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LIMIT THEOREMS RELATED TO A CLASS OF
OPERATOR-SELF-SIMILAR PROCESSES

MAKOTO MAEJIMA

1. Introduction and results

An R’-valued (d=1) stochastic process X = {X(H},., is said to be
operator-self-similar if there exists a linear operator D on R such that for each
c>0

(X(ed) = (X)),

£ .d. . . . . C
where = means the equality for all finite-dimensional distributions and

¢’ = exp{n D} = kio% (In 0)“D".
We refer the reader to [HM1], [Sa] and [MM] for more information about
operator-self-similar processes. In the present paper, we show limit theorems re-
lated to a class of operator-self-similar processes, as a direct extension of [KS].

A probability distribution ¢ on R’ is said to be full if ¢ is not concentrated
on a proper hyperplane and a full distribution g« on R’ is called operator-stable if
it is infinitely divisible and there exist an invertible linear operator B on R’ and
a function b : (0, ©) — R’ such that for all £ > 0,

(p(a)t — gD(tB*e)eib(”’ 0 = Rd’

where ¢ is the characteristic function of g, B* is the adjoint operator of B. g is
called strictly operator-stable if we can choose b(#) = 0. In this paper, we always
assume 4 is a full strictly operator-stable on R’. However, Sharpe ([Sh]) showed
that if 1 is not an eigenvalue of B, then the operator-stable law can be centered
so as to become strictly operator-stable. Thus the assumption for the strict
operator-stability is not so restrictive. So, in the present paper, we always assume
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(1) 00 = o(t*°6), 6<R"

The exponent B is not necessarily unique. Let A; = max{Re 0:0 € ¢(B)} and
Az = min{Re 0 : 0 € 0(B)}, where o(B) is the set of all eigenvalues of B. Then it

1
is known ([Sh]) that Az = 7 and a full operator-stable measure ¢ can be classified
as follows:

1
(i) u¢is Gaussian. In this case, B = 5 I can always be taken as an exponent of y.
(i) ¢ is purely non-Gaussian. In this case, Ag >§. When g is d-dimensional

1
a-stable measure, we can take B = o I

(iii) g is general. Theorem 1 in [HMZ2] allows us to consider the Gaussian compo-
nent and the purely non-Gaussian component separately.
In this paper, we focus on purely non-Gaussian operator-stable laws, since

1
Gaussian case (B = —2-1) can be handled similarly to [KS]. The representation for
the characteristic function of purely non-Gaussian operator-stable law with expo-
nent B is known as follows:
(2) p(6) = exp{i(ﬁ, ©
—_ . 1
+ [r@w [ 1 1 6, "D 1" ds),
N 0 S

where

fER’, c€R’
S={xeR":|zll=1and|t2]>1forall t>1},
Q={xeR:|z|<1},

7 is a probability measure on S,

<, is the inner product in R®.

Let Zz be a purely non-Gaussian operator-stable random vector with expo-
nent B and let {£(k)},c, be ii.d. R’-valued random variables such that they be-
long to be domain of normal attraction of Zg, namely

(3) " é £ Z,.
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Let {S,},_, be an integer-valued random walk independent of {&(k)} such
that

1 w
(4) lVa Sn—) Za’
n

where Z, is one-dimensional a-stable with 1 < o < 2. In this paper, we are con-
cerned with a sequence of dependent stationary random vectors {£(S,)};_, and
study the asymptotic behavior of its cumulative sum

W, = kzl £(S,).

Kesten and Spitzer ([KS]) called this a random walk in random scenery when
d = 1, and proved that with a suitable normalization, W, converges weakly to a
self-similar process represented by a stable integral whose integrand is a local
time.

