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Abstract

In this paper we study sums of micropulses that generate different kinds of processes.
Fractional Brownian motion and bifractional Brownian motion are obtained as limit
processes. Moreover, we not only prove the convergence of finite-dimensional laws but
also, in some cases, convergence in distribution in the space of right-continuous functions
with left limits. Finally, we obtain generalizations with multidimensional indices.
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1. Introduction

On the real line, a micropulse is a jump at a time t of size ¢ followed by a canceling
jump at time T 4+ w of size —e. In [5] and [6], Cioczek-Georges and Mandelbrot used a sum
of micropulses to obtain limit processes with interesting properties, in particular fractional
Brownian motion as a limit. Fractional Brownian motion (FBM) with parameter 0 < H < 1 is
a centered Gaussian process that was introduced in [11] and developed in more detail in [12].
Its covariance function for s, ¢t € Ry is given by

1o, 2H 2H 2H
r(s, ) = ([t177 4+ [s[77 —|r —s|77).

FBM is widely used in many different areas for modeling purposes thanks to its properties
(self-similarity and stationarity of increments, among others).

Micropulses were generalized as random ball models and studied by Biermé and Estrade [1],
with Kaj et al. [8] studying similar models. For more recent research on random ball models,
see [4] and Biermé et al. [2], who introduced a general framework for rescaled random ball
models.

In this work a different approach is highlighted. We consider only micropulses, but the
canceling jump may or may not be the same size as the first jump. Here, we will consider a
micropulse to be given by (X, X', 7, w), with £ X being the size of the jump at time 7 and —e X’
being the size of the canceling jump at time T + w. We will sum the size of all the initial and
canceling jumps occurring during a time interval.

Our aim is to study the limit process of a sum of micropulses between two times whether
or not the size of the initial and canceling jumps of a micropulse is the same. Micropulses
will be distributed according to a Poisson process such that, when ¢ tends to 0, the number of
micropulses will increase and their heights will simultaneously decrease.
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We will not only see that the limit process is different, but also that the scaling used to obtain
a nontrivial process depends on the equality of the size of the initial jump and the canceling
jump. The first model studied is almost identical to that introduced in [5], except that we allow
every micropulse to have a different height for the initial and canceling jumps. The limit process
will be an FBM or a standard Brownian motion. Moreover, we prove the convergence of the
finite-dimensional laws, and obtain the tightness of the family of processes, which means that
there is a weak convergence in the space D of functions that are right continuous and have
left-hand limits, which was not the case previously.

Finally, we modify and generalize the model to incorporate a multidimensional index.
The limit process will be either a standard Brownian sheet or a bifractional Brownian sheet.
The bifractional Brownian sheet, introduced by Tudor and Xiao [14], is the generalization
of bifractional Brownian motion to a multidimensional index. Bifractional Brownian motion
(BBM) motion is a centered Gaussian process introduced by Houdré and Villa [7]. This process
is a generalization of FBM which keeps some of its properties (self-similarity, stationarity of
small increments). BBM with parameters (H, K), where 0 < H < land0 < K < l,is a
Gaussian process whose covariance function for s, t € R is given by

1
r(s, 1) = 2—K(<|r|”’ + |s]PHE — | — 52HE),

Note that, for K = 1, this is regular FBM. The bifractional Brownian sheet is a centered
Gaussian process whose covariance function for s, t € Ri is given by

d
1
rs, ) =[] S Wl +1si P15 — 1t — i)
i=1

(see Section 3).

In the above two cases, the rescaling is different depending on whether the size of the
initial and canceling jumps are the same or not (i.e. £'t9/2 instead of & for example). An
interpretation of this is that there is a standard Brownian motion (or sheet) and a ‘noise’ process
that are negligible at the limit. The standard Brownian motion is due to the contribution of
the micropulses which have both their initial and canceling jumps in the interval considered,
whereas the underlying noise process is due to the less frequent micropulses which only have
one of their jumps (initial or canceling) in the interval considered. When the size is the same,
the standard Brownian motion (or sheet) disappears and, consequently, the remaining noise
process becomes the main process, which explains why the scaling is different.

2. Convergence towards Brownian motion or fractional Brownian motion

For ¢ > 0, consider the measure n, on the space E = R3 x R defined by
ne(dx, dx’, dr, dw) = Se 2w 17 1y ) F(dx, dx') d7 dw,

where 0 < 6 < 1 and F is the distribution of a random vector (X, X’) such that, for k, I € N,
E[|X 4| X"|'] < o0.

