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Dirichlet-type spaces of the unit bidisc
and toral 2-isometries*

Santu Bera, Sameer Chavan and Soumitra Ghara

Abstract. We introduce and study Dirichlet-type spaces D (up, uz) of the unit bidisc D?, where
M1, M2 are finite positive Borel measures on the unit circle. We show that the coordinate functions z;
and z; are multipliers for D (u;, 12 ) and the complex polynomials are dense in D (1, ). Further,
we obtain the division property and solve Gleason’s problem for D (1, u,) over a bidisc centered at
the origin. In particular, we show that the commuting pair ./ of the multiplication operators .Z, ,
M, on D(uy, puy) defines a cyclic toral 2-isometry and .Z belongs to the Cowen-Douglas class
B; (D?2) for some r > 0. Moreover, we formulate a notion of wandering subspace for commuting
tuples and use it to obtain a bidisc analog of Richter’s representation theorem for cyclic analytic 2-
isometries. In particular, we show that a cyclic analytic toral 2-isometric pair T with cyclic vector fj
is unitarily equivalent to /Z on D (u;, pz) for some pp, u; if and only if ker T, spanned by fo, is a
wandering subspace for T'.

1 Introduction and preliminaries

The aim of this paper is to obtain a bidisc counter-part of the theory of Dirichlet-type
spaces of the open unit disc as presented in [26] (see [8] for a ball counter-part of this
theory). Throughout this paper, D denotes the open unit disc {z € C : |z| < 1} in
the complex plane C. Recall that Dirichlet-type spaces of D are model spaces for the
class of cyclic analytic 2-isometries (see [26]). Thus to arrive at an appropriate notion of
the Dirichlet-type spaces of the unit bidisc D?, it is helpful to look for function spaces
which support the class of 2-isometries naturally associated with D?. Let us first recall
the definition of such 2-isometries.

For a complex Hilbert space H, let B(H) denote the C*-algebra of bounded linear
operators on H. For a positive integer d, a commuting d-tuple T on H is the d-tuple
(Th,...,Ty) of operators T1, ..., Ty € B(H) satisfying T;T; =T,;T;,1 <i # j < d.
LetT = (Ty,...,T4) be a commuting d-tuple on H. We say that T = (Ty,...,Ty) is
a toral isometry if Ty, . .., Ty are isometries. Following [1, 5, 26], T is said to be a toral
2-isometry if

[-T;T; - T;T; + T;T;T;T; =0, i,j=1,....d. (1.1)

A toral isometry is necessarily a toral 2-isometry, but the converse is not true (see [5,
Example 1]).
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To propose a successful analog of Dirichlet-type spaces on D?, it is helpful to exam-
ine examples of toral 2-isometries arising from function spaces. Since the operator of
multiplication by the coordinate function on the classical Dirichlet space D (D) is a 2-
isometry, it is natural to seek the classical Dirichlet space of the unit bidisc. Recall that
the Dirichlet space D (D) ® D(D) of D? is given by

{Feom: 1fmone = D, 1fonmPon+ Dn+1) <wf,

(m,n)EZi

where O(Q) denotes the space of holomorphic functions on a domain Q, Z, denotes
the set of nonnegative integers and f denotes the Fourier transform of f. It turns out
that if #,, and ,, are the operators of multiplication by the coordinate functions z;
and z,, respectively, on D(D) ® D(D), then the commuting pair (A, M ,) satisfies
(1.1)for 1 <i = j < 2, butit fails to satisfy (1.1) for I < # j < 2. This failure may be
attributed to the fact that the mapping (m, n) > ||z"z}||* is a polynomial of bi-degree
(1, 1). Interestingly, there is a “natural” choice D (ID?) of the Dirichlet space containing
D (D) ® D(D) for which the associated pair (M, , M,,) is a toral 2-isometry:

D) = {1 €O : Ifllyony = 3. IfmmPim+n+1) <l

(m,n)ez2

The norm || - || p(p2) can also be written as follows:

1oy = 0oy + sup [ [ 101fre®) P dacena

O<r<1

+ sup / / o (re'®, 22)|2 dA(22)d6, 12)
T JD

O<r<1

where d (resp. dA) denotes the normalized Lebesgue arc-length (resp. area) measure on T
(resp. D). Recall that the Hardy space H*(ID?) of the unit bidisc D? is the reproducing
kernel Hilbert space (see [23] for the definition of the reproducing kernel Hilbert space)
associated with the Cauchy kernel

2
k(z,w) = 1—[(1 —z;w)™, z=(21.22), w = (w1, w;) € D%
j=1

It is worth noting that for any f € H*(D?),

1 By = D 1 (@) (1.3)
aeZ?
= sup / Lf (re'®, re'%)|?do,do, (1.4)
0<r<14[0,27]2

(see [27, Section 3.4]).
For a nonempty subset Q of C, let M, (Q) denote the set of finite positive Borel

measures on Q. Let P, (w) denote the Poisson integral fT %dy(é’ ) of the measure
1 € M. (T). For future reference, we record the following consequence of the Fubini
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Dirichlet-type spaces of the unit bidisc 3

theorem (see [28, Theorem 8.8]) and the fact that the mapping r +— /T |f(z, ret?)|2do
is increasing.

Lemma 1.1 For f € O(D?) and u € M, (D), the extended real-valued mapping ¢(r) =
[E‘ /D |f (z,7e'?)|2du(z)db, r € (0, 1), is increasing.

The formula (1.2) together with Richter’s notion of Dirichlet-type spaces (see [26,
Sect. 3]) motivates us to the following:

Definition 1.1  For py, up € My (T) and f € O(D?), the Dirichlet integral D, ., (f)
of f is given by

Dy (f) = sup /T /D 00 f 1o re )PPy (21) dA(21)d0

O<r<l1

+ sup / / 1021 (rei®, 22) 2P, (22) dA(22)d6.
T JD

O<r<l1

If either yy or y; is 0, then the Dirichlet-type space D (1, i12) is the space of functions
f € H*(D?) satisfying D, 1, (f) < co. Otherwise, we set D(u1, u2) = {f € O(D?) :
Dlllsllz(f) < oo},

Before we define a norm on the Dirichlet-type space D (1, t2), we present a 2-
variable analog of [26, Lemma 3.1].

Lemma 1.2 For uy, iy € M (T), D(ui, uz) € H*(D?).