To describe our theorem, we need some preliminaries. Let {¥(#)},5, be an
a-stable Lévy process with right continuous sample paths such that the distribu-
tion of Y(1) is the same as that of Z, in (4). Since 1 < a < 2, L,(x), the local
time of Y(:) at x, exists and we can take a version of L,(x) (denoted by
L,(x) again) which is continuous in (¢, z). Let {Z;(D)},cg be an R’-valued Lévy
process independent of {¥Y(#},~, such that the distribution of Z,(1) is the same
as that of Z in (3). This {Z;(H)} is called an operator-stable Lévy process or
operator-stable motion with exponent B. Each component {Zy ()}, i=1,2," ",
d, of {Zz(D} is also a real-valued (not necessary stable) Lévy process. Hence the
stochastic integral

2°0 = [ " L@dz" @

can be defined for each ¢ as in [KS]. The R’-valued stochastic process whose ¢-th
component is AY (D is denoted by

A0 = [ L@dz,@,

where L,(x) is a random scalar and Zp is a random vector.
Define W, for t > 0 by

W,=W,+ (t— LD Wy — W[t])’

where [#] is the integer part of . Our theorems are the following.
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1 1
TueoreM 1. Let D= <1 — E)I + EB' Then any finite dimensional

distribution of {n "W}, converges to that of {A(D},5. {AD},5, is operator-self-
similar with exponent D and has stationary increments.

The latter half of Theorem 1 is easily seen by the definition of A (.

THEOREM 2. {n_DWm},ZO converges weakly to {A(8)},~, in the space

C([0, ) :R%), provided that E(0) is symmetric in the semse that E(0) =
— £(0) when 25 <1 < A,

The idea of the proofs of these theorems is found in [KS]. The only technical
difference in the proof of Theorem 1 comes from the fact that the characteristic
function of operator-stable random vector (eq. (2)) does not have a simple form
like that of one-dimensional stable random variable. This technical point can be
dealt with the basic relation (1) and observations given in Lemmas 4 and 7 below.
(Lemma 4 is trivial for the one-dimensional case.) The rest of the argument is ex-
actly the same as in [KS])

For the proof of Theorem 2, we need some estimates for the “tail” behavior of
the random vector belonging to the domain of normal attraction of operator-stable
law. It will be recognized as in [W] that in the multidimensional case P{|| n_BS |
A} should be estimated instead of P{| £]] € A}. (See Lemmas 9, 11 and 12 below.)
The estimates presented here can also be applied to a functional version of
operator-stable limit theorem and other weak convergence theorem (see [M]).

We give here a brief remark on the extra condition of the symmetricity of
£(0) for the case Az <1 =< A, When d =1, this case (A3 = Az =1) corres-
ponds to the so-called Cauchy case where the index of stability is 1, and we often
assume some conditions related to the symmetricity of £(0). Such conditions are
needed for the estimates for the tail behavior of random variables. However, the
condition here is rather technical. The essential point would be whether 1 is an
eigenvalue of B or not. From this point of view, the extra condition in Theorem 2
might be weakened, although we do not try it in this paper.

We end this section with a remark about the i-th component 4 (#) of the
R’-valued stochastic process A(f). If B is diagonalizable over R, then Z;,i)(t) is
one-dimensional stable ([H]). Thus A4V is nothing but the process appearing in
[KS]. Therefore it is self-similar. However if B is not.semi-simple, then Z,;i)(t) is
not stable ([H]). Thus this process is not covered by [KS]. If B is not semi-simple,
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nor is D. Then it follows from Theorem 5.1 in [M] that AP () is not self-similar.

Therefore the R-valued process 4 (#) is different from that in [KS].

2. Proof of Theorem 1

In the following, | * || stands for the ordinary Euclidean norm.
The first step of the proof is to represent W, as

(5) W,= 3 &S) = 3 N,wWew,
k=0 ueZ

where N, (u) is the number of visits of the random walk {S,} to the point # in the
time interval [0, #]. All that are necessary about the occupation time N, (u) of
{S,} and the local time L,(x) are found in [KS]. We collect some of them which we
need later as lemmas. Consider the linear interpolation of N, (#) as W, as follows:

N,(w) = Ny (w) + (¢ = [t]) (N4, () — Ny ().

