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Abstract

A fundamental region for the reduction of positive quaternary quadratic forms is exhibited. It
is a convex polyhedral cone with twelve edges in the 10-dimensional space of quaternary quadratic
forms.

1. Introduction

Two positive definite n-ary quadratic forms /(x) = x' Ax and g(x) = x'Bx,
where A,B are symmetric, are said to be equivalent (written / ~ g) if there
exists an integral unimodular matrix T for which B = T AT. The basic problem
of the reduction theory of positive quadratic forms is to specify a region D
(called a fundamental region) in the |n(n + l)-dimensional coefficient space of
forms satisfying

(i) for every positive definite n-ary quadratic form /, there exists a form
f0ED with / „ - /
and

(ii) if /, g are distinct forms in the interior of D, then / / g.
It is desirable if, as for the well-known reduction methods for n = 2 and

n = 3, D is a convex polyhedral cone. Minkowski (1905) and Venkov (1940)
established methods for the construction of such fundamental regions for all n;
however, when n g 4, it is difficult to describe these explicitly, and they have
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[2] Positive quaternary quadratic forms 55

very large numbers of facets and edges. For n = 4, Stogrin (1974) produced a
fundamental region which is the union of three cones, but which is not convex;
here we specify a fundamental region which is a convex cone with only twelve
edges.

We show:

A fundamental region of positive quaternary quadratic forms is given by the
convex cone of forms which is the set of non-negative linear combinations of the
following twelve forms:

x 1 + x L x', x 3, x', (x, - JC3)
2, Oxi - x*)2,

(x2 - x,)2 + (*2 - xtf, (x2 - xt)
2, x2 + xl + (x3 - x4)

2,

(Do(x)= X (Xi-Xj)2 (where xo = 0),

w,(x) = 4{x2 + x\ + xl + xl+ x,x2-x,x3- x,x4-X2X3-x2x4}

and

a(x) = x] + x2
2 + xl + xl + (JC, - x3)

2 + (X, - x4)
2

+ (x2- x3)
2 + (x2 - x4)

2 + (x1 + x2-x1- x4)
2.

We prove this by a refinement of the reduction into the cones R((p0) and
R(tp,) of the first reduction method of Voronoi (1907). We note that (o0 and u>,
are respectively (multiples of) the forms adjoint to the perfect forms

<Po(x)= 2 XiX,, (f>1(x)=<p0(x)-XiX2.
1SiS;S4

2. Some preliminaries

For the proof we require some properties of Voronoi reduction. Consider
the transformations

(2.1) J-.A^TAT

where T is an integral unimodular matrix. We note that such a transformation
is linear and therefore continuous. Voronoi's reduction method partitions the
space of forms into cones R(<p), where <p is perfect. A transformation 5" either
leaves a cone R(<p) invariant, or transforms it into a cone R(<p') which has no
interior form in common with R (<p). So, if two distinct forms /, g G int R (<p) are
equivalent, then there exists an automorphism of R(<p) transforming / to g.

It is frequently convenient to identify the transformations of the space of
forms with the corresponding transformations of n- dimensional space. How-
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ever, since both T and - T correspond to the same transformation & in (2.1), it
is sometimes convenient to remove the factor {± /} in specifying the group
sd((p) of automorphisms of a region R(<p).

For n = 4, any positive definite quadratic form is equivalent to a form of
R(<p0) or R(<p,). The automorphism groups of <p0 and <pl are described by
Coxeter (1951), where these forms are denoted by A4 and B4.

3. Reduction of R(<p0)

The cone R((p0) of Voronoi's reduction contains prec:sely those forms / of
the type

(3-D /(*)= 2 toix-x,)1

0Si<jS4

where x0 = 0 and p,, ^ 0 for all i,j. The group of automorphisms of R(<fo) (after
removing the factor {± /}) may be identified with the group of permutations of
Xo, Xi, • • •, Xn.

Since two forms f,g in the interior of R(<p0) are equivalent only if there
exists an automorphism of R(<p0) transforming / to g, we use the group of
automorphisms of R(<p0) to obtain a fundamental region for those forms in
R(<Po). Firstly, by a suitable permutation of xo,xu • • -,xm we may insist that

(3.2) p ] 2 = min p,,.
0SK/S4

This divides the variables into the two sets {x,, x2} and {x0, x3, x4}. To distinguish
x0 from x3 and x4, by permutation of x0, x, and xA, we may insist further that

(3.3) p34 = min {p03, po4, pu}.

The variables xt and x2 are distinguished by arranging that

(3.4) po, = min {po,, p02}.

The only variables not fully distinguished yet are x3 and x4. Therefore we
stipulate that

(3.5) p23 = min {p23, P24}.