Proof By the definition of D (u1, 12), we may assume that both measures p; and p;,
are non-zero. Note that

T
Pu(w) > #(l —|w|*), ue M (T),weD. (1.5)
Thus, for any f(z1,22) = Xy =0 dm.n 21'25 € D (11, f2),

/ / 100f (210 7€ ) PPy (21) dA(21)d
T JD

(1.5) T
SYITOR ol T / P (1= |1 P)dA ()
D

A similar estimate using (1.5) gives

[ [ 102506 2t antedo > 22 53 a2

4 n+1’

2m

m=0 n=1
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Since f € D(u1, u2),

(o] (o] (o] (o]
2 mrht 2nrzm
sup ZZ|am,n| " < oo, sup ZZlamJJ P < 0.
O<r<l1 =1 n=0 O<r<l1 =0 n=1

It is now easy to see using the monotone convergence theorem (see [28, Theorem 1.26])
that f belongs to H?(D?). |

In view of Lemmas 1.1 and 1.2, the Dirichlet-type space D (u1, uz) can be endowed
with the norm

2 _ 2 . i0\2
oy = Wy + Jim [ [ 107 Grore! )y (a0 daen)e

+ lim // 102 f (re'?, 22)|* Py, (22) dA(z2)d0.
r—1 TJD
We see that D (u1, pt2) is a reproducing kernel Hilbert space (see Lemma 3.1).

The present paper is devoted to the study of Dirichlet-type spaces with efforts to
understand the bidisc counter-part of the work carried out in [26]. Before we state the
main results of this paper, we need some definitions.

For a positive integer d, let Q be a domain in C¥ and let % be a Hilbert space such
that Z C O(Q). A function ¢ : Q — C is said to be a multiplier of Z if o f € H
for every f € . For a nonempty subset U of Q, we say that Gleason’s problem can be
solved for Z over U if for every f € # and A = (44, ...,A4) € U, there exist functions
815 ..,8q in Z such that

d
F@=F)+ D22 =4)8i(2), 2= (21,-..,2a) € Q.
Jj=1

We say that Gleason’s problem can be solved for Z if Gleason’s problem can be solved for
F over L (the reader is referred to [31] for a solution of Gleason’s problem for Bergman
and Bloch spaces of the unit ball). It turns out that Gleason’s problem can be solved for
H?(D?) (see Remark 5.2).

Definition 1.2 Let Q be a domain in C¥ and let % be a Hilbert space such that # C
O(Q). We say that Z has the j-division property, j = 1,...,d, if zf(—le), defines a func-
tion in # whenever 1 € Q, f € # and {z € Q : z; = A;} is contained in Z(f), the
zero set of f. If Z has j-division property for every j = 1, ..., d, then we say that 7

has the division property.

In case of d = 1, this property appeared in [3, Definition 1.1]. One of the main results
of this paper shows that D (u1, p2) has the division property. In what follows, we require
a generalization of the notion of the wandering subspace introduced by Halmos (see [20,
P. 103)).
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Dirichlet-type spaces of the unit bidisc 5

Definition 1.3 LetT = (T, ..., T4) be acommuting d-tuple on H. A closed subspace
W of H is said to be wandering for T if for everyi = 1,...,d,

d d
HT;'”WJ. anjW, @j,Bj€Zs, j=1,....d, =0, B; #0.
=1 =1

J= J

Remark 1.3 1f d = 1, then ‘W is a wandering subspace for T if and only if W L
T* (‘W) for every integer k > 1. In particular, ker 7" is a wandering subspace for any
T € B(H). Moreover, if T = (T1,...,Ty) is a commuting d-tuple such that T]”.‘T,- =

TiTj’f, 1<i#j<d,thenkerT* = 07:1 ker T; is a wandering subspace for 7.

It follows from Remark 1.3 that the space spanned by the constant function 1 is a
wandering subspace for the multiplication 2-tuple .#, on H*(ID?). Interestingly, this
fact extends to the multiplication 2-tuple ., on D (u1, uz) (see Corollary 3.12).

Recall that a commuting d-tuple T = (T4, ...,T4) on H is cyclic with cyclic vector
fo e Hif {T"fo ca = (ay,...,aq) € Zf} = H, where \/ denotes the closed
linear span and 7% = ;l:l T:" . For later purpose, we state the following property of
cyclic tuples (see [4, Proposition 1.1]):

If T is cyclic, then for any w € C¥, dim ker(T* — w) is at most 1, (1.6)

where ker § = ﬂ;‘le ker S; for the d-tuple § = (Sy,...,S¢) and dim stands for the
Hilbert space dimension. A commuting d-tuple T on H has the wandering subspace prop-
erty if H = \/ yez, T (ker T*). Following [15, P. 56], we say that a commuting d-tuple
T =(Ty,...,Ty) onH is analytic if

00

ﬂ Z TeH = {0},

k=0 aely

where, for k € Z,, 'y .= {a = (a1,...,aq) € Zf i@+ -+ ag = k}. Note that if T
is analytic, then 77, . . ., Ty are analytic.

Let Q be a domain in C¢. For a positive integer n, let B,,(€) denote the set of all
commuting d-tuples 7 on H satisfying the following conditions:

e forevery w = (wy,...,wq) € Q, themap Dr_,,(x) = ((T; - a)j)x)?:1 from H

into H® has closed range and dim ker(T — w) = n,
o the subspace Ve ker(T — w) of H equals H.

We call the set B, (Q) the Cowen-Douglas class of rank n with respect to € (refer to [10, 13]
for the basic theory of Cowen-Douglas class).

2 Statements of main theorems

The following three theorems collect several basic properties of Dirichlet-type spaces

D(p1, p2)-

Theorem 2.1  For uy, uy € M. (T), we have the following statements:
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(i) the coordinate functions z1, 7, are multipliers of D (uy, U2),
(ii) the polynomials are dense in D (1, i2),
(iil) for non-negative integers k, [ and a polynomial p in 7 and 7,

kol 112 _ 2 in i0y)2
142 = 1o+ [ P67, Pia ()t

y / 1p(¢. &) Py () db. 1)
TZ

Theorem 2.2 For uy, uy € My (T), D(uy, 12) has the division property.

Theorem 2.3  For uy, uy € M, (T), Gleason’s problem can be solved for D (uy, ) over
D? for some r € (0, 1].

Here D? denotes the bidisc {(z1,22) € C? : |z1| < 7, |z2| < r}, where r is a posi-
tive real number. Unlike the one variable situation, we do not know whether Gleason’s
problem can be solved for D (uy, 2) over the unit bidisc. It is worth noting that not
all facts about Dirichlet-type spaces of the unit disc have successful counterparts in the
bidisc case. For example, the commuting pair M4, = (M, M,,) on D (i1, yz) fails to
be essentially normal (see Corollary 3.13). Moreover, the verbatim analog of the model
theorem [26, Theorem 5.1] does not hold true (see Remark 2.5).

The following result asserts that .4, on D (u1, uz) is a canonical model for analytic
2-isometries T for which ker 7™ is a cyclic wandering subspace.

Theorem 2.4 (A representation theorem) Let T = (T1,T2) be a commuting pair on H.
Then the following statements are equivalent:

(i) T is a cyclic analytic toral 2-isometry with cyclic vector fy € kerT* and kerT" is a
wandering subspace for T,
(ii) T is a cyclic toral 2-isometry with cyclic vector fo € ker T*, T* belongs to By (ID2) for some
r € (0, 1] and ker T* is a wandering subspace for T,
(iil) there exist uy, up € My (T) such that T is unitarily equivalent to M, on D (w1, 12).