This measure can be seen as the intensity measure of a Poisson process I, on R3 x R,
and, consequently, of the Poisson random measure associated with IT, that we will denote by
N¢. The size of the rise of the micropulse occurring at time 7 is € X, and the size of the fall
occurring at time T + w is ¢ X’. When & goes to 0, the height of the micropulses goes to 0 while
their number goes to co.
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In this section we study the process Y, defined on R as the sum over the Poisson process I,
(or, equivalently, the integral over the random measure N¢), i.e. we will sum the rises and falls
of micropulses which are taking place between 0 and r. We will be interested in the convergence
of this process when ¢ goes to 0. Process Y is rigorously defined for # > 0 by

Y. (t) = ZE(X]‘ 1{051.'/-<t} _X} 1{0§r‘f+wj<t}),
jeN

where (X, X ;., 7j, w;) is an enumeration of the points of the Poisson point process I1,.
Moreover, we will be able to prove weak convergence, which is a consequence of the tightness
of the family of processes considered.

Theorem 2.1. (a) If X = X' almost surely then the process Y, converges weakly when e — 0to

EIX?]
o(1—0) T

where By is an FBM of Hurst parameter H = (1 — 0)/2.

(b) If X # X' on a nonnegligible set then the process e?/2(Y, — E[Y:]) converges weakly when

e —>0ro
_v\2
[E[(X X)]B,
20

where B is a standard Brownian motion.
Remark 2.1. Note that the limit processes are FBMs of Hurst parameter H < %

Proof of Theorem 2.1. The proof consists of two parts. First, we prove the convergence of
the finite-dimensional laws, then we prove the tightness of the family (¥).¢[o,1) or (/%Y —
EYe)ecpo,1)-

Part 1: proof of the convergence of the finite-dimensional laws. First of all, let us introduce
some notation which will be useful in the rest of the proof.

DeﬁneAt1 ={(t,w):0<t<t,w >O}andA,2: {t,w):0<t+4+w<t, w>0} We
can rewrite process Y, in terms of the Poisson random measure N, associated with Il and
these two sets. Indeed,

Y. (t) = 8/ (x1,1(r, w) —x"1,2(z, w))Ne(dx, dx’, dz, dw).
E 1 1
In the following we will use other sets, because it will be easier to disjoin the sets where we

have complete micropulses X — X’ from those where there is only +X or —X'.
Let us rewrite process Y, using the following sets for s, ¢ > 0:

S,1 ={(r,w):t<0,0<7t4+w <t} (2.1a)
S ={(t,w):0<t<1,0<T4+w<1}, (2.1b)
S ={t,w):0<t<t,t<1+w), @.1¢)
S¢,={(t,w):0<7t<s,t<T+uw) (2.1d)
S‘f’t ={(t,w):0<t<s,s<T+w<t} (2.1e)
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Using these sets, we have
Y. (1) = s/ (r1g(r,w) — x' Ig(r,w) + (x = x) Lg2 (7, w))Ne (dx, dx’, dr, dw).
E

For 0 < s < t, we can easily obtain the following rules between the sets defined in (2.1a)—

2.1e):
stns! =s!, slns? =g, sins? =g, (2.2a)
$2ns! =g, $2n s =52, $2ns =g, (2.2b)
s =g, SInst=58, Sins}=s;,. (2.2¢)
Ss,US), =55, (2.2d)

In order to prove the convergence of the finite-dimensional laws, let us calculate the char-
acteristic function v, (&1, ..., &,) of a linear combination Z’;Il & (Ye(ty) — E[Ye(%)]). Note
that E[Y, ()] = 0 when X = X’ almost surely.

Recall that if N is a Poisson random measure on a space E with intensity measure n then,
according to Lemma 12.2 of [9],

E[exp<i/ ngﬂ =exp</ ('8 — 1)dn>. (2.3)
E E

First, let us study the case X = X’. Using (2.3), we have

We(élwu,Sn)

_ E[exp(i iést(tk)ﬂ

k=1

n
= E[expi/ 8Z.§kx(lst3 (r, w) = L1 (7, w))Ne(dx, dx, dr, dw)]
E =1 k k

= exp/}g(exp(z’e ngx(lsﬁk (t,w) — 1Stlk (t, w))> — l)ng(dx, dx, dr, dw)

k=1
— exp[/ (exp(is > fx(lg (T w) — 1g (z, w))> -1
E k=1
- (ie > ax(lg (row) — 1g (1, w))))ns(dx, dx, dr, dw)] (2.4)
1k Ik
k=1

The last term on the right-hand side of (2.4) appears because Y, is centered. As we have
lexp(ix) — 1 —ix| < Cx2, the integrand is bounded by

n 2
C<ia > fex(Lgp (v w) — g (T, w))) :
k=1

Since 5
ne(dx, dx, dr, dw) = %w_l_g 1jw>e) F(dx, dx') dt dw,
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the integral of the above function is in fact

n 2

1
cliy 1 (t,w) — 14 (1, —w 79 F(dx, dx") dt dw.
/E (l k:l“g‘kx( S[zk(t w) Stlk(f w))) 2w (dx,dx")dr dw