For — o0 < g < h < oo, define

” 1
T/(a, b) = " 2 N,
nEa<u<nwh
and
b
Iia b= [ L.
Lemma 1 (KS)). Foramy by, t,,-*, t, =0,
(T/(a;, b), 1 <j <k} =T, (a;, b), 1 <j < k.
LemMa 2 (KS])). Foramyp =1,
(6) sup E[N,(®)"] = O(n”“_%))
uez
and
(7) P{N,(w) > 0 for some u with | u| > An%} <e(A) forn =1,

where €(A) — 0 as A — © and e(A) is independent of n.

In what follows, C denotes an absolute constant which may differ from one
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inequality to another. Let f = log ¢, where ¢ is the characteristic function of Zg
defined in (2). We are going to show three lemmas.

LEmMA 3 (The joint distribution of A()). For any t,, t,, ..., t, 20 and 6,,
b, ..., 0, €R’,

E[exp{zé:1 <6, A(t,))}] =E [exp[IZf(é L, (u) 0,~)du}].

Proof. The assertion easily follows from the facts that

fo T LwdZ,w) = lim 5 L) [Z,G) — Z,] wpll,

n—oo [=0

where 0 = u; < u; < *-- is a suitable sequance satisfying

. n__ . n ny __
lim ;= o, lim mlax(u,+1 —u)=0,

=00 n—00

and that

i0,Zgul)~-Zguh>y _ ul —ul
E[e BW¥i+1 B ]_ q0(0) 1+1 1,

as in Lemma 5 in [KS]. O

1
LEMMA 4. Let B =1 when Ag <1 and let 0 < B < i when Ag 2 1. Then
B
for any 0, and 0, € R’, we have

| £6) = f(B) | < 6, =6, 1+ 16,1 +16,D +16,— 6,17

Proof. By (2),

f(6) — f(6,)
= K6, — 0,, &

+ fT(d-r) f [ei<€1,sﬁx> _ ei(ﬁ,s"z)
S sBzll <1

— {0, — 6,, s"2)] —l;ds
S

+f7(dx)f [ei<01,s"z> . ei<02,351>] lds
S t1sBzli>1) s ’

Observe that if 0 < 8 < 1,
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I eiEI _ eiezl g 2(1—5)/5] Sl _ 82 lﬂ.
For, if | & — & >2"% then | — ™| <2< |8 — &, f 11| g — & | <2
then
|ei51 - eiEzl < |$1 - Ezl = |€1_ gzll—ﬁlsl - §2|B < 2(1—&)/B|€1 - Szlﬂ.
Thus we have

| s" I
+2l6,-aldel+1eD [ lezl

2

ds

UisBzll<y g

B_ |8
- szl
+ 208 g — g |IBLT(dx) -[“ . ”>1)L2—Ld&
R 4 s

1 . . . .
Recall that A5 > 5 since g is purely non-Gaussian operator-stable with exponent
B. Hence

I s°z
[rao [ 1P 4o,
S tlsBzll <1}

N

1
On the other hand, since 8 < A
B

Is°z|f
[ran [, FTlds<w,
S sBzli>y ¢

Altogether we conclude the lemma.
LEMMA 5. Foramyt, t,...,t, > 0and 0, 6,,..., 0, €R’,
—D* k w had k
= f(n > N,,w6) > [ f(zl L, )6 du.
uey 1= — 7=

—a-Lb

. —D* —Lpk
Proof. Sincen = =mn = apn @

, we have, by the use of the relation (1),

>f (n"D* ,—ZZ N, () 6j>

ueZ

k *
= > logo (n—(l"%) > Nmi(u)n%B 0.)
i=1

)

ueZ
-L —a-l &
=2 nalogo (n a 2] N,,t,(u)ﬁj).
ueZ j=1 ‘
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Thus it is enough to show that

. o f(n_u—é> ]:zi ij(u)ej) = : f<é L,j(u)0j> du.