Remark 2.5 By [25, Theorem 1], any analytic 2-isometry T on H has the wandering
subspace property. This result fails even for analytic toral isometric d-tuples if d > 1.
Indeed, if a € D?\{(0,0)}, then the restriction of /, to {f € H*(D?) : f(a) =
0} is a toral isometry without the wandering subspace property. This may be seen by
imitating the argument of [6, Example 6.8] with the only change that the application of
[19, Theorem 4.3] is replaced by that of [19, Corollary 4.6]. This example also shows that
the assumption that the cyclic vector fj belongs to ker 7* in (i) can not be dropped from
Theorem 2.4. Also, by Theorem 2.1(ii), the cyclicity of T in (ii) of Theorem 2.4 can not
be relaxed.

Theorems 2.1, 2.3 and 2.4 provide bidisc analogs of [26, Theorems 3.6, 3.7 and
5.1], respectively. Also, Theorem 2.2 presents a counterpart of the fact that Dirichlet-
type spaces on the unit disc have the division property (see [26, Corollary 3.8] and
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Dirichlet-type spaces of the unit bidisc 7
[24, Lemma 2.1]). The proofs of these results and their consequences are presented in
Sections 3-6 (see Corollaries 3.8, 3.9, 3.12, 3.13, 4.6, 5.5, 5.6, 6.2, 6.6). In the final short

section, we discuss the spectral picture of the multiplication 2-tuple ., on D (u1, 2)
and raise some related questions.

3 Proof of Theorem 2.1 and its consequences
We need several lemmas to prove Theorem 2.1.
Lemma 3.1 The Dirichlet-type space D (1, i12) is a reproducing kernel Hilbert space. If
k : DXDD — Cis the reproducing kernel of D (1, 12), then forany r € (0, 1), \/ {«(:,w) :
lw| <r}=D(ui, u) and k(+,0) = 1.
Proof Weborrow an argument from the proof of [14, Theorem 1.6.3]. Let { f;; } ;>0 be

a Cauchy sequence in D (u1, uy). Since H*(D?) is complete (see [27, p 53]), there exists
a f € H*(D?) such that || f,, — f”ZZ(DZ) — Oasn — 0. Moreover, since H2(D?)
is a reproducing kernel Hilbert space, for every j = 1,2, d; f;, converges compactly to
d;f on D?2. Also, since { f, } n>0 is bounded in D (1, y12), by Lemma 1.1, there exists an
M > 0 such that for every integer n > Oand r € (0, 1),

// |01 fu (21, 7€" %) PPy, (z1) dA(z1)d0 < M,
T JD
/ / 102 fu(rei®. 22)I2P () dA(22)d8 < M.
T JD

By Fatou’s lemma (see [28, Lemma 1.28]), for any r € (0, 1),
[ [10usrret®)pp e daceido (1)
TJD

< liminf// 01 fu(z1, 7€' ) * Py, (21) dA(21)dO < M.
n T JD

Similarly, one can see that

//|62f(rei9,Zz)|2P,,2(z2)dA(zZ)dG<M, r e (0,1).
T JD

This shows that f € D (uy, 42). We may now argue as in (3.1) (with f replaced by f,, — f
and f;, replaced by f,, — f) and use Fatou’s lemma to conclude that

/ / 100 fo = F) (21, re®) PP, (21) dA(21)d6
T JD
< tinyint [ [ 10 = ) G re )P, 1) dA G2,

Similarly, we obtain

/ / 102(fo — £)(re™®, 22) PPy (22) dA(z2)d
T JD
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< hn;ninf// 102(fu — fin) (re'?, 22) PPy, (22) dA(z2)d6.
TJD
These two estimates combined with Lemma 1.1 yield
D,lll,/lz(fn_f) <hn}ninfD,u1,;42(fn_fm)a n > 0.

This shows that {f,},s0 converges to f in D(ui, i;). Finally, since H*(D?) is a
reproducing kernel Hilbert space, so is D (u1, ;) (see Lemma 1.2).

To see the ‘moreover’ part, note that for any f € D(uy, uz), by the reproducing
property of D (uy, 42),

(s Do(uw) = Dy = £(0) ={f, k(,0)) D (41, p00)

and hence «(+,0) = 1. The rest follows from the reproducing property of D (u1, u2)
together with an application of the identity theorem. [ ]

Although we do not need in this section the full strength of the following lemma (cf.
[18, Theorem 4.2]), we include it for later usage:

Lemma 3.2 Let f : D?> — C be a holomorphic function. For r € (0, 1) and 6 € [0, 2x],
consider the holomorphic function f, o(w) = f(w,re'?), w € D.If f € H*(D?), then
fr.0 € H*(D) for every r € (0, 1) and § € [0, 27]. Moreover,

2
sup /0 1fr 00225y @0 = 1 12 oy f € HA(D?). (3.2)

O<r<l1
Proof The proof relies on the formula (1.3). First, note that

S o=y | S fmmyrene] (33)
m=0

m=0 n=0

If f € H?(D?), then applying the Cauchy-Schwarz inequality to (3.3) gives that f, ¢ €
H?(D) for every r € (0,1) and @ € [0, 2]. Moreover, integrating both sides of (3.3)
with respect to 8 over [0, 27r] and taking supremum over r € (0, 1) yields (3.2). [ ]

Remark 3.3 We note that

if f € D(u1,u2), then for every r € (0,1), f(-,re'?) € D(u;)
and f(re'?,-) € D(u,) for almost every 6 € [0, 27]. (3.4)

To see this, note that for any holomorphic function f : D> — C,
Dyypr (f) = lim /Dm (f(re'?)do + lim /D,,z(f(rem, ))de,  (3.5)
r—1= Jr r—1= JT

and hence, if f € D(ui,uz), then by Lemma 1.1, /EDul(f(-,reiG))dG and

fT Dm(f(rem, -))d6 are finite for every r € (0,1). One may now apply Lemma 3.2
to complete the verification of (3.4).
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It turns out that the operator .#;; of multiplication by the coordinate functions z;,
Jj = 1,2, defines a bounded linear operator on D (1, uz).

Lemma 3.4  The coordinate functions 71, 7, are multipliers of D (1, tz).

Proof By (3.4), for any f € D(u1,i3) and r € (0,1), f(-,re'?) € D(uy) for
ae. 6 € [0,2x]. By [26, Theorem 3.6], the operator .#,, of multiplication by the
coordinate function w on D (u1) is bounded and satisfies

s f (e W DGy < I Cre ) D) forae.6 € [0,27].  (3.6)

Since M, My, > 1, || M| > 1. Fixnow f € D(uy, uz). By Lemma 1.2, f € H*(D?),
and hence z; f € H*(D?). By (3.5) (two applications),

D#l,ﬂz(zlf)
= Jim [ D@ Credo+ tim [ D((e o

< rlinlg/T||/%Wf(~,rei”)llzz)(yl)d9+rli>rr11,/TDm(f(reie,.))de

(3) 2 N : i0
< |1 tim ALFC et d6+ lm | Dy, (f(re'®,-))do
r— T r— T

< [l tim / 1 Core ) pa )0+ |2 2Dy s ()
r— T

(3.2)
= N P W -

Similarly, one can see that for some ¢; > 1,

Dy (22f) < allf Iy ye f € Dt o).