We can conclude that

1 n
2 (exp(ie Z Skx(lsfk (t,w) — IStlk (z, w))) _

k=1

_ (is > Eex (g (v w) — g (7, w))))

k=1
is bounded uniformly in ¢ by
n
c(k; Eex(1gp (v, w) = 1g (7, w))),

which is an integrable function with respect to w ™'~ F(dx, dx") dr dw. In order to avoid cum-
bersome notation, for a measure defined on R x R, we will define p, = w19 1yse) dr dw.
Hence, the Lebesgue dominated convergence theorem yields

lim e (81, .- §n)

2
=exp<—E[§ ] (ng(lss (T, w) =1 (, w))) lpo(dr dw))

RXR+

Using the above rules between our sets given in (2.2a)—(2.2d), the integral above can be rewritten
as

n 2
/ (Z f(ly (rw) — 1 (. w))) po(dr, duw)
RxRt \} k k

n n
4 1
= Z Z g:kgl(po(Smin(fk’tl)smax(lkvll)) + pO(Smin(tk,fz)))‘

k=1 I1=1

We can use Lemma A.2 in Appendix A to estimate values of pg(S’ ) fori =1, 2, or 3: the
bounds used in the description of S‘ are the values a, b, ¢, and d in the lemma. Then, letting
€ go to 0, we obtain

n 2
/ (Z £ (g (T, w) — 1g (1, w))) po(dz, dw)
RxRy \7 ’k ’k

= Z Z&El (t ot = — ).

k=1 I=1

Then, limg_.0 V¢ (&1, ..., &,) is the characteristic function of FBM up to a multiplicative
constant.
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Now, if X # X’ on a nonnegligible set, the method is almost the same, only there are more
terms to deal with. The characteristic function of the process we are studying is now

Ve€1, ..., 8n)
E[exp((f kage/zye(fk)) - E[i Zsks‘)/zmk)])}
k=1 k=1

= E|:expi80/2/ £ &(x(lg (t,w) + 1g (T, w))
E Tk Tk

k=1

—x'(1g (r,w) + 1g (z, w)))Ne(dx, dx’, dr, dw)i|
Ik 7

X exp E|:—i Z Eksg/ng(tk)].

k=1

Applying the same steps as earlier yields
V€, ... &n)

_ i o (0+2)/2
= exp[/; (exp(w ng(x(lek (r,w) + 15%,{ (T, w))

k=1

¥y (rw) +1g (% w)))) -1

- <i8(9+2)/2 Zsk(x(ls;k (T, w) + 1z (7, w))

k=1

_ X/(lstlk (t, w) + lstzk (t, w)))))
x ng(dx, dx’, dr, dw):|.

Unfortunately, the Lebesgue dominated convergence theorem cannot be used because the
integral is not finite when w is close to 0. Define

n
fl,x' tw) = Zék(x(lsgk (T, w) + 1S;k (T, w)) — x/(lstlk (T, w) + 18,2k (T, w)))
k=1
and
[PRACE

oG 1—ie@tD/2 ),

ge(x, x', T,w) =
so that
Ve(€l, ..., &n) =eXp/ % ge 1jyey w79 F(dx, dx') dt dw.
E

Furthermore, define

h(x,x' Tow) = (x =x)? Y Y &g (),

min(ty, 1,
k=1 I=1 ki
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and consider
1
/ (eggg(x, Xt w) + zegh(x, X' T, w)) Liw=¢} w7 F(dx, dx) dt dw.
E
Note that

+ 512 = hl. (2.5)

1 1
egc(x, x', T, w) + Esgh(x, X, w)| < &g + Efz

On the one hand, we have

1, 1 [60+/2 . (042))2 gf+? 2
gg+5f=€m(e’ Sl A )

This implies that
geig&‘ + %f2| S C839/2+1|f|3.

However,

= gaaxl +x —x) 1

j 1 min(tj,tk,tl).max(tj.tk.tl) min(tj,tk.tl)
20 _ o/
+xt(r —x )(l{s}j ns.ns2y + l{s,lj nsznsty + l{s,zj nstnsiy)
N2
+x(x —x7) (l{s}j ns2ns2) + 1{5,2j ns.ns2y + 1{s,?l_ nsznsiy)
—xP1g ). (2.6)
min(rj,tk.tl)

On the other hand, using the set rules given in (2.2a)—(2.2d), expanding > — h yields

Peh= Z Zskgl(xz 1o +x% 1 ). .7

min(ty,t7),max(ty ;) min(ry.,17)
k=1 I=1 kol kol kol

Now note that, according to Lemma A.2 in Appendix A and (2.6), we have

,,,,,

where Cy, . ;, is a constant depending on #q, ..., #, and not on ¢. In (2.7), Lemma A.2 yields
/ 1f2 = hlw™ " 1yegy Fdx, dx)drdw = C],_, |
E
where C; , does not depend on &.

