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Abstract

Since Findler and Felleisen (Findler, R. B. & Felleisen, M. 2002) introduced higher-order
contracts, many variants have been proposed. Broadly, these fall into two groups: some
follow Findler and Felleisen (2002) in using latent contracts, purely dynamic checks that
are transparent to the type system; others use manifest contracts, where refinement types
record the most recent check that has been applied to each value. These two approaches
are commonly assumed to be equivalent—different ways of implementing the same idea, one
retaining a simple type system, and the other providing more static information. Our goal is
to formalize and clarify this folklore understanding. Our work extends that of Gronski and
Flanagan (Gronski, J. & Flanagan, C. 2007), who defined a latent calculus /¢ and a manifest
calculus Ay, gave a translation ¢ from Ac to Ay, and proved that if a Ac term reduces to
a constant, so does its ¢-image. We enrich their account with a translation p from Ay to
Ac and prove an analogous theorem. We then generalize the whole framework to dependent
contracts, whose predicates can mention free variables. This extension is both pragmatically
crucial, supporting a much more interesting range of contracts, and theoretically challenging.
We define dependent versions of Ay and two dialects (“lax” and “picky”) of Ac, establish
type soundness—a substantial result in itself, for 1y — and extend ¢ and y accordingly.
Surprisingly, the intuition that the latent and manifest systems are equivalent now breaks
down: the extended translations preserve behavior in one direction, but in the other, sometimes
yield terms that blame more.

1 Introduction

The idea of contracts—arbitrary program predicates acting as dynamic pre- and
post-conditions—was popularized by Eiffel (Meyer 1992). More recently, Findler and
Felleisen (2002) introduced a A-calculus with higher-order contracts. This calculus
includes terms like ({x:Int | pos x})" 1, in which a boolean predicate, pos, is
applied to a run-time value 1. This term evaluates to 1, since pos 1 returns true.
On the other hand, the term ({x:Int | pos x})!" 0 evaluates to blame, written {l,
signaling that a contract with label [ has been violated. The other label on the

* This is a longer version of a POPL 2010 paper (Greenberg, M., Pierce, B. C. & Weirich, S.
(2010) Contracts made manifest. Proceedings of the 37th ACM SIGACT-SIGPLAN Symposium on
the Principles of Programming Languages (POPL), Madrid, Spain, pp. 353-364) with proofs and
extended discussion.
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contract, I’, comes into play with function contracts, ¢y — c;. For example, the term
({x:Int | nonzero x} > {x:Int | pos x )" (Ax:Int. x — 1)

“wraps” the function Ax:Int. x — 1 in a pair of checks: whenever the wrapped
function is called, the argument is checked to see whether it is nonzero; if not,
the blame term {}/’ is produced, signaling that the context of the contracted term
violated the expectations of the contract. If the argument check succeeds, then the
function is run and its result is checked against the contract pos x, raising {}/ if this
fails (e.g., if the wrapped function is applied to 1).

Findler and Felleisen’s work (2002) sparked a resurgence of interest in contracts,
and in the intervening years a bewildering variety of related systems has been studied.
Broadly, these come in two different sorts. In systems with latent contracts, types
and contracts are orthogonal features. Examples of this style include Findler and
Felleisen’s original system (2002) , Blume and McAllester (2006), Hinze et al. (2006),
Chitil and Huch (2007), Guha et al. (2007), and Tobin-Hochstadt and Felleisen
(2008). By contrast, manifest contracts are integrated into the type system, which
tracks, for each value, the most recently checked contract. Hybrid types (Flanagan
2006) are a well-known example in this style; others include the works of Ou et al.
(2004), Knowles et al. (2006), and Wadler and Findler (2009).

A key feature of manifest systems is that descriptions like {x:Int | nonzero x}
are incorporated into the type system as refinement types. Values of refinement type
are introduced via casts like ({x:Int | true} = {x:Int | nonzero x})! n, which has
static type {x:Int | nonzero x} and checks, dynamically, that n really is nonzero,
raising §/ otherwise. Similarly, ({x:Int | nonzero x} = {x:Int | pos x})' n casts an
integer that is statically known to be nonzero to one that is statically known to be
positive.

The manifest analogue of function contracts is casts between function types. For
example, consider

f = ([Int] = [Int] = {x:Int | pos x} — {x:Int| pos x})! (Jx:[Int]. x — 1),

where [Int] = {x:Int | true}. The sequence of events when f is applied to some
argument n (of type P) is similar to what we saw before:

f n—p ([Int] = {x:Int| pos x})’ ((Ax:[Int]. x — 1) (({x:Int| pos x} = [Int])! n))

First, n is cast from {x:Int | pos x} to [Int] (it happens that in this case the cast
cannot fail, since the target predicate is just true, but if it did, it would raise f}/);
then the function body is evaluated; and finally its result is cast from [Int] to
{x:Int | pos x}, raising {l if this fails. The domain cast is contravariant and the
codomain cast is covariant.

One point to note here is that casts in the manifest system have just one label, while
contract checks in the latent system have two. This difference is not fundamental to
the latent/manifest distinction—Dboth latent and manifest systems can be given more
or less rich algebras of blame—but rather a question of the pragmatics of assigning
responsibility: contract checks (called obligations in Findler & Felleisen 2002) use
two labels, while casts use one. Informally, a function contract check (c; — ;) f
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divides responsibility for f’s behavior between its body and its environment: the
programmer is saying “If f is ever applied to an argument that does not pass cy, I
refuse responsibility (fl'), whereas if f”s result for good arguments does not satisfy
¢, I accept responsibility (f#/).” In a system with casts, the programmer who writes
(Ry = Ry = S| — 8,)! f is saying, “Although all I know statically about f is that
its results satisfy R, when it is applied to arguments satisfying R;, I assert that it’s
okay to use it on arguments satisfying S (because I believe that S; implies Ry) and
that its results will always satisfy S, (because R, implies S;).” In the latter case, the
programmer is taking responsibility for both assertions (so f/ makes sense in both
cases), while the additional responsibility for checking that arguments satisfy Sy will
be discharged elsewhere (by another cast, with a different label).

While contract checks in latent systems may seem intuitively to be much the same
thing as casts in manifest systems, the formal correspondence is not immediate. How
do the contravariant function casts of Ay relate to the invariant checks of 1c? How
does 1y model A¢’s pair of polarized blame labels? These questions have led to some
confusion in the community about the nature of contracts. Indeed, as we will see,
matters become yet murkier in richer languages with features such as dependency.

Gronski and Flanagan (2007) initiated a formal investigation of the connection
between the latent and manifest worlds. They defined a core calculus, A¢, capturing
the essence of latent contracts in a simply typed A-calculus, and an analogous
manifest calculus 1y. To compare these systems, they introduced a type-preserving
translation ¢ from Ac to Ag. What makes ¢ interesting is that it relates the languages
feature for feature: contracts over base types are mapped to casts at base type, and
function contracts are mapped to function casts. The main result is that ¢ preserves
behavior, in the sense that if a term ¢ in Ac evaluates to a constant k or blame f}/,
then its translation ¢(t) evaluates similarly.

Our work extends their work in two directions. First, we strengthen their main
result by introducing a new feature-for-feature translation y from Ay to Ac and
proving a similar correspondence theorem for . (We also give a new, more detailed
proof of the correspondence theorem for ¢.) These correspondences show that the
manifest and latent approaches are effectively equivalent in the non-dependent case.

Second, and more significantly, we extend the whole story to allow dependent
function contracts in Ac and dependent arrow types in Zy. Dependency is extremely
handy in contracts, as it allows for precise specifications of how the results of
functions depend on their arguments. For example, here is a contract that we might
use with an implementation of vector concatenation:

z1:Vec — z:Vec — {z3:Vec | vlen z3 = vlen z; + vlen z3}

Adding dependent contracts to Ac¢ is easy: the dependency is all in the contracts
and the types stay simple. We have just one significant design choice: Should domain
contracts be rechecked when the bound variable appears the codomain contract?
This choice leads to two dialects of A¢, one that does recheck (picky /c) and another
that does not (lax Ac). The choice is not clear, so we consider both. The question
of which blame labels belong on this extra check is discussed at length in Dimoulas
et al. (2011), which introduces indy blame. Indy blame is a variant of picky. We do
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Exact translations
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Fig. 1. The axis of blame.

not consider it in depth here, since it does not affect whether or not blame is raised,
only which blame. We discuss this point more in Section 7.3. In Ay, on the other
hand, dependency significantly complicates the metatheory, requiring the addition
of a denotational semantics for types and kinds to break a potential circularity
in definitions, plus an intricate sequence of technical lemmas involving parallel
reduction to establish type soundness.

Surprisingly, the tight correspondence between Ac and Ay breaks down in the
dependent case: the natural generalization of translations does not preserve behavior
exactly. Indeed, we can place Ay between the two variants of /¢ on an “axis of
blame” (Figure 1), where evaluation behavior is preserved exactly when moving left
on the axis (from picky Ac to Ay to lax Ac), but translated terms can blame more
than their pre-images when moving right.! It is still the case that when a pre-image
raises blame, its translation blames as well—though not necessarily the same label.
The discrepancy arises in the case of “abusive” contracts, such as

f:({x:Int| nonzero x} — {y:Int| true})— {z:Int| f 0 = 0}

This rather strange contract has the form f:¢; — ¢, where ¢, uses f in a way that
violates ¢;! In particular, if we apply it (in lax Ac) to Af:Int — Int. 0 and then
apply the result to Ax:Int. x and 5, the final result will be 5, since Ax :Int. x does
satisfy the contract {x:Int | nonzero x} > {y:Int | true} and 5 satisfies the contract
{z:Int | (Ax:Int. x) 0 = 0}. However, running the translation of f in Ay yields an
extra check, wrapping the occurrence of f in the codomain contract with a cast
from {x:Int | nonzero x} — {y:Int | true} to {x:Int | true} — {y:Int| true}, which
fails when the wrapped function is applied to 0. We discuss this phenomenon in
greater detail in Section 4.

We should note at the outset that, like Gronski and Flanagan (2007), we are
interested in translations that relate Ac and Ay feature for feature, i.e., mapping base
contracts to base contracts and function contracts to function contracts. Translations
that do not map feature for feature can give an exact treatment of blame. Consider
the following dependent version of the wrap operator from Findler and Felleisen
(2002). There are two cases: one for refinements of base types B, another for

! There might, in principle, be some other way of defining ¢ and v that (a) preserves types, (b) maps
feature for feature, and (c) induces an exact behavioral equivalence. After considering a number of
alternatives, we conjecture that no such ¢ and y exist.
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B ::=Bool | ... base types
k ::=true | false | ... first-order constants

Fig. 2. Base types and constants for Ac and Ag.

dependent function contracts

o(({x:B | t})!")=([B] = {x:B | $(t)})’
d((x:c1 = )"y =af [x:c1 > a2l
Ax:[er].
d((e)") (f (B((en)™) x))

We can define a similar mapping function that implements Ay’s semantics as base-
type contracts in lax or picky Ac. It is unsurprising that an exact mapping exists: Ac
and Ay are lambda calculi that feature, among other things, a way to conditionally
raise exceptions. That these languages are inter-encodable is completely unsurprising.
But translations like these do not relate function contracts to function casts at all,
so they do not do much to tell us about how semantics of contracts and that of
casts relate.

In summary, our main contributions are (a) the translation yp and a symmetric
version of Gronski and Flanagan’s behavioral correspondence theorem (2007),
(b) the basic metatheory of (call-by-value (CBV), blame-sensitive) dependent Ay,
(c) dependent versions of ¢ and , and their properties with regard to Ay and both
dialects of Ac, and (d) a weaker behavioral correspondence in the dependent case.
We restrict ourselves to strongly normalizing programs, though we believe the results
should generalize readily to programs with recursion and nontermination. This paper
extends the discussion of Greenberg et al. (2010), giving more interesting proofs.

2 The non-dependent languages

We begin in this section by defining the non-dependent versions of Ac and Ay and
continue in Section 3 with the translations between them. The dependent languages,
dependent translations, and their properties are developed in Sections 4, 6, and 7.
Throughout the paper, rules prefixed with an E or an F are operational rules for A¢
and Ay, respectively. An initial T is used for Ac typing rules; typing rules beginning
with an S belong to Ay.

All of our languages will share a set of base types and first-order constants, given
in Figure 2. Let the set 2#'g contain constants of base type B. We assume that Bool
is among the base types, with # 'goo) = {true, false}.

