
GROUPS WITH REPRESENTATIONS OF 
BOUNDED DEGREE 

I. M. ISAACS AND D. S. PASSMAN 

Let G be a discrete group with group algebra C[G] over the complex numbers 
C. In (5) Kaplansky essentially proves that if G has a normal abelian subgroup 
of finite index ny then all irreducible representations of C[G] have degree < n . 
Our main theorem is a converse of Kaplansky's result. In fact we show that 
if all irreducible representations of C[G] have degree <?z, then G has an 
abelian subgroup of index not greater than some function of n. (The degree 
of a representation of C[G] for arbitrary G is defined precisely in § 3.) 

This result is closely related to Jordan's theorem (9, Satz 200) which states 
that there exists a function J in) such that if a finite group G has a faithful 
representation of degree n over C, then G has an abelian normal subgroup of 
index < J ( n ) . 

It appears that assuming that all representations of G are of degree <w is 
closely analogous to assuming some representation of degree < n is faithful. 
In § 5 we give some other examples of this analogy. 

1. The main tool of this paper is the character theory of finite groups. We 
record here our notation and nomenclature. In this section all groups are 
assumed finite. 

Let x be an irreducible character of a group G and </> an irreducible charac
ter of a subgroup / / . 

<j> induces a character </>* of G and x restricts down to a character x\H of 
II. The Frobenius Reciprocity Theorem (2, Theorem 38.8) then states that 

[ x . * * ] * = [x\H,4>]H, 

where [ , ] denotes the inner product over the appropriate group. 
Suppose HAG (II is normal in G). Then G acts on the irreducible charac

ters of H by conjugation. That is, for g £ G and all x G H, <j>g{x) = <t>(gxg~l). 
The subgroup T fixing a given irreducible character </> is called the inertia 
group of </>. Clearly T ^ H. If t = [G : T] (the index of T in G), then </> has 
precisely t distinct conjugates <j> = 4>u </>2, . . . , 4>t. If x is a constituent of 0* 
of multiplicity a, then by (2, Theorem 49.7) 

X\H = a(0i + 02 + . . . + « i ) . 

Let H A G. Each character of G/H can be viewed in a natural way as a 
character of G with kernel containing II. Conversely every such character 
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of G comes from a unique one of G/H in this manner. In general, we shall 
use the same symbol to denote the character whether viewed in G or G/H. 
The precise situation will always be clear from context. 

We denote by \G\ the order of the group G. 
Several results which will be needed are as follows. 

1.1. PROPOSITION. Let HAG and let x be an irreducible character of G such 
that x\H is irreducible. If ft is any irreducible character of G/H, then the product 
character xft is irreducible. 

Proof. Let d = [G : H] and <t> = x\H. Then 

4>*(g) = dx(g), g£H, 
- 0 , g(H. 

By Frobenius Reciprocity we have 

[0*,4>*]G = [**|i?,«] = [<**,*] = d, 

the latter since <j> is irreducible in H. 
Let p be the character of the regular representation of G/H. Viewed in 

G, p(g) = d for g £ H and 0 otherwise. Hence 0* = XP-
Write p = J^ibifti, where the ftf are the irreducible characters of G/H and 

bt = degfti. Hence 0* = Y,i°iXfti and 

d = [0*, </>*]<? = T,t, btbAxPt, xftAo > Zi bS [xftu Xftilo > Hi at2 - d. 

Thus we have equality throughout. This implies that, for all i, [xftu xftt] = 1 
and hence that the xftt are irreducible. 

1.2. PROPOSITION. Let H be a normal subgroup of G of prime index p. If x 
is an irreducible character of G, then x\H is either irreducible or the sum of p 
distinct conjugate characters of H. 

Proof. If x\H is not irreducible, then 

X\H = fl(0i + «Ê2 + • • • + « « ) , 

where the </>* are distinct conjugate irreducible characters of H. We have 
\X\H, x\H]H = aH. 