Using these two upper bounds in (2.5), we obtain
1
lim (89g8(x, X, w) + —ehx, ¥, T, w)) Liwse) w ' F(dx, dx")dr dw = 0.
e=>0JF 2
In other words,

lim [ &%ge(x,x', 7, w) Lpysey w70 F(dx, dx’) dv dw
E

e—0
6

&
=lim —— | A, ', 7, w) Lwsgy w70 F(dx, dx’) dt dw.
E—> E
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Using Lemma A.2, we can compute the above integral:

e—0

lim [ &%ge 1pyoey w7 F(dx, dx') dr dw
E

_ 12 2 n n
= HE TS S s minG, ).
k=1 [=1

Thus,

n n

| EI(X — X))
gg)r(l)%(él, o) =eXp—<—Z

k=1 [=1

&€ min(t, tz)),

which is the characteristic function of a standard Brownian motion up to a multiplicative
constant.

Part 2: proof of the tightness. In this part of the proof, C will denote a generic constant that
may change from line to line. The studied processes are in the space D of real-valued functions
on [0, 1] that are right continuous and have left-hand limits. According to Theorem 13.5 of [3],
tightness of the family (Y (#))o<¢<1 is proven if there exist n € N and y > 1 such that, for
s <t<u,

E[IYe(t) — Xe ()" Ye(@) — YeO|"] < Clu —s|". (2.8)

The objective is to obtain a bound from above as in (2.8), which will be achieved using
Lemma A.1 in Appendix A. For each term appearing in Lemma A.1, we will lower bound the
highest power 8 possible in the bound of each 7; x by C(u — $)B.

In this part, we will use the sets introduced in the finite-dimensional proof. Recall that
Al ={(t,w):0<7 <, w>0}and A2 ={(r,w): 0 <7+ w <t, w>0}. Define, for
s <1, Bl,=A/\ Al and B, = A7\ AZ. Then B}, ={(r,w):s <t <, w >0} and
Bsz’, ={(t,w):s<t+w<t, w>0} As XlAtl('L', w) _X/IA?(T’ w) € L'(ng), we can
write the increment of Y, between s and ¢ as

Yo (t) — Ye(s) =¢ f (x1p1 (7, w) — x' 152 (t, w))Ng(dx, dr, dw).
E 5,1 st

Let0 <s <t < u, and define
N1 T w) = el (T,w) —x"1g (T, w))

and
Hl,x, T, w) =8 lBtlvu (r,w) —x’ 13,%,, (t, w)).

We are ready to apply Lemma A.1 with f1 and f, defined above and I, the Poisson process
(X, X Tj, wj)jeN. The assumptions are those of Lemma A.1 (note that condition (A.1) is
satlsﬁed because we set E[| XK1 X’|'] < 00). Thus, we have to evaluate the following integrals,
denoted by I ;:

1+k 1 k
Lp=¢" [E(x IB;J(‘L', w) — x’ le,t(T’ w)) (x lBtlJl (r,w) — x’ lBtZ,u (t, w))

x ng(dx, dx’, dr, dw).
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Note that B}, N B!, = B2, N B}, = B} , N B}, = @. Consequently, fork # O and ! # 0,
when we develop the product in the integrand, the only nonvanishing term is x/(—x") 1 B!, 1 B2,
Then we obtain, fork > 0 and ! > 0, ' '

I = 3 2B (<X I pe(B), 0 BE,).

tu

Let us bound from above e/~ p. (Bl N B?). As Bl N B}, ={(r,w):s <t <1, 1<
T 4+ w < u}, using Lemma A.3 in Appendix A,

e ifu —s < ¢ then £k+l_2p8(leyt N BI%M) =0,
o ifu —s > ¢thenek=2p (B!, N B?,) < (2/0)(u — s)F=170.
To sum up,

2 k
L < ———(u—s)kt=1-9, 2.9
= Gy 29)

We still have to compute ;o and I x. As the computations are the same, we only provide
details for the /; o integral.

From now on, we will have to distinguish between the cases when X # X’ on anonnegligible
setand X = X’ almost surely.

Case (a): X = X' almost surely. We have

Io= el/ xl(lBll(t, w) —1p (7, w) dng(x, X', T, w). (2.10)
E s, s,

By expanding this expression,

— !
812

lo = ——BIX'] Z; (i)(—l)l_i / Ly (Tw) 1 (r,w) ™ dpe(z, w).
i=
Note that, for 0 < i < [, the integral above does not depend on i. For i = 0,
f 12 (t.w) dpe(r.w) = pe(B2)) = pe(B2, N BL) + po(B2, 0 (B! )°).
where A€ is the complement of the set A in R x R. Fori = [, in the same way, we have
/ L1, (z.w) dpe(v, w) = pe(Bg,) = pe(Bg, N BS) + pe(By, N (BF)°).