This completes the proof. |

The following is a bidisc-analog of Richter’s formula (see [26, Proof of Theorem 4.1],
[8, Theorem 1.3]).

Lemma 3.5 For nonnegative integers k, ! and a polynomial p in the complex variables 7,
and 7, we have the formula (2.1).

Proof By (3.4) (see also (3.5)) and [26, Proof of Theorem 4.1],
k_l 2
ll23 ZZPHD(M,#Z)
~ 1Pl + tim [ D (4 pow,re®))a0
-7 Jr

+ lim Dm(wlp(reig,w))dﬁ
T

r—1-

1oy Jim [ (D0 0are )k [ 1o rei®) s )ao
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ttim [ (Dupe o+t [Ipee, e Pdusn)as
r=Jr T

= 1Pl [ 1o P01 [ (e, &) P o,
T2 T2

where we used Lemma 1.1 and the monotone convergence theorem. [ ]

For R = (R}, R;) € (0,1)2 and f € O(D?), let fr(z) = f(Riz1, R2z2). To get the
polynomial density in D (1, 112), we need the following inequality.

Lemma 3.6 Forany R = (R1,R;) € (0,1)% and f € D(uy, u2),
Dlll,llz(fR) < Dm,ﬂz(f)'

Proof By (3.5) and [29, Proposition 3],
Dy (fR) = rli,r?—/rD’“ (fR(',Veig))d9+r1LHll_‘/TDyz(fR(Veie,-))de

< lim [ Dy (f(.rR2e"%))do + lim /Duz(f(rRlei9,~))d0.
T r=1mJr

r—1-

This, combined with Lemma 1.1, yields
Dpf) < tim [ D (£Credo+ tim [ D1t ) do.
An application of (3.5) now completes the proof. ]
Here is a key step in deducing the density of polynomials in D (u1, u2).

Lemma 3.7 Forany f € D(uy, 4z),

Rl,gm _D,ul,/lz(f_fR) =0.

H—1

Proof Theproofisanadaptation of that of [14, Theorem 7.3.1] to the present situation.
For R = (R1,R;) € (0,1)2, by the Parallelogram law (which holds for any seminorm)
and Lemma 3.6,

DM1,[12(f_fR)+DM1,/12(f+fR) = Z(Dﬂl,[lz(f)+D/11,,l12(fR))
< 4D, 0 (£). (37

We claim that
Rlirlglin{_ Dy, (f + fR) = 4Dy, 1, (f). (3.8)
1,

To see this, fix r € (0, 1). By Fatou’s lemma,

lim inf _ (/TDM((f+fR)(-,re“’))d9+/TD,,Z((f+fR)(ref9,-))de)

R{,R;—1

> 4(/TDﬂl(f("reie))de+[TDy2(f(rei9,-))d0), (3.9)
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On the other hand, by Lemma 1.1,

D,l11,,l12 (f +fR)

> [ D+ s Do+ [ D5+ S e o,
After taking lim inf on both sides (one by one) and applying (3.9), we get
Rlll,lilzlluli Dﬂ1,/.l2 (f + fR)
> 4([rDm(f(-,reio))d«9+/TDl,z(f(rew,-))de).

Letting  — 1~ on the right-hand side now yields (3.8) (see (3.5)). Finally, note that by
(3.7),

limsup Dy, .0, (f = fR) 4Dy, 0, (f) — liminf Dy, ., (f + fR),
Ri,Ry—1- R{,R;—1

and hence by (3.8), we get

limsup Dy, ., (f = fr) =0,
R],R2—>1_

which completes the proof. |
We now complete the proof of Theorem 2.1.

Proof (Proofof Theorem 2.1) Parts (i) and (iii) are Lemmas 3.4 and 3.5, respectively. To
see (ii), let f € D(uy, uz) and € > 0. It suffices to check that there exists a polynomial
p in z; and z; such that || f — pllp(u, ) < €. It is easy to see using Lemma 3.7 that
there exist an R = (R, R,) € (0, 1)? such that

“f - fR”D(/—h,/lz) < 6/2 (310)

Since fr is holomorphic in an open neighborhood of ﬁz, there exists a polynomial p
such that

”aa.fR - 8“17”00’52 < %’ @ € {(07 O)’ (1’0)’ (O’ 1)}’

where M = max { fD Py, (w)dA(w) : j =1, 2} + 1. This together with the fact that the
norm on H?(D?) is dominated by the || - || 2 shows that lfR = PllD(um) < €/2.
Combining this with (3.10) yields || f — p|| p () < €, Which completes the proof. m

The following provides a ground to discuss operator theory on D (u1, (2).
Corollary 3.8  For j = 1,2, let M, denote the operator of multiplication by the coordinate

function zj. Then the commuting pair M, = (M, M) on D(u1, i) is a cyclic toral
2-isometry with cyclic vector 1.
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Proof Note that by Theorem 2.1(i) and the closed graph theorem, .#, defines a pair of
bounded linear operators #;, and M, on D(u;, u2). By Theorem 2.1(ii), 4, is cyclic
with cyclic vector 1. Finally, the fact that ., is a toral 2-isometry may be derived from
(ii) and (iii) of Theorem 2.1. [ ]

Let k : D X D — C denote the reproducing kernel of D (u1, u;) (see Lemma 3.1).

Corollary 3.9 For any w € D?, ker(.M, — w) = {0} and ker(.M; — w) is the one-
dimensional space spanned by k(-, W).

Proof Since D(uy,uz) is contained in the space of complex-valued holomorphic
functions on D?, the pair ., has no eigenvalue. By Theorem 2.1, ./, is cyclic, and hence,
for any w € C2, the dimension of ker (.} —w) isat most 1 (see (1.6)). If w € D?, then by
the reproducing property of D (uy, u;) (see Lemma 3.1), k(-, w) € ker(} —w). Since
1 € D(uy, uz), once again by the reproducing property of D (uy, uz), (-, w) #0. =

Before we state the next application of Theorem 2.1, we need a formula for the inner-
product of monomials in D (uy, u3).

Lemma 3.10 Foru € M. (T)and j > 0O, let i(j) = fT 7 du(Z). Then

0 ifm# p, n#q,
min{n, q}fi2(q —n) ifm=p, n#q,
min{m, p}fi1(p —m) ifm# p, n=gq,
1+mfii(0) +nf2(0)  ifm=p, n=gq.

(2'z3, ZfZgM)(#l,ﬂz) = (3.11)

In particular, the monomials are orthogonal in D(uy, pz) if and only if py and p, are
nonnegative multiples of the Lebesgue measure on T.