As in the preceding proof (x\H)* = ^tOiiX, where the a{ are the irre
ducible characters of G/H. We note that since G/H is abelian, the at are 
linear and hence the atx are irreducible. Now 

[(x\H)*,«tX]G = [x\H,aiX\H]H = [X\H, X\H]H - aH. 

Thus each distinct atx occurs with multiplicity aH. If there are 5 distinct 
ones, then saH = p by counting degrees. Thus a — 1. Since x\H is reducible, 
t 7± 1, and hence t = p. Thus the result follows. 

1.3. PROPOSITION. Let N be a normal abelian subgroup of G. If G/N is abelian 
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and x ^ any irreducible character of G, then there exists a subgroup K of G and 
a linear character ^ of K with N C K C G and x = ^*-

Proof. Let H ~~3 A7 be minimal in G with x\H irreducible; then H > N. 
Since H/N is abelian, we may choose L Z) N of prime index p in H. We see 
that %|L is reducible and thus by Proposition 1.2 is a sum of p distinct irre
ducible characters of L, 0i, 02, . . • , 0P. Let T be the inertia group of 0i in 
G. Then [G : T] = p and x\T is reducible, since the 0* are not conjugate 
in T. Thus 

x | r = É *<• 
By reciprocity, x is a constituent of #i*; but deg % = P deg di = deg 0i*, and 
thus % = 0.i*. Applying induction on the order of the group, we conclude 
that di is induced from a linear character on a subgroup K Z) N. The result 
now follows by transitivity of induction. 

1.4. DEFINITION. G has r.b. n (representation bound n) if all the irreducible 
representations of G have degree < ^ . 

In § 3 we shall extend this definition to arbitrary infinité groups. 

1.5. PROPOSITION. Let G have r.b. n. Then any subgroup or quotient group 
of G also has r.b. n. 

Proof. The fact for quotient groups is obvious. Let H be a subgroup of G 
and 0 an irreducible character of H. Choose a constituent x of 0*. Then by 
reciprocity 0 is a constituent of x\H. Thus deg 0 < deg x < n. 

1.6. PROPOSITION. Let N A G with G/N non-abelian. If G has r.b. n, then 
"Y has r.b. n/2. 

Proof. Let 0 be an irreducible character of A7 and x a constituent of 0*. 
Then 

X|i\7 = a (01 + 02 + • • . + 0*), 

where 0i = 0 and at -deg 0 = deg x- If either a or t is > 1 , then 

2 deg 0 < deg x < n. 

Otherwise xl̂ V" = 0 is irreducible. In this case let (3 be a non-linear character 
of G/N. Then by Proposition 1.1 the product x$ *s irreducible. Hence 

n > deg x£ = deg x deg 0 > 2 deg x = 2 deg 0. 

Therefore, deg 0 < n/2 and the result follows. 

1.7. COROLLARY. Le/ G = iV0 "2 iVi Z) . . . Z) i\Tfc &e a sub-invariant series. 
Suppose m of the quotients are non-abelian. Then G has an irreducible repre
sentation of degree >2m . 
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Proof. If G has r.b. n, then by Propositions 1.5 and 1.6 and induction, Nk 

has r.b. n/2m. Thus n/2m > 1. 

2. In this section we continue studying finite groups with r.b. n and prove 
the following theorem. 

2.1. THEOREM I. There exists a function f defined on the positive integers 
with the following property. If G is a finite group all of whose irreducible 
representations have degree Kn, then G has an abelian subgroup of index </(w). 
We may take 

/(») = I I M[n/2% 

where r = [log2 n] and Ji(m) = max{J(w), mm+l\. 

We remark that nn+l is smaller than all known upper bounds for J(n). In 
particular (9, Satz 200) gives 

Jin) < n\ \2n^n+r>+l\ 

where ir(n) is the number of primes < ^ . 
It would be of interest to show that J in) > nn+l. If this were true, we 

could replace J\ by / in the formula. In any case we have J{n) > (n + 1) ! 
since the symmetric group Sn+i has a faithful representation of degree n. 