Then, (2.10) becomes

-2 !
e / .
lo=—- E[X’](ps(Bs‘,, NBI)Y (l.>(—1)’ "4 pe(B2, N (B! )%
i=0

+ (=D pe(BL, N (BE,,)C))

According to Lemma A.2 we have p, (le’, N (BSZJ)C) = pe (352,, N (le’t)c), and as

[

> (f)(—l)l—" =0,

i=0
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we can deduce that

e 2E[X"]p. (B}, \ B,) ifliseven,

L o=
= o if 1 is odd.

Note that le,t N (BSZ’[)C ={(t,w):s<t<t,t<t+w} Whenl/ =2andt —s > ¢,
Lemma A.2 yields

81—0

bl ey o L e

1 2 y6y —
PE(BS,; N (B;,)") = 9 0(1 —06) 6(1 —06)

Otherwise, Lemma A.3 is enough to obtain interesting bounds. If [ > 3 then

81_2_9 f—s

(t—s5)=—

&' pe(B], N (B )°) <
Ifl =2andt — s < ¢, then the same lemma yields

-0 1-0
£ (t—ys)
Pe(Bg, MBS < —=(t —8) < ——

To sum up, we have

Cmax((u —s), w—s)"1 iflisevenand! > 2,
Lo < Cu—s)—1-? ifl =2,
0 if / is odd.

Case (b): X # X' on a nonnegligible set. Remember that this is the second case of
Theorem 2.1 so there is a coefficient of £/ multiplying the process. Therefore, in this case
we will be interested in fl,k, which we use to denote 80(1““1)/211,;(. When k # 0 and [ # 0, the
previous calculation we carried out to obtain (2.9) is still valid because ¢ < 1, i.e.

(k+D6/2
i< 2e (u — s)kH=1-0 < 2 (1 — s)kH=1-¢
=01 —0) 0(1—6)

When k =0,
o= el(l+0/2)_2/(x 1y (r,w) —x' 1 (r,w) dn(x, X', T, w).
E s,t 5,1

Expanding this expression, we obtain

-1

. B N\ E[X!(=X")1]
fro = /04672 2(2 (;) S pe(BY, N B2 + p(BL) + pe(BL)) ).

i=1

1

Thanks to Lemma A.3, we have p. (B, N BsZJ) =0ift —s <eg,andif t —5 > ¢,

l(1460/2)=2

gl1+0/2=2,, (Bl N B2,) < t—s)e’.
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Remember that we are interested in elements of &, where 4, is as defined in Lemma A.1 in
Appendix A. If (I, 0) appears in 4, then / > 2. This implies that

2¢l-2 t—s5) < 2(t — s)l1
= 9 .

Using Lemma A.2, we have p, (le’t) = D¢ (BXZJ), and using Lemma A.3, we obtain

Sl (1+6/2)=2 (Bl mle) <

1(140/2)—2—0 1
_ £
/IR p (B ) = ————(1—5) < =t — ).
0 0

To Concl~ude this second case, we can see that, for/ > Oand k > 0, il’k <(u-— s)(k+l)_1_9,
otherwise [; 0 < C(u —s) and Ipx < C(u — s).

For every pair (I, k) of nonnegative integers, we thu§ have either I; < C(u —s
I < C(u — s), with the same statement holding for [; ; because ¢ < 1.

Let us evaluate the product

(“1")

d
Hd'(k AT

i=1
with (I1,...,17, k1, ..., kg) € 8,. Recall that

)k+17179 or

n d d

8, = U{k,leNd, Zki:Zli:nandki+liZ2}-

d=1 i=1 i=1
Using the upper bounds we obtained earlier for I; x, we have
(k i+ )

d
p
]_[d'(k _H)'Il k< Clu—s)P,

i=1

with 8 = Z;i:l Bi; .k;» where the By, i, are the upper bounds of the power we just obtained for
I <Cu— s)ﬁ’i-ki. Let us show that 8 > 1.

o If,forsomei, B, x, = 1thenk; = Oorl/; = 0. Consequently, as Z?:l ki = Zflzl li =n,
then we must have d > 2. This implies that 8 > §;, , = 1.

o If, foralli, B, x, = ki +1; — 1 — 0 then
B=> ki+li—1-6=2n—d(1+0).

As d < n, then
B =>n(l—0).
If wetaken > 1/(1 —0) then 8 > 1.