Proof Fix non-negative integers m, n, p, q. By the polarization identity,

m.n _P._4q _/.m_n _D_g
<Zl Zz, Zl ZZ >D(,ul,,uz) - <Zl ZZ’ Z1 ZZ >H2(D2)

+ lim Tr"+qei("_q)9'/DBl(z'ln)61(zf)Pm(zl)dA(zl)d9

r—1-

+ lim Tr"‘+"ei("“”)“’/Dc’?z(zg)62(ZZ)PMZ(Zz)dA(Zz)d6’~

r—1-
Since (z7'z5, zsz}Hz(Dz) = 6(m, p)é(n, q) with 6(-, -) denoting the Kronecker delta
of two variables, (3.11) may be deduced from the following formula for the inner-
product of the Dirichlet-type space D () (see [22, Equation (3.2)]):

(7", o) =6(r,s) +min{r, s}a(s—r), r,s€Z, (3.12)

(this formula may also be derived directly using [28, Theorem 11.9]). The “In particu-
lar” part follows from the Weierstrass approximation theorem and Riesz representation
theorem. |
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Remark 3.11 Assume that y, 4, are non-zero. It is easy to see using (3.11) and (3.12)
that || fllp(ur.p0) = IflD(u)@D () holds for all monomials f if and only if at least
one of uq and i, is the zero measure. In particular, D (u1, u2) # D(u1) ® D(usz), in
general.

The following is a consequence of (3.11) (see Definition 1.3).

Corollary 3.12  For uy, uy € M, (T), the subspace of D (1, uz) spanned by the constant
function 1 is a wandering subspace for M, on D (p1, 2).

A bounded linear operator T on a Hilbert space is essentially normal if T*T — TT*
is a compact operator. An essentially normal operator is said to be essentially unitary if
T*T — I is compact. Unlike the case of one variable Dirichlet-type spaces (see [7, Propo-
sition 2.21]), D (1, pz) does not support essentially normal multiplication 2-tuple
M.

Corollary 3.13 The multiplication operators My, and M, on D(ui, u2) are never
essentially normal.

Proof By Corollary 3.8, the multiplication 2-tuple ./, is a toral 2-isometry. In partic-
ular, #,, and M., are 2-isometries. If these are essentially normal, then the image of
M, and M, in the Calkin algebra is a normal 2-isometry, and hence .#,, and /,, are
essentially unitary (since a normal 2-isometry, being invertible, is a unitary). It follows
that #, and M, are Fredholm. In view of Atkinson’s theorem (see [9, Theorem XI.2.3]),
it suffices to check that the kernels of /. ; : and A/ ; , are of infinite dimension. To see this,
fix a nonnegative integer j. Note that by (3.11),

j j +1
(M, 2028y = (2, 2772y =0, p.qei,

and hence by the linearity of the inner-product and the density of the polynomials in
D(p1, u2) (see Theorem 2.1(ii)), we obtain 1 zé = 0. Similarly, one can check that

z{ € ker ./ ,, completing the proof. |

4 Proof of Theorem 2.2 and a consequence

We begin the proof of Theorem 2.2 with the following special case.
Lemma 4.1 The Hardy space H*(D?) has the division property.

Proof Forj = 1,2and A = (1;,4,) € D?, let f € H*>(D?) be such that {z € D? :
z; = A;} € Z(f). Letw = (wy,w;) € D*. If w; # A;, then clearly g;(z) = %
defines a holomorphic function in a neighborhood of w. If w; = A;, then since {z €
D? : zj = A;} € Z(f), f as a function of z; has a removable singularity at w, and
hence by Hartogs’ separate analyticity theorem (see [27, pp 1-2]), g; as above extends

holomorphically in a neighborhood of w. This shows that g is holomorphic on D?. To
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see that g; € H?(D?), note that for r € (|4;], 1) and 61,6, € [0, 2x],

[f(re’? rei®)| _ |f(re®, re'®)]
ref® ;1 " =14y

Since f € H*(D?), it may now be deduced from (1.4) that g; € H*(D?). [

Remark 42 One may argue as above to see that for any positive integer d, the Hardy
space H(D?) has the division property.

We also need the following fact essentially noticed in [26].
Lemma 4.3  Forany u € M, (T), D(u) has the division property.

Proof Ford € D, let g € D(u) be such that g(1) = 0. Note that g is orthogonal to
k(-,A). Since ker (.} — 1) is spanned by (-, 1) and the range of 4, — A is closed (see
[26, Corollary 3.8)), there exists f € D(u) such that g = (z — 1) f, which completes the
proof. [ ]

Proof (Proof of Theorem 2.2) For A € D, assume that (z; — A)h € D(uy, us) for
some j = 1,2. Thus

(z; = A)h € H*(D?) 4.1)
Dy, ((zj = )h) < co. (4.2)

Since the arguments for the cases j = 1, 2 are similar, we only treat the case when j = 1.
It follows from Lemma 4.1 and (4.1) that h € H?(D?). Applying (3.4) to (4.2) gives

Dy ((zi = Dh(-,re'?)) < o0, re(0,1), 6€Q,, (4.3)

where Q, is a Lebesgue measurable subset of [0, 27] such that [0, 271]\Q; is of measure
0.Forr € (0,1) and 6 € Q,, consider f, ¢ : D — C defined by

friow) = (w=Dh(w,re'?), weD.

By (4.1) and Lemma 3.2, f; ¢ belongs to H?*(D). Hence, by (4.3), fr.o belongs to D (u;).
Hence, by Lemma 4.3, h(-,re'?) € D(u;). Since

IAC,re ) D) < IIWh(-re ) D)

(see [26, Theorem 3.6]), by the reverse triangle inequality,
1ol > (1= ADZACre )20 ) > (1= 142Dy ((-,re™®)).
Integrating both sides over [0, 27] yields

2r 2r
(1—|/l|)2/0 Dy, (h(-,re'?))do </0 IIfr,elli,Z(D)dm/O Dy, (fr.0)db.

< ”(Zl - A)h”ip(DZ) + D/ll,/lz((zl - /1)]1)7

2n
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where we used (3.2). Taking supremum over r € (0, 1) gives now

2r
sup / Dy, (h(-,re'?))do < co.
0

O<r<1

Also, since h € H?(D?), it now suffices to check that

2
sup / D, (h(re'?,-))df < oo. (4.4)
0

0<r<l1

Note that by (4.2),

sup /027T Dm(((Zl — )h)(re'?, '))d9 < 0.

O<r<l1

However, for any s € (|4, 1),

sup /(;27{ Dm(((m —/l)h)(”eie"))dg

0<r<l1

> /OM D,, (((z1 — D) (se'®, .))da

2n
> (s—|/l|)2/0 /D|62h(sei9,w)IZP,,Z(w)dA(w)dG.