2.2. LEMMA. Let R be a group with the following properties: 

(i) R has a non-trivial normal abelian subgroup, 

(ii) all non-trivial normal subgroups of R contain Rf, 

(iii) R has an irreducible character x of degree m > 1. 
Then a maximal normal abelian subgroup of R has index m and is a direct 
product of Km cyclic prime-power factors. 

Proof. Let x be the character given in (iii). If x is not faithful, then its 
kernel contains R' and x has degree 1, a contradiction. 

Let TV be a maximal normal abelian subgroup of R. Then N 2 R' and R/N 
is abelian. It follows from Proposition 1.3 that x is induced from a linear 
character \p of a subgroup K 13 N of index m in R. Since K 3 N 2 Rf, 
K A R. By reciprocity, \p is a constituent of y\K. Since K is normal, all con
stituents of %\K are linear, and since x is faithful, K is abelian. Since K 2 N, 
we have K = N by the maximality of N. Thus [R : N] = m. 

The Sylow subgroups of N are characteristic in N and thus normal in R 
and hence each contains R' ^ 1. Thus A7 must be a ^-group. 

iV has a faithful representation by diagonal m X m matrices and thus is a 
subgroup of an abelian group with m generators. Thus N has < w generators 
and the result follows. 

2.3. LEMMA. Let K A L, where L/K is a cyclic p-group. If K has r.b. m 
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and L has r.b. n, then there exists a subgroup T having r.b. m with K C T C L 
and [L : T] < n. 

Proof. For each M with K C M A L and each irreducible character <j> of 
M let T O , M) be the inertia group of <t> in L. P u t T = C\^tM r ( 0 , M ) . Since 
L/JK" is a cyclic ^>-group, the subgroups of L containing K are linearly ordered. 
T h u s T = r((/>, M) for some M and 0. 

If [L : T] = r, let 0 = 0i, <£2, . . . , <£r be the distinct conjugates of <j>. Let 
X be an irreducible const i tuent of <£*. Then 0 and hence all of the 4>t are 
const i tuents of x\M. T h u s w > deg x > ^ deg <£ > r. 

T o show t h a t 7" has r .b. w, let 6 be an irreducible character of T. Let M 
be minimal with T^M^K and 0 |M irreducible. We claim M = K. If 
M > K choose N with ikf Z) i\T Z> i£ and [Af : iV] = £. By the minimali ty 
of M, 6\N is reducible and since N A M we have by Proposition 1.2 

where the ^ are distinct conjugate characters of A7. The inertia group of ypi 
in M is T(iph N)fM\I^Tr\M=M, which is a contradiction since ^ 
has £ distinct conjugates. 

Since Af = K, B\K is irreducible and thus deg 6 < w. 

2.4. LEMMA. L ^ K A E, where E/K is the direct product of r cyclic prime-
power groups. If E has r.b. n and K has r.b. rn, then E has a subgroup F such 
that [E : F] < nr and F has r.b. m. 

Proof. Let Eiy 1 < i < r, be the inverse images of the direct factors of 
E/K in E. We define the subgroups To, T\, . . . , TT of E inductively as follows. 

Pu t To = K = EQ. Given 

Tt C II Es, Tt^K, m E, : Z\ < n* 
o L o J 

such tha t Ti has r b . m, then 

TiE^/Tt ç* E , + 1 / J \ H E , + 1 = Ei+1/K, 

which is a cyclic ^-group. TiEi+i has r .b. w by Proposition 1.5. Applying 
Lemma 2.3, we can find Ti+1 with Tt C J V i C TiEi+1 and [7^E i + i : 7^+i]<?z 
and such tha t Ti+i has r .b. m. We continue in this manner and take F = Tr. 

Proof of Theorem I. The proof will be by induction on n. Take / ( l ) = 1 
and assume tha t we have f(m) for all m < n. Let G have r.b. n. Since we 
shall always take f{n) > 1, we may then assume tha t G is non-abelian. Choose 
K A G maximal such tha t G/K is non-abelian. By Proposition 1.6, K has 
r .b. n/2. 