2.1 The language ¢

The language Ac is the simply typed A-calculus straightforwardly augmented with
contracts. Contracts ¢ come in two forms: base contracts {x:B |t} over a base type
B, and higher-order contracts ¢; +— ¢, which check the arguments and results of
functions. We can use contracts in terms with the contract obligation (c)"''. Applying
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Syntax for Ac

p=k | ax:Tt | ()Y | (e ) o

230
T : =B | T1—>T2
co={xB|t} | s
t
v
ro=v | ¢!
Ex=[1t | o[l | ({x:B|t}[].k)

Operational semantics for Ac

types
contracts

terms

values

results

evaluation contexts

(Ax:Ti. ) v — Hix =0} E_BETA
kv — [kT(v) E_Const
({x:Bth" k  —,  (x:B|tht{x =k},k)!  E.CCHECK
({x:B|thtrue,k) —, &k E_OK
({x:B|t),false,k)’ — il E_FaIL
((cr— e v)yv' —e e 0 (e v')) E_CDEcoMP
E [p1] — M E_BLAME
E [tq] — E [t;] whent; —  t, E_CompAT
Typing rules for Ac
x:T el
- T_Var T T T_ConsT
I'kx:T 'k :ty(k)
Ix:Ti+-t,: T, 'kt Ty > T 'kt : T,
T_Lam T_App
rl_;LXZT1.[22T1—>T2 rl_tllziTz
Fe:T T T_BLAME
; T_CONTRACT TkEpl:T
CH()" T —>T
O+k :B 0+ t, : Bool F{xB|t}:B
t, —, true implies t{x =k} —] true
; T_CHECKING
Q)"({XB ‘l’]},[z,k) :B
Fe:T
x:B Ft :Bool Fep i T Fe T,
_ T_BaseC T_FunC
F{x:B|t}:B Fe—co:Ti—-» 1T

Fig. 3. Syntax and semantics for Ac.

a contract obligation {¢)"!’ to a term t dynamically ensures that ¢ and its surrounding
context satisfy c. If t does not satisfy ¢, then the positive label [ will be blamed and
the whole term will reduce to {}/; on the other hand, if the context does not treat
(c)"" t as ¢ demands, then the negative label I’ will be blamed and the term will
reduce to f/’. In contexts where it is unambiguous, we refer to contract obligations
simply as contracts.

The syntax and semantics of ¢ appears in Figure 3, with some common definitions
(shared with 2y) in Figure 2. Besides the contract term (c), ¢ includes first-order

https://doi.org/10.1017/50956796812000135 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796812000135

Contracts made manifest 231

constants k, blame, and active checks ({x:B | t1},t2, k>[. Active checks do not appear
in source programs; they are a technical artifact of the small-step operational
semantics, as we explain below. Also, note that we only allow contracts over base
types B: we have function contracts, like {x:Int | pos x} — {x:Int | nonzero x},
but not base contracts over functions themselves, like {f:Bool — Bool | f true =
f false}.

Values v include constants, abstractions, contracts, and function contracts applied
to values (more on these later); a result r is either a value or {! for some I[.
We interpret constants using two constructions: the type-assignment function tye,
which maps constants to first-order types of the form By — B, — ... —» B, (and
which is assumed to agree with .7 g); and the denotation function [—], which maps
constants to functions from constants to constants (or blame, to allow for partiality).
Denotations must agree with ty,, ie., if ty.(k) = By — Bs, then [k]l(ki) € A, if
k1 S %31.

The operational semantics is given in Figure 3. It includes six rules for basic
(small-step, CBV) reductions, plus two rules that involve evaluation contexts E
(Figure 3). The evaluation contexts implement left-to-right evaluation for function
application. If {}/ appears in the active position of an evaluation context, it is
propagated to the top level, like an uncatchable exception. As usual, values (and
results) do not step.

The first two basic rules are standard, implementing primitive reductions and
pB-reductions for abstractions. In these rules, arguments must be values v. Since
constants are of first order, we know that when E_ConsT reduces a well-typed
application, the argument is not just a value but a constant.

The rules E_CCHEcK, E_OK, E_FaiL, and E_CDEcomP describe the semantics of
contracts. In E_CCHECK, base-type contracts applied to constants step to an active
check. Active checks include the original contract, the current state of the check, the
constant being checked, and a label to blame if necessary. We hold on to the original
contract as a technical device for the translation ¢ from A¢ to Ay, since Ay needs to
know the target type of an active check. If the check evaluates to true, then E_.OK
returns the initial constant. If false, the check has failed and a contract has been
violated, so E_FAIL steps the term to {}/. Higher-order contracts on a value v wait
to be applied to an additional argument. That is why function contracts applied
to values are values. There is no substantial difference between this approach and
expanding function contracts into new lambdas. When that argument has also been
reduced to a value v/, E_.CDEcoMP decomposes the function cast: The argument
value is checked with the argument part of the contract (switching positive and
negative blame, since the context is responsible for the argument), and the result of
the application is checked with the result contract.

The typing rules for Ac (Figure 3) are mostly standard. We give types to constants
using the type-assignment function ty.. Blame expressions have all types. Contracts
are checked for well-formedness using the judgment F ¢ : 7, comprising the
rules T_BASeC, which require that the checking term in a base contract returns
a boolean value when supplied with a term of the right type, and T_FUuNC. Note
that the predicate ¢ in a contract {x:B | ¢} can contain at most x free, since we
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are considering only non-dependent contracts for now. Contract application, like
function application, is checked using T_App.

The T_CHECKING rule only applies in the empty context (active checks are only
created at the top level during evaluation). The rule ensures that the contract
{x:B | t;} has the right base type for the constant k, the check expression f, has
a boolean type, and the check is actually checking the right contract. The latter
condition is formalized by the implication: t, —| true implies ¢{x =k} —
true asserts that if ¢, evaluates to true, then the original check t;{x := k} must
also evaluate to true. This requirement is needed for two reasons: first, nonsensical
terms like ({x:Int | pos x,true,0)" should not be well typed; and second, we use
this property in showing that the translations are type-preserving (see Section 6).
This rule obviously makes type checking for the full “internal language” with
checks undecidable, but excluding checks decidability. We could give a more precise
condition—for example, that ¢;{x =k} —7 t,—but there is no need.

The language enjoys standard preservation and progress theorems. Together, these
ensure that evaluating a well-typed term to a normal form always yields a result r,
which is either blame or a value.

2.2 The language iy

Our second core calculus, non-dependent Ay, extends the simply typed Z-calculus
with refinement types and cast expressions. The definitions appear in Figure 4. Unlike
Ac, which separates contracts from types, Ay combines them into refined base types
{x:B | s1} and function types S; — S2. As for Ac, we do not allow refinement
types over functions, nor do we allow refinements of refinements. (Belo et al., 2011
add these features to a dependent Ay.) Unrefined base types B are not valid types;
they must be wrapped in a trivial refinement, as the raw type {x:B | true}. The
terms of the language are mostly standard, including variables, the same first-order
constants as Ac, blame, abstractions, and applications. The cast expression (S = Sz>l
dynamically checks that a term of type S; can be given type S,. Like Ac, active
checks are used to give a small-step semantics to cast expressions.

The values of Ay include constants, abstractions, casts, and function casts applied
to values. Results are either values or blame. We give meaning to constants as
we did in Ac, reusing [—]. Type assignment is via ty,, which we assume produces
well-formed types (defined in Figure 4). To keep the languages in sync, we require
that ty, and ty. agree on “type skeletons”: if ty.(k) = B; — Bj, then tyy(k) =
{x ZB] | S1} - {x ZBz | Sz}.

The small-step, CBV semantics in Figure 4 comprises six basic rules and two rules
involving evaluation contexts F. Each rule corresponds closely to its Ac counterpart.

Notice how the decomposition rules compare. In Ac, the term ({c; — c2)"* v) v’
decomposes into two contract checks: ¢; checks the argument v’, and ¢, checks
the result of the application. In Ay the term ({(S;; — S;» = Sy —>Szz>1 w) w'
decomposes into two casts: a contravariant cast on the argument and a covariant
cast on the result. The contravariant cast (S; = S 11>l w’ makes w’ a suitable input
for w, while (Sy, = S22>l casts the result from w applied to (the cast) w’. Suppose
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Syntax for Ay
S IZ={XZB |S]} ‘ S] —>S2

c=x | k| AxSesy | sisy | AL (Si=8)" | ({(x:B | si)snk)

p=ko| AxiSis | (Si=8)' | (S Sn= Sy - Sn) w

e S o
i
=
=

s=[Is | wil | ({(x:B|shI].k)
Operational semantics for 1y

(;LX ZSl. 52) Wy —p Sz{X = Wz}
kw —y [kI(w)
({x:B|s1} = {x :B} | SQ})I kl — ({x:B | s}, 0{x = k},k)l
({x:B|s},true,k) — k
({x:B | s}.false k) —s; pI

233

types/contracts

terms

values

results

evaluation contexts

F_BetA
F_Const
F_CCHECK
F_.OK
F_FaIL

(<S1| g S]2 = S21 e S22>I W) w' —> <S]2 = S22>I (W (<S21 = S11>l W’)) F_CDEecomp

FIpll —n F_BLAME
Flsi] —) Fls2] when sy — s, F_CoMPAT
Typing rules for iy
xS €A
_ S_ConsTt
AFx:S S-VAR AFk :tyn(k)
Y Ax:SikFs:S, S Lan Abs i8-8, Ab s S S App
A")LXZSLSzZSI—)Sz AFS]SZZSQ
- FS
- 5 [5:] = 152] S_Cast o S_BLAME
AF(Si=8) 8155, AFqL:S
AFs: S FS, FSi<:S,
S_Sus
Abs: Sz
Ok :{x:B|true} Ok s :{x:Bool|true} F{x:B|s1}
s, — true implies s;{x =k} —; true
S_CHECKING

OF ({x:B \Sl},sz,k>1 2{x:B | s}

Vk € #'g. (s1{x :=k} —; true implies s;{x =k} — true)

SSUB_REFINE

F{x:B|si}<:{x:B|s}

|_521<ZS“ }_S12 <ZS22
FSi— S <:Su—S»

x:{x:B |true} s : {x:Bool | true} S,

SSuB_FuN

WF_Raw

l—{x:B|true} "{XZB|S} FS — S,

SWF_REFINE

Fig. 4. Syntax and semantics for Ay
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S»1 = {x:Int | pos x} and Sy; = {x:B | nonzero x}. Then the check on the argument
ensures that nonzero x —»} true—not, as one might expect, that pos w’ — true.
While it is easy to read off from a Ac contract exactly which checks will occur at
runtime, a Ay cast must be carefully inspected to see exactly which checks will take
place. On the other hand, which label will be blamed is clearer with casts—there’s
only one!

The typing rules for Ay (Figure 4) are also similar to those of Ac. Just as the Ac
rule T_CoNTRACT checks to make sure that the contract has the right form, the iy
rule S_CasT ensures that the two types in a cast are well formed and have the same
simple-type skeleton, defined as |—]| : S — T (pronounced “erase S”):

(B |5}] =B
[S1 — S2] =[S1] — [Sa]

This prevents “stupid” casts, like ([Int] = [Bool])'. We define a similar operator,
[—] : S — S (pronounced “raw S”), which trivializes all refinements:

[{x:B|s}]={x:B|true}
[S1 = S:]1=[S1] = [$2]

These operations apply to Ac contracts and types in the natural way. Type well-
formedness in Ay is similar to contract well-formedness in Ac, though the SWF_Raw
case needs to be added to get things off the ground.

The active check rule S_.CHECKING plays a role analogous to the T_CHECKING
rule in A¢c, again using an implication to guarantee that we only have sensible terms
in the predicate position. Note that we retain the target type in the active check,
and that S_CHECKING gives active checks that type—technical moves necessary for
preservation.

An important difference is that Ay has subtyping. The S_SuB rule allows an
expression to be promoted to any well-formed supertype. Refinement types are
supertypes if, for all constants of the base type, their condition evaluates to true
whenever the subtype’s condition evaluates to true. For function types, we use the
standard contravariant subtyping rule. We do not consider source programs with
subtyping, since subtyping makes type checking undecidable?; subtyping is just a
technical device for ensuring type preservation. Consider the following reduction:

({x:Int | true} = {x:Int| pos x})! 1 — 1

The source term is well typed at {x:Int | pos x }. Since it evaluates to 1, we would like
to have A1 : {x:Int| pos x}. To have type preservation in general, though, tys(1)
must be a subtype of {x:Int | s} whenever s{x := 1} —>} true. That is, constants
of base type must have “most-specific” types. One way to satisfy this requirement
is to set tyn(k) = {x:B | x =k} for k € #'g; then if s{x := k} —>] true, we have
F tyn(k) <: {x:B | s}. This approach is taken in Ou et al. (2004) and Knowles and
Flanagan (2010).