Applying Lemma 1.1 and letting s T 1~ now yields (4.4). [ ]

Before we present an application of Theorem 2.2, let us recall some facts from the
multivariate spectral theory (see [11, 12, 30]). Let T = (77, T>) be a commuting pair on
H and set Dr(x) = (T1x,T>x), x € H. Note that

if D*TDT is Fredholm, then D has closed range. (4.5)

Indeed, if D*TDT is Fredholm, then D7 is left-Fredholm, and hence we obtain (4.5). To
define the Taylor spectrum, we consider the following complex:

KT, H) {0} S H S HoH 25 1S (o), (4.6)
where the boundary maps B and B; are given by
Bz(h) = (Tzh, —Tlh), Bl(hl,hz) = T1h1 +T2/’l2.

Note that K(T,H) is a complex, that is, B; o B, = 0. Let H*(T) denote the k-th
cohomology group in K (7T, H), k = 0, 1, 2. Following [30] (resp. [11]), we say that T is
Taylor-invertible (resp. Fredholm) if H*(T) = {0} (resp. dim H*(T) < co) for k = 0, 1, 2.
The Taylor spectrum o-(T') and the essential spectrum o, (T) are given by

o(T) = {1 € C*: T — Ais not Taylor-invertible},
0e(T) = {1 € C?: T — Ais not Fredholm}.

The Fredholm index ind(T) of a commuting 2-tuple T on H is the Euler characteristic of
the Koszul complex K (T, H), that is,

ind(T) := dim H°(T) — dim H(T) + dim H*(T). (4.7)
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As an application of the division property, we now show that we always have exact-
ness at the middle stage of the Koszul complex of the multiplication 2-tuple ./#, on
D1, 42). First a general fact.

Lemma 4.4 Let # be a reproducing kernel Hilbert space of complex-valued holomorphic
functions on the unit bidisc D?. Assume that M, = (M, M,) is a commuting pair on I .
If Z has the division property, then for every A = (11,4;) € D?, the Koszul complex of
My — A= My — Ay, Mo, — A3) is exact at the middle stage (see (4.6)).

Proof Note that 7 has the division property if and only if for j = 1, 2, we have the
following property:

for any holomorphic function  : D* — Cand A € D?,
if(zj—Aj)he X, thenhe . (4.8)

We first assume that (4.8) holds for j = 2. To see that the Koszul complex of /#, — A is
exact at the middle stage, let g, 1 € # be such that

(22— 22)g(z1,22) = (z1 — A)h(z1,22), (z1,22) € D% 4.9)

Letting z, = A, we obtain (w — A1)h(w, ;) = O for every w € D. It follows that
h(-,A3) = 0onD. Since & : D> — C is holomorphic, there exists a holomorphic
function k : D*> — C such that

h(z1,22) = (22 — A2)k(z1,22),  (21,22) € D? (4.10)

(in case of A, = 0, this can be seen using the power series for /; the general case can
be dealt now by replacing h(z1, z2) by A(z1, ¢(22)), where ¢ is the automorphism of D
which takes A, to 0). Since h € 7, by (4.8), k € # . We now combine (4.9) with (4.10)
to obtain

(22 = A2)g(z1,22) = (21 — W) h(z1,22)
= (21 - 1) (22 — W)k(z1,22), z €D

This gives g(z1,22) = (z1 — 21)k(z1,22), z € D?. This together with (4.10) shows that
M, — A is exact at the middle stage. We may also obtain the same conclusion in case (4.8)
holds for j = 1. Indeed, one may proceed as above with the only change that the roles
of A1 and A, are interchanged (e.g. (4.9) is evaluated at z; = A4). [ ]

Remark 4.5 Let Q be a bounded domain in C2. One may imitate the first part of the
proof of Lemma 4.1 to show that there exists a holomorphic function k : @ — C
satisfying (4.10). This gives an analog of Lemma 4.4 for arbitrary bounded domains.

The following is a consequence of Theorem 2.2 and Lemma 4.4.

Corollary 4.6  For every A = (11, ;) € D?, the Koszul complex of the 2-tuple M, — A =
(M — A1, My, — 2) on D (1, (o) is exact at the middle stage (see (4.6)).
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5 Proof of Theorem 2.3 and its consequences

We begin with a lemma, which is a variant of [17, Lemma 4.14]. We include its proof for
the sake of completeness.

Lemma 5.1  For a domain Q of C?, let # be the reproducing kernel Hilbert space of complex-
valued holomorphic functions associated with the kernel k : Q X € — C. Assume that the
constant function 1 belongs to Z , the multiplication operators M, , M, are bounded on #
and the commuting 2-tuple M, is cyclic. For w € Q, Gleason’s problem can be solved for #
over {w} if and only if

D*/%; w has closed range. (5.1)

In particular, Gleason’s problem can be solved for I over Q\o (M ).

Proof Letw € Qandlet f € # . By the reproducing kernel property of #,
f—=fw) e{ck(-,w):ceC}. (5.2)

However, since ./, is cyclic, dimker(#; — w) < 1 for every w € C? (see (1.6)). As
1 € &, we have k(-,w) # 0, and hence

{ck(-,w) : c € C} = ker(M; — W) =ker D g2 5.
It now follows from (5.2) that

f=f(w) € (ker D/%;_W)L =ran(D*,. ). (5.3)

Also, it is easy to see that
ran(D 7. ) = {(z1 —wi)g1 + (22 —w2)82: 81,82 € X} (5.4)
If (5.1) holds, then it now follows from (5.3) that

f=fw)e{(zi-wigi+(z2-w2)g2:81.82 € X},

and hence Gleason’s problem can be solved for # over {w}. Conversely, if Gleason’s
problem can be solved for # over {w}, then by (5.3), any function in ran(D*/W_W) is

of the form f — f(w) for some f € 7, and hence by (5.4), it belongs to ran(Dj%; )
This completes the proof of the equivalence.

To see the remaining part, let w = (wi,w;) € Q\oe(A;). Since DDs =
§7181 + 838, for any commuting pair § = (S, S3), by [11, Corollary 3.6], the opera-
tor D*/%; _WD A 1 Fredholm, and hence by (4.5), D M~ has closed range. Hence,
by the closed-range theorem (see [9, Theorem VI1.1.10]), we obtain (5.1) completing the
proof. [ ]

Remark 5.2 Let /U, be the multiplication 2-tuple on the Hardy space H?(D?) of the
unit bidisc D?. Since o, (M) ND? = 0 (see [11, Theorem 5(c)]), by Lemma 5.1, Gleason’s
problem can be solved for H?(D?).
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The following lemma provides a situation in which the division property ensures a
solution to Gleason’s problem.

Lemma 5.3 Let # be a reproducing kernel Hilbert space of complex-valued holomorphic
functions on the unit bidisc D? and let w = (w1, wy) € D?. Assume that I has the division
property and M, = (M, M) is a commuting pair on F . If, for every f € F, either
f (G, wa) or f(wy,-) belongs to Z, then Gleason’s problem can be solved for Z over {w}.