The non-trivial normal subgroups of G/K have inverse images in G properly 
bigger than K and thus have abelian quotients. Since G/K is non-abelian, it 
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has a non-linear irreducible representation of degree <?z. This representat ion 
is faithful since the quot ient of its kernel is non-abelian. 

If \G/K\ > J(n), the Jo rdan function, then G/K has a non-trivial normal 
abelian subgroup. In this case, G/K satisfies the hypotheses of Lemma 2.2. 
If E is the inverse image in G of the abelian subgroup whose existence Lemma 
2.2. guarantees, then [G : E] < n. Moreover, E and K satisfy the hypotheses 
of Lemma 2.4 with r = n and m = [n/2]. Thus , we can find a subgroup F 
of G with [G:F] = [G:E][E:F]<n-nn such t h a t F has r .b. [n/2]. 

In case \G/K\ < J(n) we take F = K. T h u s in either case 

[G:F]< m a x j / O ) , ^ 1 } 

and F has r .b. [n/2]. By the inductive hypothesis F has an abelian subgroup 
of index < / ( [« /2 ] ) in F and thus it is sufficient to take 

fin) = / ( [ n / 2 ] ) - m a x f / W , »»+i}. 

This leads to the function given in the s ta tement of the theorem. 

3 . In this section we extend Theorem I to infinite groups. This extension 
will be done in two steps, first to finitely generated and then to arb i t rary 
groups. 

Let G be a group and C[G] its group algebra over the complex numbers . 
Let X be an irreducible representat ion of C[G]. Then the image P = X(C[G]) 
is primitive and hence is isomorphic to a dense set of linear t ransformations 
over D, the commuting ring of X (4, p. 28). Let L be the centre of D. If 
dimL P < oo, then we say t h a t X is finite. In this case P is central simple 
over L and hence d i m ^ P = m2 (4, Theorem 2, p . 122). We let m = deg ï , 
the degree of X. 

Note t h a t if G is finite, then C is always the commuting ring of every 
irreducible representat ion. T h u s the degree as defined above agrees with the 
usual degree in this case. 

We say G has representation bound n (r.b. n) if all irreducible representa
tions X of C[G] are finite and, for each, deg X < n. 

We shall prove the following theorem. 

3.1. T H E O R E M I I . If G is an arbitrary group with r.b. n, then G has an 
abelian subgroup of index < / (w) , where f is the function of Theorem I. 

3.2. PROPOSITION. Let G be a finitely generated group. If all the representations 
of G are finite, then G is a subdirect product of finite groups. 

Proof. This is precisely Theorem V of (7). 

3.3. PROPOSITION. Let G be finitely generated and have r.b. n. Then G has an 
abelian subgroup of index < / ( w ) . 

Proof. Since G is finitely generated, it follows by a theorem of M. Hall (6, 
p. 56) t ha t there are only a finite number of subgroups of G of index < / ( w ) . 
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Call them Ah A2, . . . , Ak. We show tha t one of these must be abelian. If 
not , choose au bi G At with ct = a $ ta flb f1 ^ 1 for all i. Since the ct are 
finite in number and not the identi ty, by Proposition 3.2 we can find a normal 
subgroup N of finite index in G with all c* $ N. 

Any irreducible representation of G/N is also one of G, so G/N has all its 
irreducible representations of degree <w. Since G/N is finite, we conclude 
by Theorem I t ha t G/N has an abelian subgroup AIN of index Kf(n). T h u s 
[G : A] < f{n) and A must be one of the Au say Ax. But this implies t ha t 
d\ and bi commute (mod N), or d = a,\ b\a{~1 bi"1 G N, a contradiction. 

Hence one of the At must be abelian and the result is proved. 

Let G be any group. We let $ = %{G) be the set of all finitely generated 
subgroups of G. 