2 Flanagan (2006) and Knowles and Flanagan (2010) discuss trade-offs between static and dynamic
checking that allow for decidable-type systems and subtyping.
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Standard progress and preservation theorems hold for Ay. We can also obtain
a semantic type soundness theorem as a restriction of the one for dependent iy
(Theorem 4.12).

3 The non-dependent translations

The latent and manifest calculi differ in a few respects. Obviously, Ac uses contract
application and Ay uses casts. Second, Ac contracts have two labels—positive and
negative—where Ay contracts have a single label. Finally, iy has a much richer type
system than Ac. Our yp from Ay to Ac and Gronski and Flanagan’s ¢ (2007) from
Ac to Ay must account for these differences while carefully mapping “feature for
feature.”

The interesting parts of the translations deal with contracts and casts. Everything
else is translated homomorphically, though the type annotation on lambdas must
be chosen carefully. The full definitions of these translations are in Section 6; the
non-dependent definitions are a straightforward restriction.

For v, translating from An’s rich types to A¢’s simple types is easy: we just
erase the types to their simple skeletons. The interesting case is translating the cast
(S; = S,)' to a contract by translating the pair of types together, (p(Sy,S2)). We
define y as two mutually recursive functions: y(s) translates Ay terms to Ac terms;
(81, Sy) translates a pair of Ay types—effectively, a cast—to a A¢ contract. The
latter function is defined as follows:

Y({x:B | s1},{x:B | s2}) = {x B | p(s2)}
Y(S11 — 812,821 = S22) = w(S21, S11) = (812, S22)

We use single label on the cast in both positive and negative positions of the resulting
contract, i.e.:

w((S1 = $2)") = (w(S1,52)".
When we translate a pair of refinement types, we produce a contract that will check
the predicate of the target type (like F_.CCHECK); when translating a pair of function
types, we translate the domain contravariantly (like F_CDEecomp). For example,

({x:Int | nonzero x} — [Int] = [Int] - {y:Int| pos y})l

translates to ({x:Int | nonzero x} — {y:Int| pos y})/.

Translating from Ac to Ag, we are moving from a simple type system to a rich
one. The translation ¢ (essentially the same as Gronski & Flanagan’s translation
(2007)) generates terms in Ay with raw types—Ay types with trivial refinements,
corresponding to A¢’s simple types. Since the translation targets raw types, the
type preservation theorem is stated as “if T k¢ : T then [l F ¢(¢) : [T]” (see
Section 7.1).

Whereas the difficulty with ¢ is ensuring that the checks match up, the difficulty
with ¢ is ensuring that the terms in Ac and Ay will blame the same labels. We deal
with this problem by translating a single contract with two blame labels into two
separate casts. Intuitively, the cast carrying the negative blame label will run all
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of the checks in negative positions in the contract, while the cast with the positive
blame label will run the positive checks. We let

$((e)") = 2x:[e]. (dle) = [c])" (([e] = le)) x).
where the translation of contracts to refined types is

¢({x:B | t})={x:B | ¢(1);}
dlcr = c2) = ¢(c1) = dlca)

The operation of casting into and out of raw types is a kind of “bulletproofing.”
Bulletproofing maintains the raw-type invariant: the positive cast takes the argument
out of [¢] and the negative cast returns it there. For example,

({x:Int | nonzero x} > {y:Int | pos y )"

translates to the iy term

Af :[Int — Int].
({x:Int| nonzero x} — {y:Int| pos y} = [Int > Int])"
({[Int = Int] = {x:Int| nonzero x} — {y:Int| pos y})l ).

Unfolding the domain parts of the casts on f, the domain of the negative cast ensures
that f’s argument is nonzero with ([Int] = {x:Int | nonzero x})l,; the domain of
the positive cast does nothing, since ({x:Int| nonzero x} = [Int])’ has no effect.
Similarly, the codomain of the negative cast does nothing, while the codomain of
the positive cast checks that the result is positive. Separating the checks allows Ay
to keep track of blame labels, mimicking Jc. Put more generally, in the positive
cast, the positive positions may fail because they are “down casts,” whereas the
negative positions are “up casts,” so they cannot fail. The opposite is true for the
negative cast. This embodies the idea of contracts as pairs of projections (Findler
& Blume 2006). Note that bulletproofing is “overkill” at base type: for example,
{{x:Int | nonzero x})"" translates to

Ax:[Int].
({x:Int | nonzero x} = [Int])"
({[Int] = {x:Int | nonzero x})' x).

Only the positive cast does anything—the negative cast into [Int] always succeeds.
This asymmetry is consistent with Ac, where base-type contracts also ignore the
negative label. In Section 4 we extend the bulletproofing translation to dependent
contracts—one of our main contributions.

Both ¢ and y preserve behavior in a strong sense: If I' ¢ : B, then either ¢t and
¢(t) both evaluate to the same constant k or they both raise f}/ for the same /; and
conversely for p. Interestingly, we need to set up this behavioral correspondence
before we can prove that the translations preserve well-typedness because of the
T_CHECKING and S_CHECKING rules.
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4 The dependent languages

We now extend /¢ to dependent function contracts and Ay to dependent functions.
Very little needs to be changed in Ac, since contracts and types barely interact; the
changes to E_CDEcomp and T_FuNC are the important ones. Adding dependency to
Ay 1s more involved. In particular, adding contexts to the subtyping judgment entails
adding contexts to SSUB_REFINE. To avoid a dangerous circularity, we define closing
substitutions in terms of a separate type semantics. In addition, the new F_CDEcomp
rule has a slightly tricky (but necessary) asymmetry, as explained below.

4.1 Dependent /¢

Dependent Ac has been studied since Findler and Felleisen (2002); it received a
very thorough treatment (with an untyped host language) in Blume and McAllester
(2006), was ported to Haskell by Hinze et al. (2006) and Chitil and Huch (2007),
and was used as a specification language in Xu et al. (2009). Type soundness is not
particularly difficult, since types and contracts are kept separate. Our formulation
follows Findler and Felleisen (2002), with a few technical changes to make the proofs
for ¢ easier.

We have marked the changed rules with a e next to their names. The new
T_RerFINEC, T_FUNC, and E_CDEecowmp rules in Figure 5 suffice to add dependency
to Ac. To help us work with the translations, we also make some small changes
to the bindings in contexts, adding a new binding form to track the labels on
a contract check throughout the contract well-formedness judgment. Note that
T_FunC adds x:c;/"! to the context when checking the codomain of a function
contract, swapping blame labels. We add a new variable rule, T_VARC, that treats
x ! as if it were its skeleton, x :|c¢|. While unnecessary for Ac’s metatheory, this
new binding form helps ¢ preserve types when translating from Ay to picky Ac; see
Section 7.1.

Two different variants of the E_CDEcoMP rule can be found in the literature:
they are lax and picky. The original rule in Findler and Felleisen (2002) is lax
(like most other contract calculi): it does not recheck ¢; when substituting v’ into
c;. Blume and McAllester (2006) used a picky semantics without observing their
departure from Findler and Felleisen (2002); Hinze et al. (2006) choose to be picky
as well, substituting (c;)"” v’ into ¢, because it makes their conjunction contract
idempotent. We can show (straightforwardly) that both enjoy standard progress and
preservation properties. Below, we consider translations to and from both dialects
of J¢: picky A¢ using only E_CDEcomPPIcKY in Sections 6.1 and 7.2, and lax Ac
using only E_CDEcoMPLAX in Sections 6.2 and 7.1. Accordingly, we give two sets of
evaluation rules: — 4 and — pix,. When we write —, the metavariable ¢ ranges
over picky and lax. We complete the type soundness proofs here generically, writing
—, for the evaluation relation. For the translations in Section 4.2, we specify the
evaluation relation that we use.

We make a standard assumption about constant denotations being well typed: if
I'tkov:TthenT F [[k](v) : T.
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Syntax for dependent Ac

T:=B | Ti»T, types
¢ i={x:B| t} | x:ic1— contractse
Fo=0 | I,x:T | T,x:c typing contextse
ti=x | k| Ax:Tity | tity | AL | () | ({x:B |t} t2,k) terms
viu=k | 2x:Tty | () | (xep = ) v valuese
rio=v | p results
E =[]t | v[] | ({x:B]|t},[],k)! evaluation contexts
Operational semantics for Ac
(Ax:T\.t))v —. Lix =0} E_BETA
kv —, Ik](v) E_CoNST
({x:B|thH k —, ({x:B |t} t{x ==k}, k) E_CCHECK
((x:e1 = ) ) v —p (erfx =D (0 () v")) E_CDECOMPLAXe
((x:er> e v) o'~y (ealx = () o' )Y (0 ((¢1)' v'))  E_CDECOMPPICKY®
({x:B | t},true,k) —, k E_OK
{{x:B |t} false,k)! —. N E_FaIL
E[p] —o M E_BLAME
E [tl] — E [[2] when t; —, E_CoMPAT

Contract erasure
|{x:B|t}] =B [x:c1= ] = [er] = el

Typing rules for dependent /¢

FT FT
o T_EMPTY ——— T_ExXTVARTe ——— T_EXTVARTe
FI,x:T FI,x:T
x:TeTl x:ieM er
—— T_CONST
——— T_VART —— T_VarC .
Thx:T Thx:le) oo Tk s tye(k)
Lx:iFn: T T_LAM 'ty Ty > 1T, F}_ZZ:TITAPP
TFIx:Ti.ty: Ty - T, Tkt 6: T B
re:r
e E——— T_BLAME
) :T—>T T-ConTrACT® LEpl:T
FT  OFk:B Okt :Bool  OFY {x:B|t;}:B
t — " true implies f;{x =k} — " true
Tk {({x:B|t},t,k) : B
T_CHECKINGe
L.x:B -t :Bool rHY e Ty x0T
T B 1) B TH e T - T
T_FunCe

Fig. 5. Syntax and semantics for dependent Ac.
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4.1 Theorem [Progress]: If ) -t : T then either t —.t' ort =r (ie, t = v or
t =)

Proof
By induction on the typing derivation. O

For preservation, we prove confluence and substitution lemmas. Note that our
substitution lemma must now also cover contracts, since they are no longer closed.

4.2 Lemma [Determinacy]: Let —. be either — i, or —j4y. If t —. ¢’ and
t —.t" thent' =t

4.3 Corollary [Coevaluation]: If Let — be either — ik, O —ja. t —>." 1 and
t —.t/, thent' —,." r.

4.4 Lemma [Term and contract substitution]: If ) - v : 77, then

LifO,x:T\I"kFt :T,then I,I"{x :=v} - t{x :=v}: T, and
2. if I,x: T,V F' ¢ : T, then T, T {x := 0} F" ¢{x =0} : T.

Proof
By mutual induction on the typing derivations for ¢ and c. O

We omit the proof for x :c"" bindings, which is similar.
4.5 Theorem [Preservation]: If O ¢ : T andt —.t' then O F1¢' : T.

Proof
By induction on the typing derivation. This proof is straightforward because typing
and contracts hardly interact. [

4.2 Dependent Ly

Now we come to the challenging part: Dependent Ay and its proof of type soundness.
These results require the most complex metatheory in the paper because we need
some strong properties about CBV evaluation.* The full definitions are in Figures 6
and 7. As before, we have marked the changed rules with a e next to their names.