Proof For f € %, assume that f(wq,:) € . Thus f — f(wq,-) € # . Hence, if
h : D?* — C is a holomorphic function such that

f(z1,22) = f(wi,22) = (z1 = wi)h(z1,22), 71,22 €D, (5.5)

by the division property for #, we have h € . Also, since f(w1,-) € #, one may
argue as above to see that there exists k € # satisfying

fwi,22) = f(wi,wa) = (22 = w2)k(21,22), 21,22 € D..
This, combined with (5.5), completes the proof in this case. Similarly, one can deal with
the case in which f(-,w;) € . [ ]

We also need the following fact of independent interest:

Lemma 5.4 For every f € D(uy, 4z), the slice functions f(-,0) and f(0,-) belong to
D(uy, uz). Moreover, the mappings f +— f(-,0) and f — f(0,-) from D(uy, uz) into

itself are contractive homomorphisms.

Proof If f € D(uy, yz), then
/ / 100f (21, 0) PP, (21) dA(1)d0
T JD
+ /T /D 102/ (0, 22) PPy (22) dA(22)d8 < Dy (f)-

Since the mappings f +— f(-,0) and f — £(0,-) from H?(D?) into itself are con-
tractive homomorphisms, the desired conclusions may be deduced from the estimate
above. [ ]

Proof (Proof of Theorem 2.3) Since D(ui,uz) has the division property (see
Theorem 2.2), by Lemmas 5.3 and 5.4, Gleason’s problem can be solved for # over
{(0,0)}. Hence, by Lemma 5.1 (which is applicable since ., on D(u1, p3) is cyclic;
see Theorem 2.1), D*/m has closed range (see (5.1)). It is now easy to see using Corol-

laries 3.9 and 4.6 that .%z is Fredholm. Since the essential spectrum is a closed subset
of C? not containing (0, 0), there exists 7 > 0 such that D2 C C?\o, (). Another
application of Lemma 5.1 now completes the proof. |

The following fact is implicit in the proof of Theorem 2.3.
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Corollary 5.5  The commuting 2-tuple M on D (u1, p2) belongs to By (D?) for some r €
(0,1].

Proof This may be deduced from Theorem 2.3, Lemma 3.1, Corollary 3.9 and
Lemma 5.1 (see (5.1)). ]

We conclude this section with the following corollary describing the cokernels of the
multiplication operators ./, j = 1,2, on D (1, f2).

Corollary 5.6 For1 <i# j <2, ker.ﬂ;j =V {zfc k> O}.

Proof As observed in the proof of Corollary 3.13,
{p(Zi):pEC[w]}ler.%*f, I1<i#j<2. (5.6)

To see the reverse inclusion, let f € ker /%;‘1 . By Theorem 2.1, there exists a sequence
{Pn}n>1 of complex polynomials in z;, z, converging to f. By Lemma 5.4, f(0,-) €
D (p1, 42), and {py (0, ) }>1 converges to f(0, -). Hence, by (5.6), (0, ) € ker .
Thus f — f(0,-) € ker ./, . However, there exists a holomorphic function / : D? - C
such that

f(z1,22) = f(0,22) = z1h(21,22), 21,22 €D. (5.7)

By Theorem 2.2, we have i € D(u;, 2). It now follows from (5.7) that M, h €
ker %;. Since /l; M, is invertible, we must have 4 = 0, and hence, by (5.7), f =
f(0,-), or equivalently, f belongs to the closure of {p(z;) : p € C[w]}. Similarly, one
can check that ker /7, is equal to the closure of {p(z1) : p € C[w]}. |

6 Proof of Theorem 2.4 and its consequences

The proof of Theorem 2.4 relies on revealing the structure of toral 2-isometries 7 with
ker T* as a wandering subspace (see Definition 1.3).

Lemma 6.1 LetT = (T}, T3) be a toral 2-isometry. Then the following statements are true:

(i) for any integers k,l > 0,

TRTiTE = TR TR T - 0 (6.1)
= le*Tl +lT2*T2 — (k +1 - 1)1,

(ii) for fo € ker T*, assume that

(T fo, TP TS fo) =0, q >
>

,m,p >0, (6.2)
(T} fo, TPT foy =0, p n

,q = 0. (6.3)
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Then we have the following:

0 ifm#p, n#q,
T fo, Ty ifm=p,n#q,
g o, 77T oy = 4 e S T ) ifm=p.n#q
(17" fo, T fo) ifm#p, n=gq,

1T foll? + 175 foll® = I foll®  if m = p, n=gq.

Proof (i) To see (6.1), we proceed by strong induction on k + [, k,I > 0. Clearly,
(6.1) holds for 0 < k + < 1. Assume that (6.1) holds for integers k,/ > 0 such that
0 < k +1 < n. Note that for k > 1 and/ < n — 1, by the induction hypothesis,
(i = T T Tl - T
= TRk il
Similarly, for k < n — 1 and! > 1, (6.1) holds. This completes the induction argument.

The remaining identity in (i) now follows from the known fact that for any 2-isometry
S, we have

Sk = k(S*S-D+1, k>0 (6.4)

(this known fact can be seen by induction on k > 1).
(ii) Let m, n, p, q be integers such that m # p and n # g. Consider the case when
m < pandn < q. Since fy € ker T*, we have

(T'TS fo, TP T fo)
= (I"T"TMTS fo, TV 7T fo)
6.1) g . o
= <T1 mTlrnfO’ Tlp mTZq nf0> + <T2nT2nf0’ Tlp mTZq "f0>
= (I7" fo. TV'TY 7" fo) + (T3 fo. TLTY ™™ fo),
which, by (6.2) and (6.3), is equal to 0. Since the inner-product is conjugate linear,

(T7"T! fo, TlpTzqfo) = Owhen p < mand g < n. Consider the case whenm < p
and g < n. Arguing as above, we have

(T'TS fo, TP TS fo)
(AT TLIT ™ fo, TP™™ fo)

(6.1&(6.3) s - _ . _ _
=TT fo, TP fo) + (AT fo, TP fo)

(T, fo, TP fo) + (T3 fo, TLTP ™™ fo),
which, by (6.2) and (6.3), is equal to 0. Once again, by the conjugate-symmetry,
(T7"T! fo, T{”Tzqfo) =O0whenp <mandn < q.