ueZ

The following argument is very similar to that in [KS]. For some small 7 > 0

and large M, define

A, ={ue Z:lon® < u < I+ l)mé}, l1eZ,
k
U, M,w = 5 a5 f(n "% 2N, w0)
lul > Men= j=1 4

and

Ve, M,m = E (A, 1w (@ s SN, w8,
=M

na yeh,,; j=1

where IA,,,, | is the number of integers in A, ;. Then

I:=3 n‘$f<n~<1—é) i Nmi(u)ﬁ,) — U, M, n) — Vi, M, n)

uezZ
k
= = % 27w {f(x% 2N, 8,)
<M uedy, =t

—f (n‘““) S SN, @6, )}

Tna yEA”I j=1

Set, for a moment,

1
g = Nmi(u) and h, = — > Nm}(y)

ne V€4n
By Lemma 4,
B0 < C0M 4 0 14 s {E[n-u—a g
u€An, 0

e o] o a )

+ E[n—ﬁ(l—%) é ]}

< carezup [ (e 2 ])
(1 + R [ 2 ] FRR e E[ Ié he, 2]>1/2
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2] >B/2}
k 172
2
16,F)

—2q-L k
(L+a e[z g] Sler
é>E

+ B <E [

k
% (g_, - h,-)ﬁ,
j=

< CMrt sup {n—(l_%)<E[

UEA,,;

k

j=1

j=1

4+ [

k
j=

i Sher)”

1 j=1

—pa-L. k bz
+n% (B[ g — )Y Z16,F) .
j=1 j=1
In [KS], it is proved that

sup Ell g, — 1,1 < Cr*lnt 4,

uEAn’,

Also by (6) in Lemma 2,

sup EIN,@)*] = 0(n* ).

ueZ
Hence we have
E[l Il] S CM (T%-‘—% + z_l+‘%((1—1)) — CMZ_(T%(Q'—I) + z_'g(a—l)).

As to U(zr, M, n), as in [KS], we see that for large # and for each n > 0, we
can take M7 so large that

P{U@, M, n) #0} <.

Recall & > 1. Then take 7 so small that
Lig- B g
CMT(Tz(a 1) + Tz(a l)) S nz.

Then we can conclude that for such 7, M and large »n,

k
(©) P = f(w?" £ N, @6) — Vi, M, w | > 7} <2n.

= A j=1
By the above consideration, it is enough to show the convergence of V(z, M, »)

in order to prove the lemma. By the use of the notation and the statement of Lem-
ma 1, we have

Vie, M, m) = % IA,,I,,If(%\'j T}z, 1+ DD)6)
<M ne j=1
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which, as # — oo, weakly converges to

k 1 U+t
(10) T X f(Z—f L,(y)dy(?,),
i<m™ Ni=1 T Jir !
4,
where we have used L
na

Finally, the continuity of Zf=1Lt, (#) 0; as a function of # and the fact that
L, () has as. compact support imply that as ¢— 0 and M— o, (10) converges

to
© gk
[ 7(2L,@6,) au.
- \j=1
This together with (9) shows (8), completing the proof of the lemma. O
We now return to the proof of the theorem. Denote the characteristic function
of §(u) by
2(0) — E[ei<0,f(u)>]’ g e Rd.
Then by (5)
_ k .
I:=E _exp[zg <6, n W,,,j)}]
k
= E [exp[i 2 <6, v N, ¢w)>}]
j=1 uUeZ
i ok
(11) =E[1 (" =N, w6)|.
lueZ j=1 !

We need more lemmas.

LEMMA 6.

lim sup N, (») n "

n—o ueZ

6 = 0 in probability.
Proof. By (6) and (7) in Lemma 2, we have for some p = 1,

P{sup N, ln™ 6] > 7)}

uezZ

< P{N,(w) > 0 for some % with | «| > A}

+ P sup N, 10701 > 7

|ul < Ane
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<@+ T %E[N,,(u)’]ll n ol

IuISAn% n

e+ X Lp O(np(l‘ﬁ))n"i’(l—%) " n—%B*H ”P

ld<ans T)

Il

(12) e + 0 | n @6 |P).