We enrich the type system with dependent function types, x:S; — S, where x
may appear in S. The S_CasT rule and the proofs need a notion of type erasure,
|S |; type height |S| will also be used in the proofs.

|—] :S—>T |—]:S—>N
[{x:B|s}]=B [{x:B|s}=1
[x:S1 — S2] =[S1] — [S2] |x:S1 = Saf =1+ [Si] + [S2]

A new dependent application rule, S_APP, substitutes the argument into the re-
sult type of the application. We generalize SWF_REFINE to allow refinement-type

3 The benefit of a CBV semantics is a better treatment of blame. By contrast, Knowles and Flanagan
(2010) cannot treat failed casts as exceptions because that would destroy confluence. They treat them
as stuck terms. Readers familiar with the soundness proof of Knowles and Flanagan will notice that
our proof is significantly different from their proof. We discuss this in Section 8.
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Syntax for dependent Ay

Su={xB|si} | x:81—>8, types/contractse
A:=0 | Ax:S typing contexts
su=x | k| Ax:Sisy | sisa | || (Si=8) | {{x:B|s1},s,k) terms
wi=k | Ax:Si.s | {S; =8 | {x:S;;1 = Sp=x:8y = Su)l w valuese
q:=w | N results
Fu=[]s | w[l | ({x:B|s},[].k)! evaluation contexts
Operational semantics for dependent /1y
(Ax:S1. s2) wa ~oy $2{x = wy) F_BETA
kw ~», [kl(w) F_Const
({x:B|si}={xB|s2}) k ~», ({x:B|sa},s{x :==k},k) F_CCHECK
(<X IS11 d Slz = X ZS21 g ng)l W) w’ A F_CDEecompe
(Sia{x = (So1 = Si)! w'} = Su{x =w'P (w (S = Si1)! w'))
({x:B | s}, true,k)! ~», k F_OK
({x:B | s},false, k) -~ I F_FAIL

St > 52
St =1 52

I S ——— F_BLAME
F_REDUCE F [si] — F [s2] F ] —n
F_CoMpPAT

S1 7 8

St 1 S2

Fig. 6. Syntax and operational semantics for dependent Ay.

predicates that use variables from the enclosing context. SWF_FunN adds the bound
variable to the context when checking the codomain of function types. In SSUB_FuUN,
subtyping for dependent function types remains contravariant, but we also add the
argument variable to the context with the smaller type. This is similar to the function
subtyping rule of F.. (Cardelli et al. 1994).

We need to be careful when implementing higher-order dependent casts in the
rule F_CDEecomp. As the cast decomposes, the variables in the codomain types of
such a cast must be replaced. However, this substitution is asymmetric; on one
side, we cast the argument and on the other we do not. This behavior is required
for type soundness. For, suppose we have A F x:S;; —» S and A F x:S3; — S»
with equal skeletons, and values A = w : (x:S1; — Si2) and A F w’ : S31. Then
AF ({(x:S11 = Si2 = x:S3 — Sn) w) w’ : Sn{x :=w’}. When we decompose the
cast, we must make some substitution into S;, and S»;, but which? It is clear that
we must substitute w’ into S»», since the original application has type Spn{x = w'}.
Decomposing the cast will produce the inner application A = w ((Sy; = Sy;)! w') :

Si2{x = (Sy1 = S11) w'}; in order to apply the codomain cast to this term, we
must substitute (S»; = S;;)! w’ into Sj». This calculation determines the form of
F_CDEecowmp.

While the operational semantics changes only in F_CDEecomp, we have split the
evaluation relation into two parts: reductions ~»;, and steps —,. This is a technical
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Typing rules

FA AES

o S_EMPTY ————— S_EXTVAR
FAxS
x:SEA _— S_CONST
S_VAR Al tyn(k)

AbFx:S
At sy (xS — $) Al sy: 8

AE S Ax:S Fsy: S S_APPe
S_LAM Aks Y =
AF Ax:S1. 521 (x:S1 — 85) ¢ s192: 5 {x =9}
AFS  AFS MASS?] <éSFSz
[S1] = |S2] _ 2™ S SuBe

S_CAST .
AF (S = )8 =8, Abs:5

FA OFk:{xB|true} 0OFs;:{x:Bool|true} OF {x:B|s;} 0OFs;Ds{x:=k}
AF {x:B | s1},50, k) {x:B |51}

S_CHECKINGe

A, x:{x:B | true} s : {x:Bool | true} AES AxSIES;
A {x:B|true} AF{x:B|s} AFx:S) — S,
SWF_Raw SWEF_REFINEe SWF_FUNe

AFS| <8

AE Sy <:S11 AxiSyFE S <:S»

A,x:{x:B | true} ks D sy
SSUB_REFINEe AFx:S11 — S <:x:821 — S
AF{x:B|s1} <:{x:B|s2} SSUB_FUNe

Vo. (Ao ANa(s)) — true) implies o (sy) — true
AbFs;Dsy

S_IMPe

AE=o < Vxedom(A). o (x) € [[o (A(x))]

Fig. 7. Typing rules for dependent Ay.

change that allows us to factor our proofs more cleanly (particularly for the parallel
reduction proofs).

The final change generalizes SSUB_REFINE to open terms. We must close these
terms before we can compare their behavior, using closing substitutions ¢ and
reading A |= o as “o satisfies A.”

Care is needed here to prevent the typing rules from becoming circular: the typing
rule S_SuB references the subtyping judgment, the subtyping rule SSUB_REFINE
references the implication judgment, and the single implication rule S_Imp has
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Denotations of types

se{x:B|so}] < s— NVQ@EkeAp. s —} kA so{x ==k} —] true)
s € [[x:S1 = S2]]l <= Vg € [S1]- s ¢ € [S2{x :==¢q}]

Denotations of kinds

{x:B|s} €[*] < Vk € . s{x :=k} € [{x:Bool | true}]
x:Si = S e [*] < Si € [*]1 AVq € [S1]. S2{x =¢q} € [*]

Semantic judgments
AES <:8 <= Vost. Ao, [a(S)] < [o(S2)]
AEs:S < Vost. AEog,d0(s) € [o(S)]
AES < Vost. A=o,0(S) € [*]

Fig. 8. Type and kind semantics for dependent /y.

A = o in a negative position. This circularity would cause the typing rules to be
non-monotonic, and so the existence of the least or the greatest fixed-point would
not be immediately obvious—our type system would not be well defined! To avoid
this circularity, A = ¢ must not refer back to other judgments. (The reader may
wonder why this was not a problem in /¢, but notice that in Ac, implication is only
used in T_CHECKING—which has no (real) context. If we only needed implication
in the S_CHECKING rule, we would not need contexts here, either—we can ensure
that active checks only occur at the top-level, with an empty context. But the
SSuB_REFINE subtyping rule refers to S_IMP, and subtyping may be used in arbitrary
contexts.)

We can avoid the circularity and ensure that the type system is well defined by
building the syntactic rules on top of a denotational semantics for Ay’s types.* The
idea is that the semantics of a type is a set of closed terms defined independently of
the syntactic typing relation, but that turns out to contain all closed well-typed terms
of that type. Thus, in the definition of A = ¢, we quantify over a somewhat larger
set than strictly necessary—not just the syntactically well-typed terms of appropriate
type (which are all the ones that will ever appear in programs) but all semantically
well-typed ones.

The type semantics appears in Figure 8. It is defined by induction on type
skeletons. For refinement types, terms must either go to blame or produce a constant
that satisfies (all instances of) the given predicate. For function types, well-typed
arguments must yield well-typed results. By construction, these sets include only
terminating terms that do not get stuck. In order to show that casts inhabit the

4 Knowles and Flanagan (2010) also introduce a type semantics, but their semantics differs from ours
in two ways. First, because they cannot treat blame as an exception (because their semantics is
nondeterministic), they must restrict the terms in the semantics to be those that only get stuck at
failed casts. They do so by requiring the terms to be well typed in the simply typed A-calculus after all
casts have been erased. Secondly, their type semantics does not require strong normalization. However,
it is not clear whether their language actually admits nontermination—they include a fix constant,
but their semantic type soundness proof appears to break down in that case. The problem is not
insurmountable: either step indexing their semantics or a proof of unwinding as in Pitts (2005) would
resolve the issue.
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denotations of their types, we must also define a denotation of kinds. Since the only
kind is *, its denotation [[*] directly defines semantic well-formedness in terms of
the denotations of types.

We must again make the assumption that constants have most-specific types: if
[tyn(k)] = B and s{x :=k} — true then 0 I tyn(k) <: {x:B | s}. We make some
other more standard assumptions as well. Constants must have closed, well-formed
types, and the types assigned must be well-formed. We require that constants are
semantically well-typed: k € [[tyn(k)]; this requirement is true by our “most-specific
type” assumption at base types, but must be assumed at (first-order) function types.
Note that this rules out including fix as a constant, since our type semantics is
inhabited only by strongly normalizing terms. We conjecture that expanding the
denotation of refinement types to allow for divergence or a step-indexed logical
relation (Ahmed 2006) would allow us to consider nonterminating terms.

We introduce a few facts about type semantics before proving semantic type
soundness.

4.6 Lemma [Determinacy]: If s —, s’ and s —, s”, then s’ = s'.
4.7 Corollary [Coevaluation]: If s —} s’ and s —}, ¢, then s’ —, q.

4.8 Lemma [Expansion and contraction of [S]]: If s —} s/, then s’ € [S] iff s €
Is1.

Proof
By induction on |S|. O

4.9 Lemma [Blame inhabits all types]: For all S, {/ € [S].

Proof
By induction on |S|. O

4.10 Corollary [Nonemptiness]: For all S, there exists some g such that g € [S].
The normal forms of —, are of the form ¢ = w or {}l.

4.11 Lemma [Strong normalization]: If s € [[S], then there exists a g such that

* . . * *
s —, g—i.e., either s —, w or s —; .

Proof
By induction on |S|.

S ={x:B |so}: Suppose s € [{x:B | so}]. By definition, either s —) w or
s —}, i, so s normalizes.

S =x:S; — Sy: Suppose s € [x:S; — S»]. We know that for any g € [S{]
that s ¢ € [S2{x := ¢}]. Since [Si] is nonempty (by Lemma 4.10), let
g € [Si]. By the induction hypothesis (IH), s ¢ —, w or s g —}, f\.
By the definition of evaluation contexts and —, the function position is
evaluated first. If the application reduces to a value (ie., s ¢ —, w), then first
s ¢ —, w' q, and so s — w’. Alternatively, the application could reduce
to blame (ie., s ¢ —>}, ). There are two ways for this to happen: either

*

s —, M, or s —; w’ and ¢ —}, . In both cases s normalizes. []
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Unlike the rest of the paper, we take a top-down approach to the rest of type
soundness to help motivate the steps. We are interested in relating our syntactic
type system and the type semantics by semantic type soundness: if O s : S, then
s € [S]. However, to prove this result, we must generalize it. In the bottom
of Figure 8, we define three semantic judgments that correspond to each of the
three typing judgments. (Note that the third one requires the definition of a kind
semantics that picks out well-behaved types—those whose embedded terms belong
to the type semantics.) We then show that the typing judgments imply their semantic
counterparts.

4.12 Theorem [Semantic-type soundness]:

1. If AFS; <:S; then A =Sy <: S».
2. If AFs:SthenAkE=s:S.
3. If AFS then AES.

Proof
Proof of (1) is in Lemma 4.14. Proofs of (2) and (3) are in Lemma 4.21. O

The first part follows by induction on the subtyping judgment.
4.13 Lemma [Trivial refinements of constants]: If k € 5, then k € [{x:B | true}].
4.14 Lemma [Semantic-subtype soundness]: If AF S; <: S, then A = S§; <: S».

Proof

By induction on the subtyping derivation.

SSuB_REFINE: We know A F {x:B | s;} <: {x:B | sz}, and must show the
corresponding semantic subtyping. Inversion of this derivation gives us A, x :{x:B |
true} F s; © s, which means

Vo. (A, x:{x:B | true} =0 A a(s;) —, true) implies a(s) —, true) (*)

We must show A = {x:B | s1} <: {x:B | 52}, i.c., that Vo. (A = ¢ implies [{x:B |
s1}] < [{x:B | s2}]). Let ¢ be given such that A = . Suppose s € [o({x:B | s1})].
By definition, either s goes to {\/, or it goes to k € # g such that s;{x =k} —} true.
In the former case, I € [{x:B | s2}] by definition. So consider the latter case, where
s — k.

We already know that k € ', so it remains to see that o(sy){x =k} — true.
We know by assumption that o(s){x :=k} —>} true. By Lemma 4.13, k € [{x:B |
true}].

Now observe that A, x:{x:B | true} = o{x := k}. Since a'(s;) —, true, we can
conclude that ¢'(sy) —}, true by our assumption (*). This completes this case.
SSuB_FuN: A F (x:S11 = Spp) <: (x:821 — Szz); by the ITH, we have A = Sy <: S
and A, x:Sy1 E S12 <: S». We must show that A = (x:S11 — S12) <: (x:S21 — S»).

Let A=o and s € [[o(x:S1; — Sp2)]l, for some 0. We must show, for all ¢, that if
q € [0(S21)], then s q € [o(Sn){x = q}].

