-groups) have
been studied by Rieger in [7] and by Swierczkowski in [8]. While some of the
properties of RCO-groups are analogous to the corresponding ones for CO-
groups, there are interesting exceptions. One of these is the existence of
torsion-free RCO-groups that cannot be right ordered. Every torsion-free
CO-groups is ordered—this follows form Theorem 21 of [3] using the fact that
if Ge0, then G/Z(G)e0. On the other extreme we show that every RCO-
group can be obtained from some RO-group by the same construction that
yields CO-groups from O-groups.

Recall that a group G is said to be cyclically ordered if for some triplets a, b,
¢ of distinct elements of G a ternery relation (a, b, ¢) is defined satisfying the
following properties:

1. Exactly one of (a, b, ¢) and (a, ¢, b) holds
IL. (a,b,c)=> (b, ¢, a)
IML. (a, b, c) and (a,c,d)=>(a, b, d)
IV. (a, b, c)=> (ax, bx, cx) for all xe G
V. (a, b, ¢) > (ya, yb, yc¢) for all ye G.

The class RCO is obtained by deleting condition V from the above list. Note
that every RO-group is also an RCO-group under the relations (a, b, ¢) holds if
and only if either a<b<c¢ or b<c<a or c<a<b (cf. [9]). An alternative
way to define an RCO-group G is to view it as relation preserving permutation
group of some cyclically ordered set A. From this we can conclude that the
class of left cyclically ordered groups (obtained by deleting condition IV from
the above list) is the same as the class RCO.

A subgroup C of an O-group or an RO-group is called convex if for any
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x€G, ceC, e<x<c>xeC. If XcG, then write {X}; to denote the
intersection of all convex subgroups of G containing the subgroup (X). We call
{X}s the convex subgroup generated by X. Notice that if (X)< Z(G), then for
any c e{X}g, there exists g;, g, € (X) such that g, <c <g,. The following main
result on the structure of RCO-groups is due to S. D. Zeleva [9].

THEOREM A. If G € RO with an element z € Z(G), z > e, such that {z}s = G,
then G = G/(z) can be right cyclically ordered by the rule: (a, b, ¢) holds if and
only if o <v <¥c 0F Vo < Yo <Yq OF Ve < Yo <7s; Where v,, vy, V. are the unique
coset representatives of @,b,¢ satisfying e<<., Y, Y. <2z. Conversely, every
RCO-group K can be obtained from a suitable RO-group G using the above
construction.

The following result generalizes Zeleva’s Theorem 1 in [9].
THEOREM B. Any periodic RCO-group is abelian, and hence locally cyclic.

Observe that the infinite dihedral group can be right cyclically ordered (see
also Zeleva [9]). For we can right order the group

G=(a,b;b 'ab=a™")

by taking P ={a*b®; 8>0, or 8 =0 and a >0} to be the positive cone. Under
this order {b’}; =G and of course b’e Z(G) so that G/(b*)e RCO. Zeleva
uses this example to show that the periodic elements of RCO group need not
form a subgroup. The following result gives a necessary and sufficient condition
for periodic elements of RCO group to form a subgroup.

THEOREM C. Let G € RO, z € Z(G) and {z}s = G. Then the periodic elements
of G/{z) form a subgroup if and only if the isolator J of {z) in G lies in Z(G).

Recall that a subgroup H of G is called isolated if g" € H implies g€ H for
all ge G, n>0. The isolator in G of a subgroup K is the intersection of all
isolated subgroups of G containing K.

THEOREM D. There exist torsion-free (metabelian and polycyclic) RCO-groups
that are not RO-groups.

The following result and its proof are due to Prof. A. H. Rhemtulla. The
author wishes to thank him for his permission to include it in this paper.

THeoreM E. There exist torsion-free groups that are not RCO-groups.

It would be interesting to know if one could use the concept of right cyclical
order to find out if the integral group rings of torsion-free RCO-groups have
no zero divisors.

Proof of Theorem B. Let K be a periodic RCO-group. Then K is order
isomorphic to G/{z) for some RO-group G with ze€ Z(G), z>¢ and {z};5 =G.
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We write (z™, a), me Z, a€K, to denote the elements of G, in keeping with
the notation established in the proof of Theorem 3, Zeleva [9]. Let (z™, a),
(z", b) be any two positive elements in G, and suppose that (z™, a)<(z", b) so
that 0<m<n. If m#0, then (z™, a)"**>(z", b). If m =0, then for some
integer r<|al, (e,a)"=(z,a") and hence (e,a)’ ™"V >(z",b). Thus G is an
archemedian RO-group and hence (Theorem 3.8, [2]) abelian. This completes
the proof.

Proof of Theorem C. Let GeRO with z€Z(G) and {z}c=G. If the
isolator J of (z) lies in Z(G), then the periodic elements of G/(z) certainly lie
in Z(G), where G = G/(z), and hence form a subgroup of G. Conversely, let T
denote the set of all periodic elements of G and assume that T forms a
subgroup of G. Since T is a periodic RCO-group, T is locally cyclic. Let
H={xeG; x"e{z), 0#neZ}. Then H{z)=T. H is abelian since it is locally
cyclic extension of its centre. Clearly H is normal in G. If for some x € H,
y e G, x*#x, then G,=(x,x”) is a torsion-free abelian group, and therefore
the direct sum of infinite cyclic groups. But G,(z)/{z) is finite, hence G,=(a)
for some a € G,, and x =a™, x” =a" for some integers m, n. Since x* € (z) for
some k#0, a™ =x*=y 'x*y =(x*)* =a"*. Hence m =n, and x® =x.

