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ON A UNIQUENESS THEOREM 

MIKIO NIIMURA 

The classical uniqueness theorems of Riesz and Koebe show an important 
characteristic of boundary behavior of analytic functions in the unit disc. The 
purpose of this note is to discuss these uniqueness theorems on hyperbolic 
Riemann surfaces. It will be necessary to give additional hypotheses because 
Riemann surfaces can be very nasty. So, in this note the Wiener compactifica-
tion will be used as ideal boundary of Riemann surfaces. The Theorem, 
Corollaries 1, 2 and 3 are of Riesz type, Riesz-Nevanlinna type, Koebe type 
and Koebe-Nevanlinna type respectively. Corollaries 4 and 5 are general forms 
of Corollaries 2 and 3 respectively. 

L e t / be a mapping from an open Riemann surface R into a Riemann surface 
Rf. For a positive superharmonic function 5 on a hyperbolic subdomain G of 
R or Rf and for a closed subset F C G, let sF

G denote the lower envelope of the 
family {s'\ of all positive superharmonic functions on G with sf ^ s quasi-
everywhere on F. Let {Rn} be a regular exhaustion of R, and let L: a = L(t), 
0 ^ / < 1, be a Jordan arc in R such that for every n there exists some T(n) 
with L (J) dR — Rn for all/ ^ T(n), where the bar denotes closure. The cluster 
set of / along L is defined by 

C(f,L) = O r / C M , 

where LT = {L(t)\ T ^ t < 1, 0 S T < 1} and where the closure is taken on 
an arbitrary compactification of Rf. 

Henceforth let R be a hyperbolic Riemann surface, let R* denote the Wiener 
compactification of R and let R'* denote an arbitrary compactification of R'. 

THEOREM. Let f be a nonconstant analytic mapping from R into a hyperbolic 
Riemann surface R''. If there exists a family B of L such that A' = U L^B C(f, L) 
is a polar set, then A = U L^B L C\ A is of harmonic measure zero, where A = 
R* - R. 

Proof. Let si be a positive superharmonic function on R' with 

l i m ^ / si(b) = co. 

Let Vk be an open set such that Af C Vk and sx{b) > k on Dk = Vk H R', 
k = 1,2, 3, 
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For each L £ B, there exists some T(k) with j(LT{k)) C Dk. Indeed if 
f(LT) (l_ Vk for every T: 0 ^ T < 1, then for any finite number 

| r ( j ) | j = 1,2 m} 

of T it holds that 

H, (f(Lru)) - Vk) = j(LT(J)) - Vk * 0, 

where T(J) = maxis^sm 7\j) . It hence follows that 

nr(HLr) ~ Vk) *0. 

This contradicts C(f, L) C Vk. 
We have a sequence {LTik)}k such that LT(k+1) C £rg) and/(L r ( f c )) C A -

For simplicity we put E(k) = Uz,es£m)> ^(&) = £(&) (^ R and vl (&) = 
£(&) H A. Let/4(A;) denote the characteristic function of A(k) on A. 

Let B' be the family of every bounded continuous function / ' on A with 
/AW ^f, and put 

inf/'çs' I f'dœ — a, 
J A A 

where œ denotes the harmonic measure on A. It then holds that 

/ . 
fA(k)dœ = a. 

A 

Indeed if 

I fA(k)do) < a, 

then we take a sequence {/n*j such that/n* £ B',f*n+i ^ /n* and limnjAfn*dœ = 
a. We put limw/n* = /*. We then have 

I A 

and 

I /*dco > 0. 
J A-A(k) 

Therefore from the definitions of integrals and measures, there exists a com
pact set K C A — A (k) with fKf*dco > 0. Let fK be a continuous function 
such tha t /x is 1 on A (k) and is 0 on K, and which satisfies 0 S fx = 1 on A. 
We putf*Ktn = min {/«*,/*;}. It then follows tha.tf*K,n £ ^ ' and 

inf/^5' I /'dco < a. 
*/ A 

This is a contradiction. 
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We take a sequence {//} such t h a t / / 6 B',f'n+1 ^ / / and 

lim„ I f,,'dù) = I fA(k)dœ. 

« / A • ' A 

For any point p G A — A (fe), l e t / p
r be a continuous function such t h a t / / is 

l o n i (k) and is 0 a t p, and which satisfies 0 ^ / / ^ 1 on A. We p u t / p > n = 
min { / / , / / } . Since R* is a resolutive compactification, it follows tha t 

/
fvdœ = fp<H} 

A 

where \imnfpn = fp and where fPtH denotes the solution of the Dirichlet prob

lem on R wi th /p as boundary function. Let uA(k) denote the harmonic measure 

of A (k). I t then follows tha t 

fp,H = I fA(k)du = UA{K) 
J A 

and 

fp,H S I //< 
J A 

fP,H S i fpdœ = fp'iH. 
J A 

Since all the points of the harmonic boundary T of R* are regular, it follows 
tha t for every point p £ (A - A (k)) H T, 

timRia_,puA(k)(a) ^ \in\R3a->pfp,H(a) = 0, 

and hence 

lim infflfl3_>p (lF(k)
R(a) - uA(k)(a)) ^ 0. 