Let g € [0(S21)]- Then g € [6(S11)]- Since s € [o(x:S;; — S12)], we know
that s g € [o(S12){x := ¢}]. Finally, since A,x:S2; = S;2 <: Sp and A,x:Sy [
o{x := q}, we can conclude that s ¢ € [0(S22){x = ¢}], and so s € [[o(x:S2 —
S2)]. O
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S1= 5
w=w 512 = Sy, Wy = W)
FP_REFL _—
s=s kw= [k](w') (Ax:S. s12) wa = s{,{x = w}}
FP_RCoNST FP_RBETA
2= 5 FP_RCC
_ HECK
({x:B|s1} = {x:B|s:}) k= ({x:B|s5},s5{x =k}, k)
FP_ROK FP_RFaAIL
({x:B | s}, true,k)! = k ({x:B | s},false, k) = ¢l

S|195{1 S129S{2 Sz] 9S2’1 S22982/2 Wi EW{ W29W2/

FP_RCDEgcomp
(<X IS]] d S|2 = X ZSZ] g S22>I W]) Wy =

(Shix = (855 = Sl/1>’ wi = Sp{x = W2/}>’ (wi ({S; = S1/1>[ w3))

NEY 512 = Sp, 51 = 5] 5= NE Y S =S
2x:S1. 512 = 2x:8]. 5], 51 2= 5] S (81 = S = (S]=8;)
FP_Lam FP_App FP_CasT
S=58 s=s'
FP_CHECK T — a7 FP_BrLAME
(S,s, k) = (8,5, k) Fpl=
s=5s NE Y S:= S5
FP_SREFL ; 7 /
S=S {x:B|s}={x:B|s'} xS > SH=>x8 -8
FP_SREFINE FP_SFun

Fig. 9. Parallel reduction for dependent Ay.

The proof semantic subtype soundness goes through easily, the first of the three
parts of semantic soundness (Theorem 4.12). We run into some complications with
semantic type and kind soundness, the second and third parts (which must be
proven together). The crux of the difficulty lies with the S_App rule. Suppose the
application s; s, was well typed and s; € [[x:S; — S]] and s, € [[S{]. According
to S_APP, the application’s type is S,{x := s,}. By the type semantics defined in
Figure 8, if s; € [x:S; — S2], then s1 ¢ € [S2{x = ¢}] for any g € [S{]. Sadly, s,
is not necessarily a result! We do know, however, that s, € [Si]], so s, —, g2 by
strong normalization (Lemma 4.11). We need to ask, then, how the type semantics
of S>{x = s,} and S>{x := ¢} relate. (One might think that we can solve this by
changing the type semantics to quantify over terms, not results. But this just pushes
the problem to the S_Lawm case.)

We can show that the two type semantics are in fact equal using a parallel
reduction technique. We define a parallel reduction relation = on terms and types
in Figure 9 that allows redexes in different parts of a term (or type) to be reduced
in the same step, and we prove that types that parallel-reduce to each other—like
S»{x := s} and S>{x = ¢»}—have the same semantics. The definition of parallel
reduction is standard, though we need to be careful to make it respect our CBV
reduction order: the ff-redex (1x:Sy. s1) s should not be contracted unless s, is a
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value, since doing so can change the order of effects. (Other redices within s; and s,
can safely reduce.)® The proof requires a longish sequence of technical lemmas that
essentially show that = commutes with — . Since the proofs require fussy symbol
manipulation, we have done these proofs in Coq. Our development is available
at http://wuw.cis.upenn.edu/~mgree/papers/lambdah_parred.tgz. We restate
the critical results here.

4.15 Lemma [Substitution of parallel-reducing terms, Lemma A3 in thy.v]:
If w = w’, then

1. if s = s’ then s{x :=w} = s'{x :=w'}, and
2.if S = S then S{x ==w}= S'{x ==w'}.

4.16 Lemma [Parallel reduction implies co-evaluation, Lemma A20 in thy.v]:
If 51 = s, then sy — k iff s, —>, k. Similarly, s; —, ¢ iff 55 —}, M.

An alternative strategy would be to use = in the typing rules and — in the
operational semantics. This would simplify some of our metatheory, but it would
complicate the specification of the language. Using —, in the typing rules gives a
clearer intuition and keeps the core system small.

4.17 Lemma [Single parallel reduction preserves type semantics]:
If S = S, then [S1] = [S-].

Proof
By induction on |S;| (which is equal to |S;|), with a case analysis on the final rule
used to show S; = S». O

4.18 Corollary [Parallel reduction preserves type semantics]: If S; = S, then
IS0 = [S-]-

4.19 Lemma [Partial semantic substitution]: If A, x:S", Ay = s : S, and Ay, x:S’,
Ay =S, and Ay = 5" 0 S’ then A, Ay{x = 5"} E s{x =5} : S{x = s’} and
AL Ax =5"} =ES{x =5}

Proof
By the definition of A = 0. O

The semantic typing case for casts requires a separate induction.

4.20 Lemma [Semantic typing for casts]: If A = S; and A = S; and |S;] = |S>],
then A = (S; = S,)! : x:S; — S, for fresh x.

Proof
By induction on [S{| = |S,|, going by cases on the shape of S,. Let A = ; we show
that O'(<Sl = Sz>1) € [[O'(S1 — SQ)]]

5 We conjecture that the reflexive transitive closure of a similar “CBV-respecting” variant of full f-
reduction could be used in place of our parallel reduction. It is not clear whether it would lead to
shorter proofs.
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= {x:B | a(s2)}: Let ¢ € [o(S1)]. If ¢ = {I, then the applied cast goes to {/’,
and we are done by Lemma 4.9. So ¢ = k € #'5. By F.CCHECK (S; = {x:B |
a(s2)}) k —p ({x:B | a(s2)},0(s2){x =k}, k). By the well-kinding of S,, we know
that o(s2){x = k} € [{x:Bool | true}], so by strong normalization (Lemma 4.11),
the predicate in the active check goes to blame or to a value. If it goes to blame, we
are done. If it goes to a value, then that value must be true or false. If it goes to
false, then the whole term goes to blame and we are done. If it goes to true, then
the check will step to k. But o(sy){x := k} —} true, so k € [o({x:B | s2})] by
definition. Expansion (Lemma 4.8) completes the proof.
Sy = x:S51 — S»: We must have S| = x:S11 — Sio. Let g € [[o(Sy)]; if it is blame,
we are done by Lemma 4.9, so let it be a value w. Let ¢’ € [o(S21)]; if it is blame
we are done, so let it be a value w’. By F_.CDEcomP:

a(Si){x = (Sy = Si) w'} = a(Sn){x =w'} (w ((6(S21) = a(S11))' W)

By the IH, (0(S>1) = a(S11))! is semantically well-typed, so (a(S21) = a(S11))! w’ €
[o(S11)]. By strong normalization (Lemma 4.11), this term reduces (and therefore
parallel reduces, by Lemma A4) to some q”.

We know that w q¢” € [0(S12){x := q"}] by assumption. Usmg parallel reduction
(Corollary 4.18), we have [o6(S12){x = q"}] = [0(S12){x := (6(S21) = 0 ( S11) w'H.

Before applying the IH, we note that A = Spp{x := (S = Sy;)! w'} and
A )= Sn{x :=w'} by Lemma 4.19. Then by the IH we see that (6(S12){x := (Sz =

Si)! wl = a(Sn){x = w'})! is semantically well-kinded, so
(a(S12){x = (Sa1 = S11)! w'} = a(Sn){x =w'}H (w w") € [6(S1)
{x =wil O

4.21 Lemma [Semantic-type soundness]:

I.IfAFs:SthenAEs:S
2.IfAFS then AES.

Proof
By induction on the typing and well-formedness derivations, using Corollary 4.18 in
the S_App case and Lemma 4.14 in the S_SUB case. ]

Theorem 4.12 gives us type soundness, and it combines with Lemma 4.11 for an
even stronger result: well-typed programs always evaluate to values of appropriate
(semantic) type.

While one can prove progress and preservation theorems, we omit them: we
already have type soundness. Our later proofs will require standard weakening and
substitution lemmas, though, so we prove them now.

4.22 Lemma [Weakening]: If A5 :S and AF S, and dom(A) Ndom(A’) = () with
AN, then AAFs:S and AA'FS.

Proof
By straightforward induction on s and |S|; we reuse the (critical) context well-
formedness derivation in the S_CHECKING case. O
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The substitution lemma has one complication: The operational judgment S_Imp
requires the semantic-type soundness theorem to show that a syntactically well-typed
term can be used in a closing substitution. It is otherwise straightforward.

4.23 Lemma [Substitution (implication)]: If A, x:S,Ay - sy o s and Aj s : S,
then A, Ax{x :=s} F si{x =5} 2 5{x :=s}.

Proof
Direct, unfolding the closing substitutions. O

4.24 Lemma [Substitution (subtyping)]: If A, x:S,A F Sy <: S and Aj s : S,
then A, Ax{x :=s} F Si{x =5} <: Sp{x :=s}.

Proof
By induction on the subtyping derivation. O

4.25 Lemma [Substitution (typing and well-formedness)]: If A{ s : S then

1 if A, xS, A B sy 0 Sy then AL Ay{x :=s} Fsi{x :=s} : Si{x =5},
2. if A, x:S,A; F Sy then A, Ay{x =5} F Si{x :=s}, and
3. if F A, x:S, A then F A, Ax{x :=s}.

Proof
By mutual induction on the typing derivations. O

5 The translations

We divide our treatment of translations between lax Ac, Ay, and picky Ac into two
sections: one for exact translations, moving right on the axis of blame, and another
for inexact translations, moving left.

Exact translations

Y ¢
T~ T
lax )LC /1H pley )LC
‘_é_, \_@_,

Inexact translations, more blame in target language

Section 6 covers the exact translations, moving left on the axis of blame from
picky A¢ to Ay, and from Ay to lax Ac. Section 7 covers the inexact translations,
moving right on the axis of blame from lax Ac to Ay, and from Ay to picky Ac.

Each translation proof follows the same basic schema. First, we define a logical
relation between the two languages. Then we use the logical relation to prove
a lemma relating the translation, contracts, and casts. Finally, we prove that the
translation preserves evaluation behavior—that is, terms are logically related to their
translations—and typing. All of the proofs make extensive use of expansion and
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Result correspondence Term correspondence
r~q:T t~s:T
k~k:B < keAy t~s: T <=t —"rANs—,qANr=q:T

vaew T\ > T, < Vi~s : Ti.vt~ws: T,

Fig. 10. A blame-exact result/term correspondence.

contraction of evaluation and “cotermination” arguments. Every proof uses its own
contract/cast logical relation. The proofs for the inexact translations in Section 7
demand custom term logical relations, too. We have used ¢ to range over closing
substitutions in Ap; we will use é to range over dual closing substitutions in the
logical relations.

6 Exact translations

Translations moving left on the axis of blame—from picky A¢ to Ay, and from Ay to
lax Ac—are exact. That is, we can show a tight behavioral correspondence between
terms and their translations (see Figure 10). We read t ~ s : T as “t corresponds
with s at type T.”

Our correspondence is a standard logical relation, defined in two intertwined
parts: a relation on results, r &~ g : T and its closure with respect to evaluation,
t ~s : T. The term correspondence is defined directly: terms correspond when they
reduce to corresponding results. We write —. in this single definition: in Section 6.1
we use this definition taking —. to be — i« ; in Section 6.2 we use this definition
taking —, to be —,. The result correspondence is defined inductively over
Ac’s simple types. Blame corresponds to itself at any type. At B, constants in /g
correspond to themselves; results at 7y — T, correspond when they applying them
to corresponding terms yields corresponding terms. Stratifying the definition this
way simplifies some of our proofs later. We call this correspondence exact because
terms corresponding at base type yield identical results.

Note that we define the correspondence here on closed (or harmlessly open) terms.
In the following two sections, we will define translation specific extensions of the
correspondence to open terms and contracts.