Proof of Theorem D. Let
G ={(x,y; x>y 'x’y =z =y%x"'y%x, xz = zx, yz = zy).

It has a normal series G =Gy>G,>G,>G;>G,=(e) with infinite cyclic
factors where G,=(x%y?z7!, y*z7!, xy™), G,=(x’y?z %, y*z™"), Gs;=
(x?y2z™"). We right order the group G by ordering the factors G;_,/G;. Let P,
be the positive cone of G,_,/G,, i =1, 2, 3, 4. For any g € G,_,/G,, make g> e if
gG; € P,. This gives a right order on G under which G;’s become the convex
subgroups. By choosing P, appropriately, we can assume that z>e. Since
z€ G, and Gy/G, is cyclic and therefore archemedian, {z}; =G and G/(z)e
RCO. The group G/{z) is torsion-free (p. 250, [4]) and cannot be right ordered
(Theorem 1, [6]).

The group G =G/{(t°c™!) where G={(a,b,t; [a,bl=c, ca=ac, cb=bc,
a'=>b, b*' =(ab)™") provides a basically different example to prove Theorem D.
G is torsion-free (see [1]) and cannot be right ordered (Theorem 1, [6]).

G € RCO, because G can be right ordered as it is extension of N=(a, b)—a
free nilpotent group (hence an O-group) by an infinite cyclic group. (See
Conrad [2], Theorem 3.7, p. 271). The right ordering under reference can be
described as follows:

Let P be a positive cone of N and P’ that of G/N. We define the positive
cone Q of G by

Q={e#geG: either geNNPor geP?}
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Now t*e Z(G) and hence t°c™! = z*(say) € Z(G). Then it is easy to see that
{z*} =G and G = G/{(z*)e RCO (Theorem A).

Proof of Theorem E. Let A be a set with |A|>2%. For every A €A, let
G, =G as in the proof of the Theorem D. Note that G, ¢ RO, G, is torsion-
free, and G, is nilpotent by finite. Let D =][],., G, (the restricted direct
product of groups G,).

CLamM: D¢ RCO. If D were an RCO-group then there exists B € RO with
z€ Z(B), {z}gs =B and B/{z)=D (Theorem A). Now B is locally nilpotent by
finite. Thus B e C* (see [5] Theorem 7.5.1). Let C be the largest convex
subgroup of B such that z¢ C. Then B/C = subgroup of the additive group of
reals. (see [5] Theorem 7.4.1.).

Now (z)NC =(e). Thus C is isomorphic to a subgroup D; of D. Also
CeRO, since BeRO and C is a subgroup of B. Thus D, € RO.

Now B/C{z)=DJ/D,. Since |B/C|=2%, in order to establish our claim it is
sufficient to show that |D/D,|> 2%,

Now D =[], A G,. None of G, is an RO group. But D, €RO.

Let m, : D — G, be the projection. Now m, (D;)€ RO but G, ¢ RO, there-
fore m (D;)<G,, A €A.

Let D, =]],ca (m(D,)). Then D, <D, and D/D, =[], (Gx/’"'x(u,))-

Since Gy/map,)>{e}, A €A; |D/D,|=|D/D,|>2*. This completes the proof
of the Theorem E.

REFERENCES

1. G. Baumslag, A. Karrass and D. Solitar, Torsion-free Groups and Amalgamated Products,
Proc. Amer. Math. Soc. 24 (1970), 688-690.

2. Paul Conrad, Right-Ordered Groups, Michigan Math. J., 6 (1959), 267-275.

3. L. Fuchs, Partially Ordered Algebraic Systems, Pergamon Press, 1963.

4. A. Karrass and D. Solitar, The subgroups of a Free Pro Product of Two Groups with an
Amalgamated Subgroup, Trans. Amer. Math. Soc. 150 (1970), 227-255.

5. Roberta B. Mura and A. H. Rhemtulla, Orderable Groups, Printed: Lecture Notes in Pure &
Applied Algebra, Vol. 27, Marcel Dekker.

6. A. H. Rhemtulla, Right Ordered Groups, Can. J. Math. 24 (1972), 891-895.

7. L. Riger, On the Ordered and Cyclically Ordered Groups, I-1II, Vestnik Kral. Ceske Spol.
Nauk, (1946) No. 6, 1-31; (1947), No. 1, 1-33; (1948) No. 1, 1-26.

8. S. Swierczkowski, On Cyclically Ordered Groups, Fund. Math., 47 (1959), 161-166.

9. S. D. Zeleva, Cyclically Ordered Groups, Siberian Math. J., 17 (1976), 773-777.

DEPARTMENT OF MATHEMATICS
CARLETON UNIVERSITY
OTTrAWA, ONTARIO
Canapa K1S 5B6

CURRENT ADDRESS:

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF PUERTO RicO
MAYAGUEZ CAMPUS
MAYAGUEZ, PUERTO Rico 00708

https://doi.org/10.4153/CMB-1980-009-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1980-009-3