Since for any ¢ > 0,

|~ | < Cae,

1 1
if we take p such that a2 a (A3 — &)p <0, the last term in (12) converges to 0

for fixed n and A. If we next let A tend to infinity, then the desired conclusion fol-
lows. ]

Lemma 7 (Lemma 6.1 of [MM]). Under (3), log 21(6) ~ log ¢(6) as 6— 0.

We now return to (11). By Lemmas 6 and 7,

lim I, = lim E [ e (n"’* é Ny, () 0,.)] |

Yoo n—oo UEZ
- ol 5 00

=E [exp [[:f(éi L,i(u) 0j> du}] (by Lemma 5)
=E [exp{i é <6, A(@))H (by Lemma 3).

The proof of Theorem 1 is thus completed.

3. Proof of Theorem 2

We prove the tightness of {n‘DWm} by showing that for each 7 > 0 and any

n >0
(13) lim limsup P{ sup |4 — 4. =n} =0,
n—oo dalo 0<t,s<T
[t—sl <6

where 4] = n_DWm. To this end, as in [KS], we first approximate A; by A4} plus a
linear function E,f such that A7 has the second moments, E,, are bounded and
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3n 1 €
lim sup P{sup I 47 — A7 — E,t| = 0l 77] <3

n—oo t<T

) . . An
and then use Kolmogorov's moment criteria for 4,.

£

_1
For any € > 0, choose large A such that e(AT @) < — where e(*) is the one

N

defined in (7) in Lemma 2. Then we have

(14) P{N,,(u) > 0 for some | u| > An% and £ < T)
< P{N,,(u) > 0 for some | u| > An@)

_1 €
<e(AT @) < 1
We need several lemmas, where we always assume (3). For notational simplic-
ity, we write € for £(0) in the following. Let
¢,(®) =nP{In ¢ € G}, G B0, =),
® B\ 1 d
MF) = fr(dx) f I(s"x) — ds, F < B®R"\{0})
S 0 S

and
(@) =MUzx: |zl ), Ge B0, «)).

Note that under (3), by the general central limit theorem for infinitely divisible
laws in R’ (cf. Proposition 1.8.17 in [JM]),

nPin ’c € F} — M(P)

for every Borel set F which is bounded away from the origin and M(0F) = 0, and

(15) lim lim sup nﬁ | 0, )’ Pin %t edxt =0, 6€R"
x|l <e

el0  nmoeo

(Recall that we are dealing with purely non-Gaussian case.) Assume for a moment
that ||+ || is the “invariant norm” of [HJV]. In their norm, ¢({g}) = 0 for each
y > 0. Then by eq. (7) in [W], we have

LEMMA 8. For everyy > 0,

¢, (ly, ) — c(ly, «)).

LEMMA 9. (i) Let p > 0. Then
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o
sup J; yc,(dy) < .
(ii)

€

limlimsup | y’c,(dy) < .
0

el0  noo

Proof. Suppose {01, ..., 0.} is an orthonormal basis for R’ Then ||ac|l2 =
d
2?21 <6, 2° Since

[ veapy =n [ NzlPtne € az,
0 llzll<e
we conclude the lemma by (15) with 6 = 0,,..., 6,. ]

LemMA 10. Let o > 0.
() If A, > 1, then

0
f yc(dy) < oo,
0
(i) If Ay < 1, then
[ yetay) < .
o
Proof. We have

c((y, @) = M{z |zl >y} = j;r(dx) .[o Il s%z ]| > o] —1;ds.
S

Note that for any d > 0 there exists C, > 0 such that

(16) 1] < {CI S ts <1,
C,s™ ifs > 1.
By the use of (16), we have
! o 1
ey, ) < jo' Ils > CyV ™) Sds

n f s > Cy 1 L g
1

=1 + L,
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for some C, > 0.
(i) Asy— 0, L(y) = 0Q1) and [,(y) = oy ™" ). 1t Ag > 1, we can find