If m = pandn # g, then one may argue as above using (6.4) (by making cases
n < gand g < n)to show that (T[T} fo, TP T} fo) = (T fo, T5! fo). Similarly, one
may derived the formula in case of m # p and n = q. Finally, if m = p and n = g, then
the formula follows from (6.1). ]

Proof (Proof of Theorem 2.4) ()=(iii) Fix j € {1,2}. Since T is analytic, so is T}.
Thus 7} is an analytic 2-isometry. Consider the Tj-invariant subspace H; := \/{T]’F Jo:
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k > 0} and note that 7|4y, is a cyclic analytic 2-isometry. Hence, by [26, Theorem 5.1],
there exist a finite positive Borel measure ¢ ; on T and a unitary map V; : H; — D ()
such that

Vifo=1, ViT; =4V, (6.5)

where %v(vj ) denotes the operator of multiplication by the coordinate function w on
D (). We contend that the map is given by

U(T{‘Tzlfo) = z’lez, k,l >0

extends to an unitary from H onto D(u1, 42). Since H = V{leTzlfo : k,I > 0} and
D(uy, ) = V{z’le2 : k,1 > 0}, it suffices to check that

<TlmT2nf09 TlpTzqf0> = <Z’1nzgl7 Zfzg>ﬂ(/11,,uz)’ m,n,p,q > 0. (66)
Note that for any integers m, n > 0, by (6.5),
(T fo, T} foy = ViT}" fo, ViT} fo) o))
= ((/%»(vj))mijo, (-%v(vj))nvjfb)@(yj)
= (Wm’ Wn>@([1j)
=2}, D)D)
Since (6.2) and (6.3) hold (as ker 7" is a wandering subspace for T), combining this with
Lemma 6.1(ii) yields (6.6), which completes the proof.
(iii)=(ii) This follows from Corollaries 3.8, 3.12 and 5.5.
(i))=(i) It suffices to check that T is analytic. By Oka-Grauert’s theorem (see [21,
P. 71, Corollary 2.17], [16, P. 3]), every holomorphic vector bundle on a bidisc is holo-
morphically trivial. Combining this with the proof of [16, Theorem 4.5] shows that if
T* € B;(D?), then T is unitarily equivalent to the multiplication 2-tuple ./, on a repro-

ducing kernel Hilbert space of scalar-valued holomorphic functions on D2. Since ., is
analytic, T is analytic. |

The conclusion of Theorem 2.4 can be rephrased as follows:

Corollary 6.2 A cyclic analytic toral 2-isometric 2-tuple on H is unitarily equivalent to
the multiplication pair M, on D (1, Uz) if and only if ker T* is wandering subspace for T
spanned by a cyclic vector for T .

Remark 6.3 Let D denote the Dirichlet space (that is, the Dirichlet-type space asso-
ciated with the Lebesgue measure on the unit circle) and let .#,, be the operator of
multiplication by w on D. It is easy to see that the commuting pair T = (M,,, M)
is a cyclic analytic toral 2-isometry on D. Note that ker T = ker ./, is spanned by 1
and it is not a wandering subspace for T'. It is evident that T is not unitarily equivalent
to the multiplication pair , on D (uy, ) for any py, u, € M (T).

The following is a 2-variable analog of [26, Theorem 5.2].
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Theorem 6.4 For j = 1,2, let ,uij),,ugj) € M,(T). Then the multiplication 2-

tuple ./%;1) on Z)(,uil),,ugl)) is unitarily equivalent to the multiplication 2-tuple /ZZ(?) on

2 2)\ - . 2 .
D 1) ifand only if p\V = P, j=1,2.

Proof Suppose there is a unitary operator U : D(,uil), /.lgl)) — D(,ugz) , /152)) such
that
aPv=val), j=12. 6.7)

Since the joint kernel of the adjoint of multiplication tuples is spanned by 1, by (6.7),
U must map 1 to some constant of modulus 1. After multiplying U by a unimodular
constant, if required, we may assume that U1 = 1. It now follows from (6.7) that U is
identity on polynomials. By Lemma 3.5 (applied twice), we obtain for any polynomial p
in two variables,

Lot e®ypan o = [ (e, e o
Lot empan o = [ (e, emiaud? o

It is easy to see that for any polynomial p in one variable,

[iptemia®m = [Ipenradm. =12,
T T

Combining polarization identity with the uniqueness of the trigonometric moment
problem yields the desired uniqueness. |

Remark 6.5 One may use Lemma 3.5 and argue as in [26, Theorem 6.2] to obtain the
following fact: For j = 1,2, let,ugj),,ugj) € M (T). Then

1 1 2 2
D", 1i") € D, 1)

if and only if ,u;z) < p}l) and the Radon-Nikodym derivative du;z)/d,ui.l) € L=(T),
j = 1,2. We leave the details to the reader. '

We conclude this section with an application to toral isometries.

Corollary 6.6 Let T = (T1,T>) be a cyclic analytic toral isometry with cyclic vector fy €
ker T*. Then the following statements are equivalent:

(i) kerT* is a wandering subspace for T,
(ii) T is unitarily equivalent to M, on H*(D?),
(iil) T is doubly commuting, that is, T;.‘Ti = T,~T]’f, 1<i#j<2.

Proof (i)=(ii) By Theorem 2.4, there exist uy, u; € M, (T) such that T is unitarily
equivalent to /#; on D (i1, ). Since T is a toral isometry, .4, is also a toral isometry.
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It now follows from (2.1) that for every polynomial p in two variables,

/ (e, )P dui (n)d6 = o, f (e, )P dps ()d6 = o.
T T

One may now argue as the proof of Theorem 6.4 to conclude that ¢y = 0 and u, = 0.

This yields (ii).
The implication (ii)=(iii) is a routine verification, while the implication (iii)=(i) is
recorded in Remark 1.3. [ ]

7 Concluding remarks

We conclude the paper with a brief discussion on the spectral picture of the multiplica-
tion 2-tuple ., on D(u1, uz). We claim that

oM, =D, (7.1)
oo (M) CD\Q (7.2)

for some open set Q2 in C? containing (]D X {0}) U ({O} XD) . Tosee (7.1), note that by [12,
Theorem 4.9], for any commuting pair 7' = (71, 72), o (T) € o (T1) X 0 (T3). Since the
spectrum of any 2-isometry is contained in D (see [2, Lemma 1.21]) and both .., and

M, are 2-isometries (see Corollary 3.8), we obtain o (M) C D Also, by Corollary 3.9,
D? C o, (M}) C o (M?). Since o(M}) = {Z : z € o (M)}, we have the inclusion
D? C o (). Finally, since the Taylor spectrum is closed (see [12, Corollary 4.2]), we
obtain (7.1). On the other hand, an examination of the proof of Theorem 2.3 (using the
full power of Lemma 5.3 together with Lemma 5.4) shows that

(D x {0}) U ({0} x D) € C*\ 0o ().

Since the essential spectrum is a closed subset of the Taylor spectrum, (7.2) now follows
from (7.1). The natural question arises whether the unit bidisc lies in the complement of the
essential spectrum of M, (there are interesting examples of toral 2-isometries supporting
this possibility; see [5, Proposition 5(iii)]). If this question has an affirmative answer, then
oo (M) = 0(D?). Indeed, if A € §(D?)\0. (M), then there exist two sequences in D?

and C? \ﬁz converging to A, which together with the continuity of the Fredholm index
(see (4.7)) leads to a contradiction. This in turn leads to an improvement of Corollary 5.5
providing a bidisc analog of [26, Corollary 3.8] and also solves Gleason’s problem for
D(uy, up) (see Lemma 5.1).
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