The conditions (3.2), (3.3), (3.4) and (3.5) define a convex polyhedral cone
in the 10-dimensional coefficient space of forms with edge-forms

x2, + x\, xl,xl,xl,(x, - x,)2, (x, - xj2,

(x2 - x,)2 + (x2 - x4)
2, (x2 - xtf,x\ + x I + (x3 - xtf
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and

«<>(*) = 2 (.x,-Xj)2 (where xo = 0).
03i<jS4

Let us denote this region by F. Clearly any form of the type (3.1) is equivalent
to a form of F. Furthermore, a form / is in the interior of F if and only if each
of (3.2), (3.3), (3.4) and (3.5) distinguish the relevant xt uniquely, and so F must
be a fundamental region for forms equivalent to those in R(<p0)-

4. Reduction of R(<p,)

The set R(<p,) is the convex polyhedral cone with edge-forms

x 2, x L x L x 4, (x, - x,)2, (x, - x4)
2, (x2-x})

2,

(x2-x4)
2,(x,-x4)

2,(xi + x2-x3)
2,(xl + x2-x4)

2 and (x, +x2-x3-x4)
2.

The cone is more easily examined after making the transformation

2X3 = - x, - 2 3

2X4 = - x , - x2 + 2x4,

so that

X, - X2 = x2 X, + X2 = x,

sC\ A 3 = JCi~H.X2 X$ .<\l~f~ A3 = Xj

J\. \ A 4 ^ X ] H~ X2 -^4 A | T" A 4 — At4

A2 A 3 ^ X\ JC3 A 2 "I" A 3 = X2 1 X3

A 2 — A 4 = = X ] X4 A 2 ~t~ A 4 ^ X2 ~^~ X4

X3 - X4 = Xi - x4 X 3 + X4 = - JCi -

Then the forms of R(<pi) are precisely those forms / with

(4.1) /(*)= 2
lsi</s4 isi<ja<

where cr;,, T̂  gO for all i,j. In particular, the adjoint form of <p, is now

(4.2) a».(*) = i ) * < = z { 2 (Xi-Xif+
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Similarly to the reduction of i?(<p0), we make use here of the automorphism
group s£((px) of R(<pi). Coxeter (1951) showed that this group (including ±7)
has order 3 • 2"•4! = 1152; it is generated by

(i) the permutations of X,,X2, X3, X4,
(ii) arbitrary changes of sign of the X

and
(iii) the transformation

t/ : 2X •-» 2X, - £ X, ' (i = 1,2,3,4),

for which

x - x, •-» x - x,
and

X, + X,H, -(Xt+X,),

where i,j,k,l is any arrangement of 1,2,3,4.
Now suppose / is a given form of R(ipi), expressed in the form (4.1). By

applying permutations and changes of sign to the X, we may arrange that

Further, we may require that o-,4 is the least coefficient with one subscript 1 or
3, that is,

(Tl4 = m j n {<T,2, T,2, CTl4, T ] 4 , O"23, T23, <734, T34}.

These two conditions give

cr,i = <Tu' + o-M' + an T12 = a-,i + crU + T,2 '

C r 1 3 -

CT14 =

O"23 =

O-24 =

O"34 =

(Tn'

(Tn'

(Tn'

f

<Tn'

~\~ O" i4

+ * „ ' + <T23'

+ O-24'

+ crU + (T34

Tn =

TM =

T23 =

T24 =

T34 =

(Tn

CTn'

(Tn'

(Tn'

(Tn'

+ Tn'

+ o-,4'

+ al4'

+ T24'

+ er14'

+ T14

+ T23

+ T34

where a-,,', r ; / ' g0 for all i,j. Hence

/(x) = (6cr,3' + 4o-14') S X2+ ^ a,,'(X - X,)2 + 2 V ( * + ^;)2 '
i = 1 I£i<jg4 l^i<jS4

(i,i)^(l,3),(l,4)

and so, by (4.2), we may write
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(4.3) /(x) = /tuu,(x) + 2 aii(Xi-X,f + 2 •ntiX.+X,)2

lsi<:/S4 ISi</54

where / igO; a«,Ty g 0 for all i,j; an = a,4 = 0.
A change in the sign of X2 and the transformation U both transform / to

another form of the type (4.3) with an = o-,4 = 0. Furthermore, the three
edge-forms (X, - X2)

2, (X, + X2)
2 and (X3 + X4)

2 are equivalent under these two
automorphisms. Hence, we may take / in the form (4.3) with o-n = o-14 = 0 and

T34 = min{o" i 2 , T12, T34}.