On the other hand, since each connected component of F(k) is a nondegenerate 
cont inuum and since l^u)72 can be extended continuously onto A, it follows 
tha t for every point p £ A (fe), 

lim inf^a^p ( l j , u ) * ( a ) - wA(*)(«)) ^ 0. 

Therefore it follows from the minimum principle t ha t 

uA(k) ^ 1 *•(*)* on R. 

Fur the r since 

IF(JC)R S 1F'(JC)R' o / o n R, 

where F'(k) = /(^(ife)) H i?' , it follows tha t 

«A(*> ^ 1 *"(*)*' o / o n i?. 

Next since Si is quasi-continuous on R', from [2, p. 51] we can find a positive 
superharmonic function s2 such t h a t the restriction of Si to the closed set 
{b £ Rf\ s2(b) ^ k} is continuous. I t hence holds t ha t 

s* = Sl + s2 è k on 5 , : C\ R'. 
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Since A (k + 1) C A (k), we have 

WA(*+D ^ uMk) on i?. 

Hence w = \\mk uA(k) is harmonic on R. Fur ther , 

f(F(k)) Cf(Ë(k))nR' (ZDkr\Rf, 

t ha t is, 

F'(k) CD*KR'. 

Therefore 

lF.ik)
R' of £ (l/k)s*ofonR. 

I t follows tha t 

u(c) = \imk uA(k)(c) g lim* (l/fe)s* o / ( c ) = 0 

a t a point c o n i ^ except for the polar set of s* of. Therefore f\k A (k) is of 
harmonic measure zero. 

T h u s since A C A(k), A is of harmonic measure zero. 

COROLLARY 1. Let f be a Lindelôfian mapping from R into a closed Riemann 
surface R''. / / there exists a family B of L such that U L^B C(f, L) is a single point 
bo, then U L^B L C\ A is of harmonic measure zero. 

Proof. Let bo be a point of R' distinct from bo. There exists a function h which 
is harmonic on R' save a t 60 and bo'} and which has a positive normalized 
logarithmic singularity a t b0 and a negative normalized logarithmic singularity 
a t bo (see [3, p. 213]). Fur ther there exist two positive superharmonic functions 
Si and s2' on R such tha t 

h of = si — s2
f 

(see [2, p. 113]). Let Dk be a parametr ic disc about b0 with h > k on Dk, 
k = 1,2, 3, . . . . 

I t is now easy to see from the proof of the theorem tha t the assertion of 
Corollary 1 is proved. Indeed by using the notat ions in the proof of the 
theorem, we have 

k è hof ^ si ' + s2' on F(k). 

Therefore 

uA{k) ^ IF{K)R ^ (si + s2')/k on R. 

It hence follows tha t 

u(c') Û \imk (sSic') + s2'{c'))/k = 0 

a t a point c' on R except for the polar set of 5 / + 52'. Thus U LÇB L C\ A is of 
harmonic measure zero. 
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Let {Cn\ be a sequence of Jordan arcs such that each Cn is compact on R. 
We say that [Cn) converges to A, if for every compact set K C R there exists 
an n (K) such that Cn C R — K for all n ^ n (K). We put E*(k) = Un^k Cn and 
F*(k) = E*(k) H R. Since lF*ac)R can be extended continuously onto A, it is 
easy to see from the proofs of the theorem and Corollary 1 that the assertions 
of the following Corollaries 2 and 3 are proved. 

COROLLARY 2. Let f be a nonconstant analytic mapping from R into a hyper
bolic Riemann surface Rf. If {Cn\ converges to A and if HkfiUn^k Cn) is a polar 
set, then U Cn C\ A is of harmonic measure zero. 

COROLLARY 3. Let f be a Lindelofian mapping from R into a closed Riemann 
surface Rf. If [Cn\ converges to A and if HkfiUn^k Cn) is a single point, then 
U Cn r\ A is of harmonic measure zero. 

Let Eo be a subset of R with £ 0 H A ^ 0 and let {Rn'\ be an exhaustion of R. 
We put E0(k) = Eo H (R - Rk') and 

A* = DkfiEoJk))-

A* does not depend on the choice of exhaustions of R. It is easy to see that the 
assertions of the following Corollaries 4 and 5 are proved. 

COROLLARY 4. Let f be a nonconstant analytic mapping from R into a hyper
bolic Riemann surface R'. If A* is a polar set, then Ë0 r\ A is of harmonic mea
sure zero. 

COROLLARY 5. Let f be a Lindelofian mapping from R into a closed Riemann 
surface R!. If A* is a single point, then Eo C\ A is of harmonic measure zero. 
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