6.1 Translating picky Ac to iy: dependent ¢

We define the full ¢ for the dependent calculi in Figure 11. In the dependent case,
we need to translate derivations of well-formedness and well-typing of Ac contexts,
terms, and contracts into Ay contexts, terms, and types. We translate derivations to
ensure type preservation, translating T_VART and T_VARC derivations differently:
we leave variables of simple type alone, but we cast variables bound to contracts.
To see why we need this distinction, consider the function contract f:(x :{x:Int |
pos x} — {y:Int| true}) — {z:Int|f 0 = 0}. Note that this contract is well formed
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Contexts ¢ :(FIN)—>A
d(-0)=0
o, x:T)=¢(-T),x:[T]
¢(F T,xie) = g T),x:p(T HY ¢ 2 e])

Terms ¢ Tkt :T)—>s
(z)(rl,x Tl"z}—x T

H(CLxc' Thbx el ((/) Y e le))y = [e) x

)=
)=
STk :T)=k
O FAx:T. t, : Ty — T2)=7X [Ti]. ¢(T,x:Ty F 1y : T)
(l)(l—"—l’l t : )=¢(F|—t1 T1—>T2)([)(1—‘|_I2:T1)
SCEMN:T)=1
dOF (c,t,k) :B)y=(p(OF" ¢ :B),¢p@F t : Bool), k)
I E () T)=Ix:[c]. (ST H ¢ : Ty = [e]) ([¢] = ¢(T ' ¢ :T)) x)

where x is fresh

Types ¢ :TH  ¢:T)—>S
ST HY {x:B|t}:B)={x:B|¢$I,x:B+t :Bool)}
AT HY xici ey i Ty = To)=x:p(C ' ¢ 2 Ty) — d(T,x e H ey 2 1)

Fig. 11. The translation ¢ from dependent Ac to dependent Ay.

in Ac, but that the codomain “abuses” the bound variable. A naive translation
will not be well typed in Jg. The term f 0 will not be typeable when f has type
x:{x:nt | pos x} — [Int], since /' only accepts positive arguments. The problem
is that SWF_FuN can add a (possibly refined) type to the context when checking
the codomain, so we need to restore the “variables have raw types” invariant—
something we cannot always rely on subtyping to do, since types are not in general
subtypes of their raw type. By tracking the variables that were bound by contracts in
Ac, we can be sure to cast them to raw types when they are referenced. We therefore
translate the contract above to /:S — {z:Int | ({(S = [Int —> Int]) I f ) 0 = 0}, where
S = x:{x:Int| pos x} — [Int]. This (partially) motivates the x :c'*" binding form in
dependent Ac.
Bulletproofing uses raw types, defined here for the dependent system.

[{x:B|s}]={x:B|true} [x:S;— S:]=][S] > [S:2]
[B]={x:B |true} [T1 — T2 =[Ti] — [T3]
[{x:B|t}]={x:B[true} [x:c1— ca]l=[c1] = [e2]

Note that dependency is eliminated.
We could write the translation on terms instead of derivations, defining

P(x:c1 > ) = x:P(cr) = plea){x = (p(cr) = [e1])! x}

but the proofs are easier if we translate derivations.

Constants translate to themselves. One technical point: To maintain the raw-type
invariant, we need Ap’s higher-order constants to have typings that can be seen
as raw by the subtyping relation, ie., A F tyn(k) <: [tyc(k)]. This can be proven
at base types (since we have already assumed that tyn(k) is the “most specific
type” for each k), but must be assumed for first-order constant functions. This
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Contract/type correspondence

{(x:B|t)~" {x:B|s):B <> Yk € #p.t{x =k} ~s{x =k} :Bool

xiep o~ xS 58 Ty > T < ¢~ S T A
Vt ~5s: T].Cz{x = <(,‘1>l,’/ l’} ~H SQ{X = <|-S1-| = S])I, S} .1,
Dual closing substitutions
Vx:T €T.61(x)~d(x): T
FEd «— { Vx:icM el 61(x) = (d1(eWH t Ada(x) = ([¢] = 62(8)) s
where S = ¢(T'F ¢ : [c)At ~5 : |c]
Lifted to open terms

I'tt~s:T < Vo.(I'E=0d implies d1(t) ~ dx(s) : T)
The~M ST «— V5. (=06 implies d;(c) ~" 8,(S): T)

Fig. 12. Blame-exact correspondence for ¢ from picky Ac.

slightly restricts the types we might assign to our constants, e.g., we cannot say
tyn(sqrt) = x:{x:Float | x >= 0} — {y:Float | (y * y) = x}, since it is not the
case that A  tyy(sqrt) <: [Float — Float]. Since its domain cannot be refined,
[sqgrt]] must be defined for all k € A Fioat, €.8., [sqrt](—1) must be defined. We have
already required that denotations be total over their simple types in Ac, and Ay uses
the same denotation function [—]], so this requirement does not seem too severe. In
any case, we can define it to be equal to f}ly, for some lp. We could instead translate
k to (tyn(k) = [tyn(k)])* k; however, in this case the non-dependent fragments of
the languages would no longer correspond exactly.

We extend the term correspondence of Figure 10 to contracts and types, lifting
the correspondences to open terms using dual closing substitutions. Recall that we
interpret the term correspondence as using — pic,. For a binding x M €T, we use
¢ to insert the negative cast (labelled with [’) and closing substitutions (in Figure 12)
to insert the positive cast (labelled with ). Do not be confused by the label used
for function contract correspondence—this definition does, in fact, match up with
closing substitutions. A binding x :c'" € I" must have come from the domain of an
application of T_FUNC, so the labels on the binding are already swapped when ¢
or I' =0 sees them. In the definition of function contract correspondence, we swap
manually—whence the I” on the inserted cast. It helps to think of polarity in terms
of position rather than the presence or absence of a prime.

6.1 Lemma [Expansion and contraction]: If t —4," t', and s —} s’ then t ~ s :
Tiff t/ ~s":T.

6.2 Lemma [Constants correspond to themselves]: For all k, k ~ k : tyc(k).

6.3 Lemma [Equivalence is closed under parallel reduction]: If s = s’ then t ~ s :
T iff t ~s' : T. Similarly, if § = S’ then ¢ ~' S : T iff ¢ ~H' §" : T

Proof
In both cases, by induction on 7', using the first to prove the second. O
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6.4 Lemma [Trivial casts]: If t ~s : B and |S| = B, thent ~ (S = [B])' s

6.5 Lemma [Related base casts]: If {x:B | t} ~" {x:B |s} :B and t' ~5s" : B
and |S| = B, then ({x:B | t})"! t' ~ (S = {x:B |s}) &’

Proof
Direct. Note that [y and [; are entirely irrelevant. O

6.6 Lemma [Bulletproofing]: If t ~ s : T and ¢ ~*' S : T then (¢)"' t ~ (S =
[T ([S1=5)"s

Proof

By induction on T. First, observe that either both t and s go to f/” or both t and s
go to values related at 7. In the former case, the outer terms also go to blame. So
we only consider the case where t —pie," v, s —>, w,and v = w : T.

T=B:Soc={xB |t} and S = {x:B | s1} and S’ = {x:B | s2}. By
Lemma 6.5 we have (¢)* t ~ ([S] = S)' s : B. By Lemma 6.4 we can add
the extra, trival cast (S = [S])".

T=T —> T,: We know that ¢ = xi¢cy — ¢ and § = x:S; — S,. Let
t' ~s' : T1. We only need to consider the case where t' — " v' and
s" —p w—if " —pia,” f” and s” —; " the outer terms correspond
because both blame 1”.

On the Jc side, ({)™' t) t" —piy” {ca{x = ()" 'Y (0 ({e)!™ v")). In
AH, We can see

(s =[s]" ([513§> s) s’ —>Z/ ,
(Safx = ([S1] = S)! w'} = [S:])" (([ST=5) w) ([S1] = S1)" w'))

We cannot determine where the redex is until we know the shape of 77—does
the negative argument cast step to an active check, or do we decompose the
positive cast?

— T; = B.Since v’ ~ w’ : B, we must have v’ =w’ =k € 5. By Lemma 6.5
and ¢; ~'"' §; : B, we know that {c;)!"! v/ ~ ([S;] = S;)!" w’ : B. Both
terms go to blame or to the same value—which must be k, from inspection
of the contract and cast evaluation rules.. The former case is immediate,
since the outer terms then go to blame. So suppose (c;)"" k —picky” k
and ([S{] = Sl)l' k —} k. Now the terms evaluate like so:

(ca{x := {er)! ’} YW (0 ({e)! v")) —idey” (C2{x = {e)! k})”’ (v k)

(Sa{x = ([S1]=5)" k}=[S1)" (([S1=5)" w) ([Si1=S1)" k)) —,
(Saf{x = ([S1] = S1)" k} = [S,])"
([82] = Safx = k})! (w ((S1 = [$1]) k

By Lemma 6.4, k ~ (S; = [S{])' k :B,sov k ~w ({(S; = [S{])! k) : T>.
We have by definition (and k ~ k : B) that ca{x := ()"} k} ~M" Sy{x :=
([S1] = S1)!" k} : Ta. Recall that ([S;] = S;)/" k —>; k. This implies
([Si] = S1)!" k =" k (Lemma A4 in the Coq). We can then see that
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Sa{x = ([Si] = S1)!" k} =" S»{x =k} by Lemma A1 in the Cog. By
extension with the congruence rules:

(Saf{x == ([S1] = S»)! k} = fSﬂ)’

([S2] = Sofx = ([S1] = S))" k]! (w ((S1 = [S11)! k)=
(Sa{x == ([S1] = S»)!" k} = [S:])"

([82] = Saf{x =k}l (w ((S1 = [S11) k

By the TH {(c2{x = {c¢|)""! k})"" (v k) corresponds to the former, which
means it is related to the latter by Lemma 6.3. We conclude the case with
expansion (Lemma 6.1).

— Ty = Ty; — Typ. We continue with an application of F_CDEcoMP in Ay:

Sz{x = |—Sl-| = S] w } = Sz-|>
(([ST=5)"w <[Sl]=>31> w')) —,
Sz{x = |—Sl-| = S1 w } = S2-|>
<|—S2—| = SQ{X = Sl-l = S1> }>l
w (St =[S (8] = S1>[, w')))

By the IH on ¢; ~'*' S; : Ty and v’ ~ w’ : Ty, we can find what we
need for the domain: (¢)! v/ ~ (S; = [Si]) (([Si] = S1)¥ w’) : Ty. By
assumption, the results of applying v and w to these values correspond.
(And they are values, since function contracts/casts applied to values are
values.)

We have cr{x = (c;)/"! v/} ~ So{x = ([S;] = S1)!" w'} : T, by as-
sumption, so the IH tells us that the codomain contract and bulletproofing
correspond. We conclude by expansion (Lemma 6.1). []

Having characterized how contracts and pairs of related casts relate, we show
that terms correspond to their translation.

6.7 Theorem [Behavioral correspondence]: If - I', then:

1. If¢p(T'Ft :T)=sthenT'Ft ~s:T.
2. If (T H ¢ :T)y=S thenTFe ~M' S 0 T.

Proof
We simultaneously show both properties by induction on the depth of ¢’s
recursion. OJ

We can now prove that ¢ preserves types, using Theorem 6.7 to show that ¢ preserves
the implication judgment. As a preliminary, we use the behavioral correspondence
to show that ¢ preserves the implication judgment.

6.8 Lemma: If t; — " true implies o —pix,” true then 0 = ¢ + 11 :
Bool) = ¢(Q - t; : Bool).

Proof
By the logical relation. O

The type preservation proof is very similar to the correspondence proof of
Theorem 6.7.
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Term translation

p(x) = (k) =k
p(Ax:S. s)=ix:|S]. p(s) P(s1 52) =w(s1) p(s2)
(S = Sz>l) <w (S1, S p(l) =
w({({x:B | s1},50.k)") = ({x:B | p(s1)}. p(s2), k)’

Cast translation
|1p:S x S ><l—>T|

W' ({x:B | s1},{x:B | s2}) = {x:B | p(s2)}
w’(x St — S12, x5 = Sp)=x :UJ’(SZI,SII)’_’ w[(Slz{x = <S21 = Sn)[ x},Szz)

Fig. 13. v mapping dependent /g to dependent Ac.

6.9 Theorem [Type preservation]: If ¢(-I') = A then:

1. F A
2. If¢p(TFt:T)=sthen Ak s :[T].
3.IFGCHY ¢ :T)=S then Ak S.

Proof
We prove all three properties simultaneously, by induction on the depth of ¢’s
recursion.

The proof is by cases on the Ac context well-formedness/term typing/contract
well-formedness derivations, which determine the branch of ¢ taken. O

6.2 Translating Ay to lax J.c: dependent

In this section, we formally define y for the dependent versions of lax Ac and Agy.
We prove that v is type preserving and induces behavioral correspondence.