Consequently, for n > 1/(1 — ), there exists 8 > 1 such that

d (k,+l,)
g
Ed'(k T ik = Gl

As the above holds for il « in place of I; x, the tightness criterion is proved.
This completes the proof of Theorem 2.1.
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3. Convergence towards a Brownian sheet or a bifractional Brownian sheet

This section will be devoted to the study of processes indexed by r = (¢!, ...,19) € R‘i for
d>2.

In this section we will obtain a bifractional Brownian sheet as a limit process. The bifractional
Brownian sheet is a Gaussian process with parameters (H, K) whose covariance function for
t=@' .. 1,5 =(s1, ..., 5% e RY is given by

d
1 . . . .
2H 2H K 2HK
s L TIE2 7+ D25 — gt — ' PHE
i=1
Let us consider the Poisson random measure M, defined through its intensity measure on
E=RxRxR?x R by

d
1
pe(dx, dx’, dz, dw) = 55—2 ]_[(w;l—0 1, =) dz; dw;) F(dx, dx’)

i=1

with 0 < 6 < 1 and F as in the previous section. Moreover, denote by IT, the Poisson point
process associated with M,. For j € {1, 2, 3}, consider sets S/ = ]_[;i=1 S/

> where the sets S’I’,
are subsets of R? defined for r > 0 by

S'={w,w):t<—t,—t<t+w<r1},
2 ={(t,w): —t<t<t, ~t<THw<1},

S’f:{(r,w): —t<t<t, t <tT4+wl
Consider the process defined for ¢ € Ri by
Vo) = D e(Xj 1, et =X Lgpest +(X = X) 12z, w)),
jeN
where (X, X ;., Tj, ;) jen is an enumeration of the Poisson point process IT;,.

Theorem 3.1. (a) If X = X' almost surely then the finite-dimensional laws of Y, converge to
those of
2d(1—9)—1 E[xZ]
- . "Buck.
pd(1—gyd K

where By k) is a bifractional Brownian sheet with parameters (H, K) = (%, 1-0).

dIfX #X " on a nonnegligible set, the finite-dimensional laws of the process 49/ 2(Ye(t) —
E[Y:]) converge to those of

Jﬂ‘ma—xv]
B ’
gd
where B is a Brownian sheet.

Proof. (a) The process Y, = can be written as

I?g(t) = 8/ x(lsg (z, w) — 1g1 (zr, w)) M, (dx, dx’, dr, dw).
E 1
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We can write

Zg (t) =¢ /E x g1 (7, w)Ne (dx, dx’,dr,dw) — ¢ /E x g1 (7, wpe (dx, dx’, dr, dw)
and

Zﬁ(;) =¢ /E x 1g3 (1, w)N, (dx, dx’,dr,dw) — ¢ /I; x g3 (7, wype (dx, dx’, dr, dw),

both of which are centered processes. They are independent because, for every s, ¢ € Rﬂ’r,
SI'NS} = 2. Finally, Lemma A.2 in Appendix A can show that

/ x 1g1 (t, w)pe (dx, dx’, dt, dw) = / x 13 (7, w)pe (dx, dx’, dz, dw).
E ! E !

Then,

9

Yo =272 -7L

Now we will show that the finite-dimensional laws of Z 3 converge to those of a bifractional
Brownian sheet. The same statement holds for Z ! but as the proof is the same as for Z
omit the details.

Denote by ¥ (&1, ..., &,) the characteristic function of Z; Using (2.3), we have

Ye(€r,..., &) = exp(/E (exp(ie Zékx lek (T, w)) -
k=1
_ <i£ Z fex 1 (1, w)))us (dx, dx, dt, dw)).

k=1
Using |exp(ix) — 1 —ix| < Cx?2, we have
1 Y Y >
/E 8—2<exp<18 ;Ekx ls;zk (z, w)) —1—ie ;E;{x ls;k (z, w)) <Cx lsfk (T, w).

As Cx? 1S3 (t, w) is integrable with respect to ]_[l L W; —1= GF(x x")dwdr dx dx’, we can
apply the Lebesgue dominated convergence theorem to obtam

E[X?
g%ws(flw-wal)zeXp(_ X7 (Zék lss (7, w)) = po(dr, dw))

2 Jrixrd

Recall that pj, = ®§i:1 po- Expanding the product, we obtain

Lim e (€. .. &n)

X2 n n
= exp( El EkSI/ 15? (7, w) 1gs (1, w) py(dz, dw)). 3.1
RxR, g

=1 [=1

As we have

Sf’k OS,SI = {(r, w): foralli, —min(t,i, tli) <7< min(t,’;, t,i), max(t,i, tli) <t+w}
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using Lemma A.2, we obtain

1

d
pO(S3 ﬂS3) = mn(|tk+tl l 0 _ |tk flll 9)

Using this in (3.1) yields

. E[X?] <
‘glg%ws(&l,...,én):exp< T Q)dZZskszl"[(nﬁm” i, — 61"~ 9))

k=1 I=1 i=1

We recognize the covariance function of a bifractional Brownian sheet, which means that the
finite-dimensional laws of Z3 converge to those of a BBM with parameters (2, — 0) times
V(2691 - 0)? — 1)/E[X?].