3.4. PROPOSITION. G has r.b. n if and only if for all F G S, F has r.b. n. 

Proof. We use the well-known result (8, Theorem 5.2) tha t for any group 
H, C[H] is semi-simple. Thus by (1 , Theorem 1) H has r.b. n if and only 
if C[H] satisfies the polynomial identi ty [xi, x2, . . . , X2n] = 0. 

If G has r .b. n and F Ç G, then C[F] Ç C[G]. But the lat ter satisfies 

I 1 J * * * J 2 / 2 

1 = 0 and hence so does the former. Thus F has r.b. n. 
Conversely, to check t ha t C[G] satisfies t ha t particular identi ty, we need 

only look a t its finitely generated subalgebras. But each such is contained 
in C[F] for some F £ g, so the result is clear. 

Assume now tha t G is an arbi t rary group with r.b. n. If F, II G %, A C F, 
and B Ç FT we say tha t (JET, 5 ) > (F, A) if FT 3 F and 5 H F = A. This 
relation is clearly transit ive. 

Suppose t ha t (H, B) > (F, A). If g b g2, . . . , gs are in different cosets of A 
in 7% then they are in different cosets of B in i 7 since if gigf1 Ç 5 , we have 
gig,"1 G 5 n F = i I t follows from this tha t if [H : B] = m < 00, then 
[F :A] < w. 

Now let $ be the collection of ordered pairs (F, A) such t ha t F G g, 
/l Ç F, ,4 abelian, and [F : ,4] < / ( » ) < 00. If (H, B) G <$ and (FT, B) > (F, 
.4), then (F,A) G $ . 

Let 6 CI <j)3 be the collection of pairs (F, A) with the property t ha t for 
every H 2 F, H G g, there exists a B Q H with (77, 5 ) > (F, ,4) and 
( # , B) G $ . 

3.5. LEMMA. Le/ (F, -4) G @. If H ^ F and H G 5 , //^rc //^re w a £ swc/* 

/ t o ( i 7 , £ ) > (F, A) and (H, B) G (S. 

Proof. Since (F, ,4) G g, there exists some B with (H, B) G $ and 
(H,B) 2 (F, yl). On the other hand, by a theorem of M. Hall (6, p. 56), 
there are only finitely many subgroups of H with index < / ( n ) and thus only 
finitely many such TTs, say Bly B2, . . . , Br. We must show tha t some 
{II, Bi) G © for i = 1, 2, . . . , r. If this is not the case, we can find Kt G $, 
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Ki^>H for each i, such t ha t no Ct exists with (Ku d) > (H,Bi) and 

(KU ct) G % 
Let K be the group (Kh K2, . . . , 2£r}. Then K G g and Z 2 F. Since 

(F, ,4) 6 (g, we may choose C with ( Z , C) G $ , ( £ , C) > (F, 4 ) . 

(X, C) > {H,HC\ C) 

and since (X, C) G $ we conclude t h a t (H, H C\ C) G $ . However, 

(H,Hf\C) > (F,A) 

and thus H C\ C = B t for some i. Now (K, C) > (A\, i£* Pi C) and thus 
(KuKinC) G $ . Bu t {KuKtr\C) > (iT,5<) and this contradicts the 
definition of Kt. The result follows. 

Note t h a t S is non-empty since (1 ,1) G @, for by Proposit ions 3.3 and 3.4 
for every F G g, there is an abelian A ÇZ F with [F : A] < / ( w ) . T h u s 
(F, 4 ) G $ and (F, A) > (1, 1). 

In the following, &(A) denotes the centralizer in G of the subgroup A 

of G. 