We now split cases:
I. Suppose T34 ̂  o-34. Then T34 = min {0-12, T,2, a34, T34} and we may subtract

the term

T34{(X, - X2f + (X, + X2)2 + (X, - X4)2 + (X3 + X4)
2} = 2T34 E X2

and get / in the form (4.3) with cr,3 = al4 = T34 = 0.
II. Suppose a-34 ̂  T34. Then o-34 = min {ai2, T12, a34, T34} and we may subtract

the term

crM{(Xt - X2)2 + (X, + X2)2 + (X3 - X4)2 + (X3 + X4)2} = 2o-34O),(Jc)

and get / in the form (4.3) with an = cr14 = o-34 = 0.
The two cases correspond precisely to forms / belonging to the cones A'

and A" respectively of the second reduction method of Voronoi (1908, 1909);
the above is a simpler method of obtaining the same reduction. Before we
proceed to specify fundamental subregions of A' and A", we calculate the
orders of the automorphism groups of A' and A".

Voronoi (1907, §§34-38 and §43) examined the facets of R(<p,), that is, the
9-dimensionaI faces of R((pi) in the 10-dimensional coefficient space of
quaternary quadratic forms. He proved the existence of exactly 64 facets. Of
these, 48 are equivalent under automorphisms of R(<p0 to the set of forms / of
R((p,) in the form (4.1) with an = a,4 = T34 = 0, and the remaining 16 equivalent
to the set of forms with a,3 = a,4 = cr34 = 0. The latter 16 facets are not
equivalent to the other 48; for the difference between any two linear forms
corresponding to zero coefficients in the expansion of / for a form of the
second facet is of the type

(A. -Xb)-(Xa- Xc) =-(Xb- Xc)

which is a linear form corresponding to a zero coefficient, whereas for a form /
of the first facet
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(X, - X3) - (X, - X4) = - (X, - X,)

which is not a linear form corresponding to a zero coefficient. So the 64 facets
fall into two equivalence classes, the first containing 48 facets and the second
16 facets.

Now, the region A' is the set of forms / as in (4.3) with <rn - cru = TM = 0.
So it is the convex cone spanned by the form &>,(*) and a facet of R(<pi) of the
first kind. Since there are 48 such facets, the group si(A') of automorphisms of
A' (including ±1) is a subgroup of s4(cpi) of index 48 and so has order
3 • 2"-4!/48 = 4!. Similarly, the region A" is the cone spanned by <o,(x) and a
facet of the second kind. Hence the group s£(A") of automorphisms of A" is a
subgroup of -5#(<pi) of index 16 and so has order 3 • 2" • 4!/16 = 3-4!.

We now consider the two cases separately.
I. Reduction of A'. Since the group stf(A') of automorphisms of A' is the

group of automorphisms of R(<p,) which preserve the property <r,3 = cr,4 = TM =
0, clearly .stf(A') contains

(i) the permutations of - X , , X 3 and X4

(ii) X 2 - - X 2

and
(iii) (X,, X3, X4) ~ ( - X,, - X3, - X4).

The group generated by these automorphisms has order 3! • 2 • 2 = 4!, which is
precisely the order of si(A'); hence the group generated is s4(A').

Let / be a form in A'. By permuting - X,, X3 and X4, we may arrange that

o-34 = min {T,3, T14, O-34}.

We may still apply a permutation of X3 and X4, and the sign changes in (iii); so
we insist further that

T,2 = min{o-12, T,2}
and

T23 = min{i-23, T24}.

Thus each form in A' is equivalent to a form / as in (4.3) with

/x. ^0; (Jij,Ta S O f o r a l l i,j

O"l3 = <f 14 = T34 = 0

cr34 = min{r i 3 , T|4,

T12 = min{o-12, T,2}

T23 = min {T2 3, T 2 4 } .
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By its method of specification, it is evident that the set of such forms is a
fundamental region for forms of A'; we denote it by F'. It is convex polyhedral
cone with edge-forms

(X,-X2)2 + (;

(X,-X2)2

(X, + X3)
2

(X, + X4)
2

(X2-X3)2

(X2-X4)2

(x2+x3)2 + (;

(X2 + X4)
2

(x, + x3)2+(;

<r, + x 2 ) 2 = x ? + x 2

= x2

= x2

= xl

= (x, - x3)
2

= ( x , - x 4 ) 2

<2 + X4)
2 = ( x 2 - x 3 ) 2 + (x 2 -x 4 ) 2

= (x2 - x4)
2

<t + X4)2 + (X3 - X4)2 = x] + xl + (x, - x4)
2.

Clearly, F and F' have a common facet.