Since the difference between two independent symmetric Gaussian processes with the same
distribution is up to a multiplicative constant of /2 a process with the same distribution, and
since Z2 and Z! converge to independent processes with the same distribution, the finite-
dimensional laws of 23 - Z; converge to those of a BBM with parameters (%, 1 — 0) times
V204 (1 — 6)4 /E[X2].

(b) We will compute the characteristic function of the process gd0/ 2(1?8 (1) — E[l?g]). Take

&,.... eRandr,..., 1, e R with ; = (tl.l,...,tid). We have
Iﬂs(i:l, ceey ‘i:n)
n n
= E[exp((z‘ Zskef’"/%(rk)) - E[i Zskede/zn(m})}
k=1 k=1

n
=E|:expied9/2 /E D Etall (1) + 1y (5 0)

_ x/(lS,Z (t, w) + 1g1 (1, w))) N, (dx, dx’, dz, dw)j|
k Tk

n
X expE|:—i Z Sksde/zfg(tk)].

k=1

Following the same steps as in the proof of Theorem 2.1, we obtain
n
VelEr, . 6) = exp[ f <exp<,-g<d9+2>/ 23 (g (1 w) + g (7, w))
E k=1 b "
- X’(lggk (T, w) +1g (7, w))))
n
— 1= @R Y g (g (1 w) + 1g; (7. w))

k=1

— x/(lstgk (t,w) + IStlk (t, w))))

x pe(dx, dx’, dz, dw)i|.
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Again, the Lebesgue dominated convergence theorem cannot be used here because the integral
is not convergent when w; — 0. Define

flx,x', t,w) = ];gk(x(lgtzk (t,w) + IS?k (T, w)) — x/(lsgk (t,w) + IStlk (t,w)))

and

@RS L jedod/2 gy

/ —
gé‘('x’x » T, w) - 82+d9

so that

d
%(El,---,én)=/ e g [ Jwi '~ dw; dx dx’ dr. (3.2)
E

i=1

Furthermore, define

n n
hex' Tw) = 30 Y & (=) 1g g (T, w),

k=1 I=1

and consider

6 / 1 % / —1-0 /
e ge(x,x', T, w)—i—ie hx,x", 7, w) | 1ysgw F(dx,dx")dr dw.
E

Note that
e / L a9 ’ o L, g% 2
€ g&(xﬂxvfaw)+§8 h(xa-x"[’w) 58 g€+§f +T|f _h|' (3'3)
On the one hand, we have
1 1 - (d6+2)/2 . gd0+2
8s + EfZ — 8d9+2 (elé‘ f — 1= l8(d9+2)/2f + sz ,

which implies that
8d0|ga‘ + %f2| S C83d9/2+1|f|3.

According to Lemma A.3 in Appendix A,

where Cy, .. ; is aconstantdependingonty, ..., t, and not on . On the other hand, expanding
f% — h, the terms giving the £%¢ vanish, which implies that

----- n

d
/E |f2 - h| l_[ wi—l—G 1{w,->g} dwi dx dx/ dr < S(d_l)eclfl s
i=1

where Cj,

.....
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Using the two upper bounds in (3.3) and integrating, we obtain

d

1

gli_l)% E(edggg(x, x' T, w) + Eedeh(x, x', T, w)) 1_[ wi_l_e 1w, >¢} dw; dx dx’dr = 0.
i=1

In other words,

d
hm/ g (x,x', T, w) l_[wi_l_e Ly, >¢) dw; dx dx’dz

do d
= lim —87 hx, 2, ow) [Tw; ™ Ly =e) dw; dx dx’ de.
E X

e—0

Using Lemma A.2 in Appendix A, we obtain

lim [ ¢%g, 1_[ wi_l_e 1w, >¢ dw; dx dx'dz

e—=0JF

d
= M Z Z Er& Hmm(tk, tl

k=11=1 i=1
Using (3.2) yields the conclusion.

Note that Theorem 3.1 is not a generalization of Theorem 2.1, but a modification which
ensures a better-known limit process. To establish a theorem from which Theorem 2.1 is a
special case for d = 1, we would have to

e use the same Poisson process IT, defined in this section,

e consider the sets S’tj = ]_[l | Sj definedfort = (¢1,...,13) € Ri and j =1, 2, 3, where
the sets S] are given in (2.1a)— (2 le).