0
d > 0 such that 1/(1; — d) < 1. Thus f c((y, ))dy < %, which concludes
0

().
(ii) As y— oo, I,(x) = 0(1) and L(y) = 0@~ ""**"). Thus, if A, <1, we

have f c((y, ))dy < oo, concluding (ii). O
o

LEMMA 11. Let o > 0. If Az > 1, then

0
sup f yc,(dy) < o,
n 0

Proof. It is obvious that for every n = 1
0
j; yc,(dy) < o,
and also
0
f ye(dy) < oo
0

by Lemma 10 (i). Note that ¢,(*) and c¢(*) are Lévy measures on (0, o), namely
14 0

f (y* A 1)c,(dy) < o and f (y* A 1ec(dy) < oo, Hence, by Lemmas 8 and 9
0 0

(ii), a convergence theorem of infinitely divisible laws (cf. Corollary 1.8.16 in [JM])
implies that the characteristic function

4O = expl [ " = De,@g), 6eR
converges to

70 = exp{ [ @ Detan), 0€R,
Thus

lim [ " @™ = Deldy)

n—o0 ~0
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exists. This together with Lemma 9 (i) concludes the lemma. ]

LEMMA 12, Letp > 0. If Ay < 1, then

supf yc,(dy) < .
n o

Proof. We first show the statement when & is symmetric. Let ¢ > 0, and
choose a so large that

2P{" n? é &(k) “ > a} < ¢ for all #,
k=1
which is possible by tightness, (see eq. (3)). Thus
ZP{H n? 3 &k " > y} < g for all y = a and for all .
k=1
Since {€(k)} are symmetric, we have
P[ max | n &) | > y] < 2P{” w3 &) H > y}
\<k<n k=1
Thus
[Pn%e) <ypl" = P{ max | n %) | < y}
1<k<Ln
=1~ P{ max |2 "&(k) | > y}
1<k<n
<1- 2P{H w2 Ek) " > y}
k=1
so that, for any y = a

nP{{n"E| >y} <n {1 - [l - ZP{H nE él £(h) “ S y}]l/n}

2

<ol 2] >

since for a fixed ¢ < 1,

" 1
{l— Q-2 < 7% forany0<z<e
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Hence

sup [ nPUn”8] >y

< 2o [P Sew | > o)

2| S]]

By Theorem 3 in [HVW], if n . || is the ordinary Euclidean norm and Ay < 1,
| PN | R PAT
and hence
sgp _[o nP{|n 2E| > yrdy < o
for the “invariant norm” as well as for the ordinary Euclidean norm. This implies
sup fm yc, (dy) < oo,
n “a

On the other hand

[ vetan = [ yetan

0

by Lemma 8, thus we conclude

supf yc,(dy) < o

when & is symmetric.

It remains to prove the lemma for the non-symmetric case and the following
argument is a standard desymmetrization. For general &, let £ be an independent
copy of & Since & — & is symmetric, we have shown

sup jpm nP{ll nPE—e > %}dy =K< o,

Let
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5@ = [ np{ln€— 21> Yay.
Then
sup Elg, ()] = K.
Let b be so large that P{| &| > b} < % Also let

B,={z R |z| <t
and
G,={z€R": g,(2) <3K}.
Then B, is not contained in Rd\ G,, because if it were, we would have

K = sup Elg,(§)] = sup Elg,(&)I[& € B,]]
> SKEUIE € B = 3KP(le| < b > 5 K,

which is impossible. Hence B, N G, # ¢. Let z, € B, N G, for each n = 1. Since
I z, | < b, we have

f nP{|n e > ytdy < g,(2,)
0
for large n. Since g,(z,) < 3K, the proof is complete, ]
Remark. Lemmas 9-12 have been proved for the “invariant norm” of [HJV].
However, the compatibility of all norms on R’ implies the same conclusions for the
ordinary Euclidean norm.