II. Reduction of A". We recall that A" is the set of forms / as in (4.3) with
<r,3 = a-,4 = o-34 = 0. The group ,s/(A") of automorphisms of A" contains

(i) the permutations of Xt,X3 and X4

(ii) X 2 ~ - X 2

(iii) (X,,X3) X4)»(- Xu - X3, - X4)
and

(iv) the automorphism To which is obtained by applying firstly the
automorphism

U: 2X,"-» 2X, - 2 X, for i = 1,2,3,4,

and then the automorphism

(Xi, X2, X3, X4) i-» (X4, — X2, X i , X3).

Since To may be shown to have order three, it is easily verified that the group
generated by these automorphisms has order 3 ! -2-2-3 = 3-4! which is the
order of .stf(A") (including ±7) . So the group generated is s4(A").

Under To, the forms (Xf ± X,)2 fall into four equivalence classes of three;
the corresponding coefficients are

{(Tn, <r,4, cr34}, {cr,2, T,3, T23}, {T,2, TM, a24) and {cr23, T24, T34}.
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So we may arrange that the least coefficient of those in the last three classes is
one of T13, TM and T34. Then, by permuting X,, X3 and X4, we may insist that TM

is the least such coefficient, that is,

(4.4) TM = min {cr,2, T,2, T,3, T,4, (T2,, T23, <T24, T24, T34}.

Since ,s/(A") includes both ± /, we may arbitrarily fix the sign of X,, and so by
(iii) of X3 and X4. Using (ii), we may now specify that

(4.5) r,2 = min{cr12, T,2}.

The only automorphism not yet used is the interchange of X3 and X4; so we
may now insist that

(4.6) T23 = min {T23, T24}.

It is evident that the set of forms / as in (4.3) with <r,3 = <J,4 = o-34 = 0 satisfying
(4.4), (4.5) and (4.6) is a fundamental region for those forms in A"; let us denote
it by F". It is a convex polyhedral cone with edge-forms

(X, - X2)2

(X, + X3)2

( V* -i- ~Y \2

\-^* 1 ' -^»4/

( X 2 - X 3 ) 2

( X 2 - X 4 ) 2

(X2 + X3)2 + (X2 + X4)2

(X2 + X4)2

= x2 + xl

= x\

= x\

= xl

= (x,-x,)2

= (x1-xj2

= (x2 - x3)2 + (x2 - x4)
2

= (x2 - x4)
2

(X, - X2)2 + (X, + X2)2 + (X, + X3)
2 = x2, + x2

2 + xl + xl

+ (X, + X4)2 + (X2 - X3)2 + (x, - x3)
2 + (x, - x4)

2

+ (X2 + X3)2 + (X2 - X4)2 + (x2 - x,)2 + (x2 - x4f

+ (X2 + X4)2 + (X3 + X4)2 +(Xl + x2-Xi- x4f.

By comparison, we see that F' and F" have a facet in common, while F and F"
have a common 8-dimensional face.
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5. Union of the reduced regions

The region of forms given in §1 to be proved fundamental is the convex
hull H of F U F' U F". Since every positive definite quaternary quadratic form
is equivalent to a form of /?(<p0) or R(<pi), every such form is equivalent to one
of F U F ' U F" and hence of H. To show that H is fundamental, we show that
F U F ' U F" is precisely H and that the region H has no two equivalent forms
in its interior.

Firstly, we show that F U F ' U F" is H. Since F U F ' U F" is a subset of H,
it is sufficient to show that H is a subset of F U F' U F". Now H is a convex
cone with at most twelve edges. Eight edges are common to F, F' and F"; the
other four are generated by the forms

x\ + x\ + (Xs- X4f, (O0(x), (Di(x)

and a(x) = x2, + x\ + x\ + x\ + (JC, - x,)2 + (JC, - x4)
2

+ (X2 ~ Xif + (X2 - X<)2 + (X, + X2 - X, - JC4)
2.

It is easily established that

w , ( x ) G F n F ' ,

{x\ + xl + (x3 - x4)
2} + a(x) G F ' n F"

and

(The argument also shows that no edge-form of H is redundant, and so H has
precisely twelve edges.) Hence, since any form of H may be expressed as a
nonnegative linear combination of the twelve edge-forms of H, by considering
the relative magnitudes of the coefficients corresponding to the above four
edge-forms, we may deduce that a form of H belongs to one of F, F' and F",
and so to F U F' U F".

Finally, we prove that no two distinct forms in the interior of H are
equivalent. For suppose /, g are distinct interior forms of H with f ~ g. Then
f,g are equivalent by a continuous transformation of the space of forms. So
there exist equivalent forms /<>, go arbitrarily close to /, g respectively for which
/o ̂  go and either

(i) both /o and g0, belong to the interior of the same one of F, F ' and F"
or

(ii) /o and g0 belong to the interiors of different sets of F, F' and F".

Both situations are impossible, since F, F' and F" are fundamental regions for
forms of A( = R(<p0)), A' and A" respectively.
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