The full definition of w is given in Figure 13. Most terms are translated
homomorphically. In abstractions, the annotation is translated by erasing the
refined Ay type to its skeleton. As we mentioned in Section 3, the trickiest part
is the translation of casts between function types: when generating the codomain
contract from a cast between two function types, we perform the same asymmetric
substitution as F_CDEcoMp. Since y inserts new casts, we need to pick a blame
label: p((S; = S,)!) passes [ as an index to p'(Sy, S,).

We reuse the term correspondence t ~ s : T (Figure 10), interpreting it as using
—1ax, and define a new contract/cast correspondence ¢ ~ S; =' S, : T (Figure 14),
relating contracts and pairs of Ay types—effectively, casts. This correspondence uses
the term correspondence in the base type case and follows the pattern of F_CDEcomp
in the function case. Since it inserts a cast in the function case, we index the relation
with a label, just like . Note that the correspondence is blame-exact, relating Ac
and Ay terms that either blame the same label or go to corresponding values.We
define closing substitutions ignoring the contracts in the context; we lift the relation
to open terms in the standard way.

We begin with some standard properties of the term correspondence relation.
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Contract/type correspondence
|c~S1 =! S2:T|

{xB|t}~{x:B|si}='{x:B|s}:B <
Vk € #'p. t{x =k} ~s:{x :=k} : Bool

XZC]H02~X1S11—>S12:>’ S21—>S22:T1 —>T2 <~ (1 ~S21 :>[ S]] IT]/\
Vi~ s Ticf{x =t} ~ Sp{x = (S = Sn) s} = Spix =5} : T,

Dual closing substitutions

Vx:T €T, 6i(x)~dx):T
M=o = {Vx e € T, 8y(x) ~ da(x) : |
Lifted to open terms

I'tt~s:T < Vo.(I'=0d implies 01(t) ~ dx(s) : T)
Fke~S =!8, T < V6. (=6 implies 8(c) ~ 82(S1) = 62(S,) : T)

Fig. 14. Blame-exact correspondence for i into lax Ac.

6.10 Lemma [Expansion and contraction]: If t — " t/, and s —} s’ then t ~ s :
Tiff t/ ~s" : T.

6.11 Lemma [Blame corresponds to blame]: For all 7, §fl ~ [ : T.
6.12 Lemma [Constants correspond to themselves]: For all k, k ~ k : ty.(k).

As a corollary of Lemmas 6.11 and 6.10, if two terms evaluate to blame, then
they correspond. This will be used extensively in the proofs below, as it allows us to
eliminate many cases.

6.13 Lemma [Corresponding terms coevaluate]: If t ~ s : T then t —,," v A
s —, wort — i Ml As — ffl; moreover, t — " r and s — ¢ such that
r~q:T.

6.14 Lemma [Contract/cast correspondence]: If c ~ S; =/ S, : T and t ~s : T
then () t ~(S; = S)) s : T.

Proof
By induction on 7. We reason via expansion (Lemma 6.10), showing that the initial
terms reduce to corresponding terms.

T=B:Soc={xB |t} S§ ={x:B| s}, and S, = {x:B | sp}. Since
t ~ s : B, we know that they either both reduce to k € #"p or {I’. If the latter
is the case, we are done. So suppose t — 4" k along with s — k.

We can step our terms into active checks as follows:

({x:B |t ) t —1” ({x:B | 1}, t1{x =k}, k)
({x:B|s1}={x:B|s:}) s —; ({x:B|s2),s{x =k},k)

By inversion of the contract/cast correspondence, we know that t;{x =k} ~
s2{x =k} : Bool, so these terms go to blame or to a Bool together. If they go
to {}l’, we are done. If they go to false, then both the obligation and the cast
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will go to . Finally, if they both go to true, then both terms will evaluate to
k.

T = T1 g Tz: C = XIC1 — Cy, S1 = XISH - S12, and S2 = x:S21 - Szz. We
know by inversion of the contract/cast relation that ¢; ~ Sy; = Sy; : 71 and
that for all t ~ s : Ty, c2{x =t} ~ Spp{x = (So1 = Su1)! s} =! Sp{x =
s} : T». We want to prove that ()" ~ (S; = S,)! s : T} — T. First, we can
assume t — ;" v and s —; w where v ~ w : T} — T,—if not, both cast
and contracted terms go to blame and we are done.

We show that the decomposition of the contract and cast terms correspond
for all inputs. Let t' ~ s’ : Ti. Again, we can assume that they reduce to
v’ ~w' : Ty, or else we are done by blame lifting. On the /¢ side, we have

() ) ¢ —1" (ealx =o' DY (0 () v')
In Ay, we find

(<Sl = Sz>l ) S —)h (Slzlx = <Szl = SH } = S22{x =W f)l
(w ({Sa1 = Si1) w'))

By the TH, we know that {c;)" v/ ~ (Sy; = S;;)! w’ : Ty. Since v ~w : T —
T>, we have v ((c)" v') ~w ((Sy; = Si1)! w') : T». Again by the IH, we
can see that (ca{x = v’ (v ({c1)" V")) ~ (Spa{x = (Sa1 = Si1)! W'} =
Szz{x = W/}>l w (<S21 = S11>I W’) . Tz. [l

We prove three more technical lemmas necessary for the behavioral and type
correspondence.

6.15 Lemma [Skeletal equality of subtypes]: If A+ S; <: S, then |S;| = [S2].
6.16 Lemma: If |S;| = |S,| = T, then |/(S1,S2)| = T.
6.17 Lemma: If A; - S; and Ay - S;, where |S;| = |[S;] then

1. lf Al,x Si,Ay B s S then Ay, x SQ,AQ{X = Sz = S1 X} = S{X = S2 =
Wox)iS{x := (S, = S) x}, and
2. lf A, x:S1,A, F S then AI,X.SQ,AQ{X = S2 = Sl X} F S{X = Sz =
Fxl.

We use the correspondence relations to show that s and its translation y(s)
correspond—i.e., that i faithfully translates the Ay semantics. We must choose the
subject of induction carefully, however, to ensure that we can apply the IH in the
case for function casts. An induction on the height of the well-formedness derivation
is tricky because of the “extra” substitution that ¢ does. Instead, we do induction
on the depth of y’s recursion (and also derivation height, for the S_SuB case).

6.18 Theorem [Behavioral correspondence]:

1. IfAFs : S then |A| Fyp(s)~s : |S].
2. If AF Sy and AF S,, where |S;] = |S>] = [S], then |A| F !(S1,S:) ~ S; =!
S, . |S] (for all ).
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Proof
By induction on the lexicographically ordered pairs (m,n), where m is the depth of
the recursion of the translation (s) (for part 1) or /(Sy,S,) (for part 2) and n is
either |[A s : S| (for part 1) or |AF Si|+|A F Sz (for part 2). The first component
decreases in all uses of the IH except for the S_SUB case, where only the second
component decreases. Part 1 of the proof proceeds by case analysis on the final rule
used in the typing derivation A+ s : S. The rule that was used determines the shape
of p(s) in all cases but S_SuB.

We give only the most interesting cases for the first part: S_CAST, S_CHECKING,
and S_SuB.
S.CasT: AF (S; = S5) : S; — S5 and p({S; = S»)!) = (p!(S1, S»))"!. By inversion,
AF Sy and A+ S,, where |S;] = [S2].

By the IH for proposition (2), |A] F ¢!(S1,82) ~ S; =! S5 : |S,].

Let |A] &= &; we must show 61({y!(S1,82))") ~ 3:((S1 = S5)!) : [S1] — |S2]. Let
t ~s :|S1]. We have 6;({(p'(S1,82))") t ~ 6,({S; = S1)') s : |S2] by Lemma 6.14.
S_CHECKING: We have A F ({x:B | si},s0,k)! : {x:B | si}; translating yields
p({{x:B | si},s0,k)) = ({x:B | w(s1)},w(s2),k)". Recall that the terms of the
active check are closed. By inversion we have @ + s, : {x:Bool | true} and
Ok :{x:B|true}, so k € A p.

By the IH, y(s;) ~ s, : Bool. These two terms coevaluate to blame or a boolean
constant. There are three cases, all of which result in the active checks evaluating
to ~-corresponding values:

e If they go to #l, then the checks do too, and f}l’ =~ #§l’ : B.
e [f they go to false, then the checks go to #/, and }l = {} : B.
e If they go to true, then the checks go to k € #'p, and k = k : B.

S_SuB: At s : S; we do not know anything about the shape of y(s). By inversion,
AFs:S and AF S’ <:S. By Lemma 6.15, |[S'] = [S].

Since the sub-derivation A s : S’ is smaller, by the IH |A]| F y(s) ~ s : [S'].
But |S’] = |S |, so we are done.

Part 2 of this proof proceeds by cases on '(S;,S,) = c.
p!(S1,{x:B | s2}) = {x:B | y(s2)}: Note that S, = {x:B | s;}. By inversion of A I
{x:B | s}, we have A,x:{x:B | true} - s, : {x:Bool | true}.

By the IH for proposition (1), |A],x:B F y(s2) ~ s : Bool.

We must show |[A] F {x:B | p(s)} ~ S; = {x:B | 52} : B. Let |A| = 6; we
prove that 81({x:B | p(s2)}) ~ 92(S1) = 82({x:B | 52}) : B, i.e., for all k € A p, that
O1(p(s2)){x =k} ~ da(s2){x =k} : Bool. Since k ~ k : B, we can see this last by

the TH.

P! (x:S11 = Si2,x:S21 — S») = x ' (S21,S11) = ! (Si2{x := (Sa1 = Si1)! x},S2):
We can see S; = x:S3; — S» and so S; = x:Sy; — Sy, where [Sy] =

[S11] and [S»] = [S12]. By inversion, we have the following well-formedness

derivations:

At Sy A Sy
A,X ZS21 = Szz A,x 5S22 F SIZ
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We can apply the IH (contravariantly) to see
LA] F v (Sa1,S11) ~ Sa1 = Si1 : [Su) (*)

By weakening (Lemma 4.22), we can see A,x:Sy; F S»; and A, x:Sy; F Sy
We can reapply the IH to show |A],x:[Sa] F !'(S21,811) ~ Sar = Si1 @ [Si1].
Now A,X:Szl - <521 = Sn>l . S21 — S11 and A,x:S21 F <SZI = S11>l X . Sn.
By Lemma 6.17, we can substitute this last into A,x:Sy; F Sy, finding A, x:Sy; F
Slz{x = <S21 = S11>I x}.

We apply the TH for proposition (2) on A,x:S; F Spp{x = (Sy = Sip)! x} and
A, x:S31 F Sy, showing

AL x:[Sa1] Fy!(Sia{x := (So1 = S11)! x},520) ~
Sia{x = (Sy = Su)! x} =' Sx : [Sn) (**)

We now combine (*) and (**) to show |A| F p!(x:S;1 — Si2,x:S21 — S») ~
x:Sii — S =! xSy — S» : [S2]. Let |A] = 6. We can apply (*) to see
31(9'(S21,811)) ~ 02(S21) = 52(S11) : |S11]. For the codomain we must show, for all
t ~s :|S1], that

S1(p!(Siaf{x = (Su 3511 x}hSn)){x =t} ~
52(S12){x = (Sy1 = Si1)! s} = 62(Sn){x =5} : [Sx]

Let t ~ s : |Si1]. Recalling that [Sy;] = [Sa1], observe [A],x:[S2] = d{x =1,s}.
Call this ¢’. By (**) we see

ST (Si{x = (Sar=S11) x},52)) ~ 85(S12{x = (Su=5n)' x}) =' 65(52) : [Sx]
which we can rewrite to

S1(p!(Siafx = (S = Su)’ X So)){x =t} ~
52(S12){x == (S = Si1)! s} = 62(Sn){x =5} : [Sx]

This is exactly what we needed to finish the proof of correspondence. O

As a preliminary to type-preservation, we use behavioral correspondence to show
that the implication judgment is preserved.

6.19 Lemma: If § s, : {x:Bool | true} and 0 I- s, : {x:Bool | true} and 0 I s; > s,,
then y(s;) — 4" true implies p(s2) —ax” true.

Proof
By the logical relation. O

The type preservation proof is very similar to the correspondence proof of
Theorem 6.18, though the function case of the type/contract correspondence is
intricate.