Proq/ o/ Theorem I I . Choose ( F 0 , i o ) G S with [F0 : 4 0 ] = s < / ( » ) 
maximal. If (F, .4) G S with (F, ,4) > (F0 , T 0 ) , then we claim t h a t 
[G : 6 0 4 ) ] < / ( w ) . Choose g G G arbi trar i ly and pu t # = (F, g) G g. Choose 
B with (JJ, F ) > (F, .4) > (Fo, 4 0 ) , where (FT, F ) G @. Now let gl, g2l . . . , gs 

be a full set of coset representat ives of A0 in F0 . Then the gt are in different 
cosets of B in H. However, [H : F ] < s by the choice of (F0 , .To) and thus 
the gi form a full set of coset representat ives of B in i F We have then g G gï-B 
for some i. Since F is abelian and 5 ^ 4 , 5 Ç S ( / l ) and thus g G g ; S ( / 0 . 
T h u s 

G=\JgMA) and [G : (£(.4)] < s < / ( w ) . 

Now among the (F, /I) of © with (F, /I) > (F0 , T0) choose ( F b T O with 
[G : 6 ( / l i ) ] maximal. Pu t 

/ = (A\ there exists F £ $ with (F, / l ) G S and (F, .4) > (F1? .40) . 

We claim tha t J is abelian and [G : / ] < / ( w ) . 
To show t h a t J is abelian, it suffices to show t h a t any two generators 

commute . T h u s let 

at A with (F, ,4) > (Fx , ^ 0 , ( ^ 4 ) G 6 ; 
ft G S with (FT, 5 ) > (Fi, At), (H, B) G ®. 

Since A 3 T1 ? (S(/li) 2 6 ( T ) ; bu t by choice of (Fx , T O , 

[ G : S ( , 4 ) ] < [ G : 6 ( ^ 0 ] ; 

thus we have 6 ( ^ 0 = &(A). 
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Since B Z) Ax is abelian, B C S(^4i) = Ç£(A) and thus 6 commutes with a. 
Finally suppose that [G : J] > f{n). Choose gi, gz, . . . , gt representatives 

of t > f{n) cosets of J in G. Put 

H=(F1,gug2,...,gt) 6 g. 

Choose B with (H, B) > (/% Ax) and (77,5) G g. Then B Q J. Since 
[iJ : B] < / (w) , some gig/ - 1 G 5 , and this is a contradiction. 

3.6. COROLLARY. There exists a function g defined on the positive integers 
with the following property. If G is any group all of whose irreducible repre
sentations have degree <w, then G has an abelian normal subgroup TV of index 
<g(n). 

Proof. Choose A as in Theorem II with [G : A] < / (w) . If TV is the inter
section of the conjugates of A, then TV is abelian, normal in G, and 

[G:N] < / ( » ) ! . 

Thus set g(n) = f{n)\. 

4. In this section we consider ^-groups of r.b. n and get a significantly 
stronger bound than that given in Theorem I. This is analogous to the Jordan 
Theorem situation where J(n) can be replaced by nl for ^-groups. 

4.1. PROPOSITION. Let G be a finite group with a faithful irreducible repre
sentation of degree n. If the centre Z of G has an abelian quotient, then [G :Z] = n2. 

Proof. Let x be the character of the given faithful representation. If z ^ 1 
is in Z, then z is represented by the scalar matrix \I, where |X| = 1 and 
X 5* 1. For any g £ G, xOg) = ^x(g)-

If g $ Z, choose h with hgh~l g~l ^ 1. Since G/Z is abelian, hgh~l g~l = z Ç Z. 
Thus hgh~l = zg and we have 

x(g) = xihgh'1) = x(zg) = M g ) -

Since z ^ 1, we have X ̂  1 and x(g) == 0. 
Because x is irreducible and x(z) = ^n> we have 

1 = TTT Z) x(g)xlg) = j ^ E x(z)x(z) = -—r\Z\n-

and the result follows. 

Since the degree of an irreducible representation must divide the order of 
the group, we may assume for ^-groups that the representation bound is a 
power of p. 