Denote by Y, the process defined by
Ve =) e(Xj 1, et =X L umpest + X5 = XD 1, i)y (3.4)
JjeN

where (X, X ;., Tj, W) jeN is an enumeration of the Poisson point process H/s.
Then we can obtain the following result using the same methods.

Theorem 3.2. (a) If X = X' almost surely then ¢@=D9/2Y, converges in distribution to a
centered Gaussian process whose covariance function for t = (t',...,t%) € Rf{_ and s =
', ..., € Ri is given by

E[X2] d d
_ i iNl—6 i i1-6 i iy1-0
r(s, 1) = —49d(1 — oy <i|:|1(max(t ,sh) [th — '] )+,-|:|1 min(¢', s*) ),

which is an extension of FBM in higher dimensions.
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(b) If X # X' on a nonnegligible set, the process e10/2(Y.(t) — E[Y:]) converges in distribu-
tion to

d—1 v/
\/ 2 EIX - X1
gd

where B is a Brownian sheet.

Unfortunately, the limit process obtained is not as interesting as the bifractional Brownian
sheet and the proof is similar, so we omit the details.

Remark 3.1. This model and others with similar behaviors are studied in detail in the author’s
PhD thesis [13].

Appendix A. Lemmas

This appendix contains a lemma used to prove tightness in the proof of Theorem 2.1. To
this end, we will compute moments of a process which is the sum of a function over a Poisson
process. Denote by IT a Poisson process on a space E. If f is a real-valued function defined
on E, the sum of f over IT is

Y= Z F(x).

xell
If we denote by N the random measure associated with I1, i.e. N = ) . 8,, we can also
write

b :/ ()N (dx).
E

Denote by u the intensity measure of I1, i.e. the measure on E such that u(A) = E[N(A)] for
all A measurable sets in E. Lemma A.1 below was not found in the literature, but it can be
proven following the leads found in Chapter 3 of [10].

Lemma A.1. Let I1 be a Poisson process of intensity measure |1 on a space E. Take n € N*.
Let f1 and f, be two real-valued functions over E such that, for all k € N,

/ max (| f1, | 2D dp < oo. (A1)
E
Define £1 =) yer f1(X) and 22 = Y gy f2(X). Then,
d ki+1;
2n)! )
E[(Z; —EX|)"(Z) —E X)) = —= il A2
[(Z) D2, 2] G > Hd!(k,-+z,->! e (A2)
n) kiled,i=1
where
n d d
8, = U{k,l e N4, Zki = Zli —nandk; +1; > z}
d=1 i=1 i=l1

i ki
and I, i, = [ fi' fo' du.

The following two technical lemmas are often used in the paper to compute integrals. Recall
the measure p, = w1~ 1{y>¢) dr dw defined on R x R;. Lemma A.2 below is often used
to prove the convergence of finite-dimensional laws, whereas Lemma A.3 below is helpful to
prove tightness.

In the following, we will define @ vV b = max(a, b) and a A b = min(a, b). Both the
following lemmas are proved with straightforward computations, so we will omit their proofs.
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LemmaA.2. (a) Leta,b,c,d € R be suchthata < b, c <d,a <c, andb < d. We have

pla<t<b,c<t+w<d)

8_0

=7((c—a)/\8—(c—b)/\e—(d—a)/\e—i—(d—b)/\s)
b -6 . 16
+9(1—9)(((c a)Ve) ((c—=b)Vve)

—(d=-a)ve) ' +(d-b)ve)?.

(b) Ifd = o0,
879
pg(agr<b,cgr—i—w):7((c—a)A8—(c—b)/\8)

b - . 10
+9(1_9)(((C a)Ve) ((c=b)ve)™).

© Ifa=—o0,
-6
pg(‘f<b,CS‘E—}-U)<d):87((d—b)/\8—(()—b)/\8)

1 1-6 1-6
+m(((d—b)V8) —((c=Db)yve)y™).

(d) If two numbers among a, b, ¢, and d are infinite, p.(a <t <b, c < T+ w <d) = 0.

Remark A.1. Note that p, does not charge {a <t < b, c <7+ w < d}if a > d because p,
only charges sets where w > 0. This is why we assumed that b < d and a < c in Lemma A.2.

LemmaA.3. (a) Leta,b,c,d € R be suchthata < b, c <d,a <c, andb < d. We have
2
pela <t <b, c§r+w<d)§5min(b—a,d—c)((c—b)\/8)_6.

In some cases, we can even have a bound depending ond — a: ifd —a < € then
pela<t<b,c<t+w<d) =0.
Furthermore, if b = ¢, we have

d— 1-6
pg(a§r<b,b§t+w<d)§%.

(b) If d = oo,

- Ye—b)yve?.

pela<t<b c<t4+w)<

(c)Ifa:—oo,
d—c

(- b)yve) ™.

pe(t<b,c<t4+w<d)=
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