Lemma 13. If Ay < 1, then E[| €]] < o and E[£] = 0.

Proof. The first part follows from Theorem 3 in [HVW]. The second part can
be shown by the same way as in the one-dimensional case. U

By Lemma 8, we can find a p such that for all large n

(17) (2An* + DP{n™e"¢ | > o) <<,
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for the “invariant norm”. By the compatibility of all norms on R’ again, the same
observation also follows for the ordinary Euclidean norm. In the following, once
again the norm || . || stands for the ordinary Euclidean norm.

Set
_ _1lg
Ew) = EM I n " E(w) | < o],
E,=n"E £ N,aEw)]
ueZ
and

A=n" 2 N, (w){Ew — E[Ew]}.

ueZ

Again, for notational simplicity, we write & for £(0) in the following.

LEmMa 14. We have
_lp- _1
(18) IE(n™="El] = O™®),
provided that § is symmetric when Ag < 1 < A
Proof. When § is symmetric, the left hand side of (18) is 0. Hence it is

enough to consider the case Az > 1 or A, < 1.
When 4; > 1,

1 _lp-
sup ne | E[n"2"E]|

L _1 _1

= sup n« | Eln "Il n @ ¢ | < p]]|
0

S 1/a < oo

sup _/(: yc,ua(dy)
by Lemma 11.

When Ay < 1, by the use of Lemmas 12 and 13,

1

sup % | Eln"<"E]|
" 1 _lg _lg
= supne | E[n @ El[|n = &|| < p]]||

= sup #@ | L0 =11 ¢ | > 11|
< sup foo yc,a(dy) < o,

This concludes the lemma. ]
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Let us return to the proof of Theorem 2. We have by Lemma 14,

IE, 1= | """ #n"*E | £ N,Ew)]

|
= | PEn=aE | = Nw)|
1 1 “eZ
=0 R0+ 1) = 0Q).
We also have
A - — By
=0 % Ny ~ G — EE@D] — a7 [ 3 N,aEw]
=n"’ Z‘Z N, (W [E@w) — Ew)] + n™ ZZ N, () E[E(u)]

~n”E |2 N,wEw] ¢

ueZ

(19) =:n" ZZNm(u) [Ew) — Ew] + Q, (1,

where by Lemma 14 for t < T,
1.0 I =1n"EEnt+1— n+1d|
< T | E " B = 0(5).

It follows from (14) and (17) that

P{> N,,(u) [E(w) — Ew)] # 0 for some t < T}

ueZ

< P{&(u) # E(u) for some | u]| < Ane}
+ P{N,,(u) > 0 for some | u| > An® and t < T}

1
< @An® + DP{n" | > o} + 5 < 5.

Hence by (19) for any n > 0,

. n = 1
(20) lim sup P{sup |47 — A7 — E t] = ) 7]} < %

n—o t<T
We finally show
-n —n 2 2-L1

(21) Ell4; - A1 <Clt— 9 e
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If we could show (21), the relation (13), with the respective replacements of A:’
and 7 by Zl;' and % would follow, and it together with (20) implies (13). We have
(22) EIl4; — 4717

= E[| 0" 2 W0 ~ N, @) €00 — EGwD | ]

= 3 ELW, ) — N,,@) 0> @E[| n 2" E©0) — EEO) [

ue”Z
< T EIW, 0 — N,,)’] wREL w7 E ) [,
where
sup 7% El| 0 "€ |1 = sup n# El| n™#"¢ [PIT) n™2" €] < o011
_ £y o
(23) = sup fo e aldy) <

by Lemma 9. On the other hand, Kesten and Spitzer ([KS]) showed

(24) S ELWN, ) — N,.)*] < CL(t — )n)*=.

ueZ

Thus (21) is given from (22)-(24) and the proof is completed.
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