4.2. THEOREM III. If P is a p-group having r.b. pe, then P has an abelian 
subgroup of index <^3e(e+i)/2# 
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Proof. Since the group R = G/K of the proof of Theorem I is a p-group, 
it has a non-trivial centre Z. By our assumptions on R, we see immediately 
t ha t Z is cyclic, being the centre of a group with a faithful irreducible repre
sentation and Z^_R!. T h u s R has a cyclic ^-subgroup Z of index <w 2 = p 2 e 

by Proposition 4.1. 
Returning again to the proof of Theorem I, we see t h a t this implies t h a t 

G has a subgroup L of index *Cn-n2 = p*e having r .b. n/2. Since 

n/2 = pe/2 < pe, 

L has r .b. pe~\ 
The result now follows by induction on n. L has an abelian subgroup A 

of index < ^ ( * - D / 2 a n d h e n c e [G : A] = [G : L] [L : A] < pw+w*. 

5. M a n y other results about linear groups carry over to groups having 
r.b. n. We mention a few here. For convenience we consider only finite groups. 

5.1. T H E O R E M IV. Let G be a finite group all of whose irreducible representa
tions have degree <?z. Then G has an abelian Hall subgroup for all the primes 
dividing \G\ and greater than n + 1. 

Proof. We first prove, by induction on |Gj, t h a t G has the appropr ia te Hall 
subgroup H. 

If \G\ has no prime divisors < w + 1, then we take H = G. Otherwise, 
let g be an element of order p < n + 1 in G. Let H be an irreducible repre
sentat ion of G with 36(g) 9^ 1. Now 36(G) = Gi is a linear group of degree 
< w and hence, by (9, Satz 196), it has a Hall subgroup Hi. Since 36(g) ^ 1, 
we have G\ 9^ Hi. Let K be the complete inverse image of H\ under the 
homomorphism 36. Then [G : K] = [Gi : Hi] contains no prime factors 
>n + 1. 

By Proposition 1.5, K has r .b. n and since K is properly smaller than G, 
we have by induction a Hall subgroup H of K. Bu t by the remarks above 
about [G : K] we see t ha t H is a full Hall subgroup of G. 

Now let H be any Hall subgroup of G for primes >n + 1. Since i f has 
r.b. w and the degrees of all irreducible representat ions of H must divide \H\ 
we see t h a t all irreducible representat ions of H are linear. Hence H is abelian. 

5.2. T H E O R E M V. Let G be a finite group all of whose irreducible representa
tions have degree <w. If p is a prime dividing \G\ with p > 2n + 1, then the 
Sylow p-subgroup of G is normal. 

Proof. We prove this by induction on \G\. If G is a p-group, then the result 
is trivial. Thus , let g G G be an element of prime order q ^ p. Let ï be an 
irreducible representation of G with 21(g) ^ 1. Now 36(G) = Gi is a linear 
group of degree < w and hence by (3, Theorem 1) it has a normal Sylow 
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/^-subgroup Pi . Since X(g) ^ 1, we have P i ^ G\. Let i£ be the complete 
inverse image of P i under the homomorphism 36. Then K A G and 

[G : K] = [Gi : P1] 

is relatively prime to p. 
By Proposition 1.5, X has r.b. n and since K is properly smaller than G 

we have by induction a normal Sylow ^-subgroup P of K. Then clearly P 
is a full Sylow subgroup of G. Since P is a characteristic subgroup of K A G, 
we have PAG. 

Added in proof. 
1. Using slightly different techniques, we can replace J\{m) in Theorem I 

by max{J(m), m3}. However, since J(m) > (m + 1) ! for m > 4 and 7(3) > 
7(2) = 60, we see that for all m, J(m) > m3. Moreover, J(s)J(t) < /(> + 0 
implies that 

Therefore, we can take f(n) = J(2n) in Theorem I and in Theorem II as 
well. 

2. A recent paper of E. Thomas, Uber unitdre Darstellungen abzàhlbarer, 
diskreter Gruppen (to appear), discusses another condition on the irreducible 
representations of a discrete group which is equivalent to the group having 
an abelian subgroup of finite index. 

3. A more detailed study of ^-groups with r.b. pe can be found in our 
paper Groups whose irreducible representations have degrees dividing pe, which 
will shortly appear in the Illinois Journal of Mathematics. 
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