6.20 Theorem [Type preservation for y]:

1. If Ak s : S then [A| Fy(s) : [S].
2. IfAFS;, A+ Sy, where |S;] = [S»] = T, then |A] FY !(S1,S,) : T
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Proof

By induction on the lexicographically ordered pair containing (a) the depth of the

recursion of the translation y or y(s), and (b) |[AF s : S| or |JAF Si| 4+ |AF S;|.
Part 1 of the proof proceeds by case analysis on the final rule of A s : S, which

determines the shape of p(s) = ¢ in all cases but S_SuB. Part 2 of the proof proceeds

by case analysis on y!(S1,S,) = c.

P! (x:S11 = S12,x:S21 = S») = x ! (S21,S11) = ! (Si2{x := (Sa1 = S11)! x},S2):
We must have S2 =X 1821 d S22 and S] =X IS“ d S12, where |_S21J = |_511J and

|S22| = [S12]. By inversion, we have the following well-formedness derivations:

AF Sz] A+ Sll
A,x ZSz] = Szz A,X 1522 F Sl2

By the TH LAJ R S21,S11 : [SHJ. Note that [lpl(SZhSl])J = |_821J~

By weakening, we can see A, x :S>; F Sp; and A, x:Sy; F Si1. We can reapply the TH
to show LAJ,XI[SZlJ |—I,’[ lpl(Szl,Sn) . |_S11J. Now A,XISzl F <521 = S11>I : S21 —
Si1. Next A, x:Sy; F (Sa; = S11)! x : Si;. By Lemma 6.17, we can substitute this last
into A, x:S1; F Si, finding A, x :S; F Spa{x := (So1 = S11)! x}.

By the IH for proposition (2) on A,x:Sy F Spa{x := (S = Su1) x} and
A,X 1521 = 522,

LA x:[Sor] F ! (Sia{x == (So1 = Su1)! x},82) ¢ [S]
By Lemma 6.16, [y!(S21,S11)] = |S21], so we can rewrite the above derivation to
LA], x ! (Sa1, S11) ™ F 9! (S1a{x = (Sa1 = Sun) x},82) : |Saa]
Now by T_FunC
LA] FM x pt(Sar, S11) = ! (S12{x == (Sa1 = Si1)! x1,Sn) ¢ [Sa] — [Sn] O

7 Inexact translations

The same translations ¢ and p can be used to move right on the axis of blame
(Figure 1). However, in this direction the images of these translations blame strictly
more than their pre-images. We were able to use the same correspondence for both
exact proofs in Section 6, but the following two proofs use custom correspondences:
one where lax Ac terms correspond to Ay terms (with possibly more blame), and
another where Ay terms correspond to picky Ac terms (with possibly more blame).
In both cases, the Ac terms will be on the left and the Ay terms on the right.

7.1 Translating lax /¢ to .y

Translating with ¢ from terms in picky Ac to exactly corresponding terms in Ag
was a relatively straightforward generalization of the non-dependent case; things
get more interesting when we consider the translation ¢ from lax Ac to dependent
An. We can prove that it preserves types (for terms without active checks), but
we can only show a weaker behavioral correspondence: sometimes lax Ac terms
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Value correspondence

k~.k:B < keAp

ve.w T » T, <= Vit~ s :Ti.vt~ws:T,

Term correspondence

t~e s T = s —p HV(E—" vAs — wAvx.w:T)

Contract/type correspondence

{xB|t}~.{x:B|s}:B <> Vk € Ap.t{x =k} ~, s{x ==k} :Bool

X:C1F—>C2~>Xisl—>82:T1—>T2 <~ C1~>Sl ITl/\
Vi~ s T of{x =t~ So{x =5} : T

Dual closing substitutions
I'Es 0§ < Vx e dom(I). §;(x) ~s da(x) : [T(x)]
Lifted to open terms

Tkt~ s:T < V6. (' = 0 implies 04(t) ~» da(s) : T)
I'Fe~. ST < Vo.(I' =2 0 implies d1(c) ~» 02(S) : T)

Fig. 15. Blame-inexact correspondence for ¢ from lax Ac.

terminate with values when their ¢-images go to blame. This weaker property is
a consequence of bulletproofing, the asymmetrically substituting F_CDEcomP rule,
and the extra casts inserted for type preservation (i.e., for T_VARC derivations). This
is not a weakness of our proof technique—we give a counterexample, a lax Ac term
O+t : T such that t — " v and (Ot : T) —>} .

We can show the behavioral correspondence using a blame-inexact logical relation,
defined in Figure 15. The behavioral correspondence here, though weaker than
before, is still pretty strong: if t ~. s : B (read “t blames no more than s at type
B”), then either s — f}l or ¢ and s both go to k € . This correspondence differs
slightly in construction from the earlier exact one—we define ~, as a relation on
values, while = is a relation on results. Doing so simplifies our inexact treatment of
blame—in particular, Lemma 7.2. We again use the term correspondence to relate
contracts and Ay types. We then lift the correspondences to open terms (Figure 15).
Closing substitutions map variables to corresponding terms of appropriate type.
Note that closing substitutions ignore the contract part of x:c" bindings, treating
them as if they were x:|c]|.

7.1 Lemma [Expansion and contraction]: If t — ;" ¢, and s — s’ then t ~, s :
Tifft,~>S/IT.

Note that there are corresponding terms at every type. We can prove a much
stronger lemma than we did for ~ in Lemma 6.11, since the correspondence here is
much weaker.
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7.2 Lemma [Everything corresponds to blame]: For all t and T, t ~. I’ : T.
7.3 Lemma [Constants correspond to themselves]: For all k, k ~. k : ty.(k).

Proof
By induction on ty.(k), recalling that constants are of first order. O

As a corollary of Lemmas 7.2 and 7.1, if two terms evaluate to blame—or even
just the Ay side!—then they correspond. This will be used extensively in the proofs
below, as it allows us to eliminate many cases.

We prove three lemmas about contracts and casts at base types. The first two
characterize contracts and casts at base types.

7.4 Lemma [Trivial casts]: If t ~. s : B, thent ~. (S = [B])! s : B for all S.

7.5 Lemma [Related base casts]: If {x:B |t} ~. {x:B|s}:Bandt ~. s :B,
then ({x:B | t})"' t' ~. (S = {x:B|s})' s’ :B forall S.

The third lemma shows that correspondence is closed under adding extra casts
to the Ay term due to the inexactness of our behavioral correspondence. Since Ay
terms can go to blame more often than corresponding lax Ac terms, we can add
“extra” casts to Ay terms. We formalize this in the following lemma, which captures
the asymmetric treatment of blame by the ~. relation. We use it to show that
the cast substituted in the codomain by F_CDEecomp does not affect behavioral
correspondence. Note that the statement of the lemma requires that the types of
the cast correspond to some contracts at the same type 7', but we never use the
contracts in the proof—they witness the well-formedness of the Ay types.

7.6 Lemma [Extra casts]: If t ~. s : T and ¢; ~» Sy : T and ¢; ~» S, : T, then
t ~y <Sl :>Sz>l s:T.

Proof
The proof is by induction on 7. Note that we do not use ¢; or ¢; at all in the proof,
but instead they are witnesses to the well-formedness of S; and S,.

[S1] = [S2] = T. Either s —} §’ or ¢t and s both go to corresponding values
at T. If s —; #l’, then (S; = S5) s —} ' and t ~. #I’ : T since everything is
related to blame (Lemma 7.2).

Therefore, suppose that t — " v and s —; w and v =~ w : T in each of the
following cases of induction:

T =B:S0S;={x:B|sy},and c; = {x:B | t}.

Sot —" k and s —) k for k € A#'p. If t and s both go to k, then
Sy = S)l s —; ({x:B | s2},s{x = k},k)\. By ¢2 ~= S, : B we see (in
particular) t,{x = k} ~. sp{x := k} : Bool. So sp{x := k} either goes to
M or sp{x := k} (and, irrelevantly, to{x := k}) go to some k' € H'goo. In
the former case, ({x:B | s2},s2{x = k},k)! — #I’ and we are done (by
Lemma 7.2). In the latter case, the Ay term either goes to {}/ (and everything
is related to blame) or goes to k—but so does ¢, and k ~, k : B.
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T =T, — T>: We have:

Sl=XISn—>S12 SZZ.X:SZI —)Szz

Cil=XIC11— C12 Cr=X:.C1 > C22
We have t — " v and s —, w, where v =, w : T1 — T».
Let t' ~o s’ : Ty; we wish to see that v t’' ~. ({(S; = S,)! w) s’ : T,. Either
s" —, fl’ or both go to values. In the former case the whole cast goes to I’
we are done by Lemma 7.2, so let t" —, " v/ and 5" —} w'.
Decomposing the cast in Ay,

(S1 = S$2)' w) s" —;

<S12{X = <S21 = S11>l W/} = S22{x = W/}>l (W ((Sz] = S]1>l W/))
We have Co1 ~> Szl . T1 and C11 ~> S]l . Tl, so v’ ~s <S21 = Sll>l w T1 by
the IH. Since v ~» w : T} — T», we can see that v v/ ~o w ({Sy; = Sp1)! w') :
T>.
Furthermore, we know that for all t” ~. s” : Ty that

— cu{x = L‘”} ~y Slz{x = S”} : T» and

— sz{x = t”} ~y ng{x = S”} 2 Th.

We know that v/ ~o w’ : T} and v/ ~s (Sy; = S;;)! w’ : T, so we can see

— cp{x =0} ~o Sp{x :=w'} : T, and

— en{x =0} ~o Sp{x = (S = Sy w'} T

So by the TH,

v~y (Spa{x == (Sy = Si) W) = Snfx = w ) (w ((Sy = Sin) w)) : T
and we are done by expansion (Lemma 7.1). [

To apply the extra cast lemma, we will need these “witness” contracts for raw
types; to that end we define trivial contracts. These contracts are lifted from types,
and are the /¢ correlate to Ay’s raw types.

BT ={x:B | true}
(Th = 1)1 =(T11) = (T27)

7.7 Lemma [Lifted types logically relate to raw types]: For all T, T1 ~, [T] : T.

The “bulletproofing” lemma is the key to the behavioral correspondence proof.
We show that a contract application corresponds to bulletproofing with related
types. Note that we allow for different types in the two casts. This is necessary due
to an asymmetric substitution that occurs when 7'= B — T>.

7.8 Lemma [Bulletproofing]: If t ~. s : T andc~. S : T and ¢ ~,. S’ : T, then
(Ot~ (ST =[S ([ST=5) 5 : T.

Proof

By induction on T. First, observe that either s —} /" or both ¢ and s go to values
related at 7. In the former case, (S’ = [S'])" ([S] = S)' s —>} #1”, and everything
is related to blame (Lemma 7.2). So t — " v, s —, w,and v =» w : T.
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T=B:Soc={xB |t} and S = {x:B | s1} and S' = {x:B | s2}. By
Lemma 7.5 we have (c)"' t ~» ([S] = S)' s : B. By Lemma 7.4 we can add
the extra, trivial cast.

T =T, > Tp: We know that c = x:¢c; > ¢, S =x:5; > S, and §' =x:S] —
S;. Let t’ ~. s’ : T1. By Lemma 7.2, we only need to consider the case where
t' — " v and 8" — ) w'—if 8" —; " we are done.

On the Jc side, ({c)" t) t' —1" (ca{x = o' (v ((c)! v")). In I, we
can see

(8" =[S'])" ([S] =>S> s) s’ _’h/ ,
(S3{x =(IS{1=8D" w'} = [S;)" (([ST=8)" w) ([S{] = S])" w")

We cannot determine where the redex is until we know the shape of T7—does
the negative argument cast step to an active check, or do we decompose the
positive cast?
— T =B.
By Lemma 7.5 and ¢; ~» S| : B, we know that (c;)!"! v/ ~. ([S]] =
S{)" w’ : B. The Ay term goes to blame or both terms go to the same
value, v/ = w' = k € A 'p. In the former case, the entire Ay term goes to
blame and we are done by Lemma 7.2. So suppose (¢! k — " k and
([S{] = S))!" w" —>; k. Now the terms evaluate like so:

(ea{x =0 P (0 () 0) —ax” (eafx = kN (v k)

S2{x =([S{1=8)" w'} =[Ss]])"
((([ST=8)" w ,<f5’135>" w')) —,
(S3{x == ([S{] = 8])! W}D[Szw
([821 = Safx = k! (w ((S1 = [S11)" k)

By Lemma 7.4, k ~o (S; = [S{]) k : B,sov k ~o w ({S; = [S{])! k)
T>.
Noting that k ~» k : B and k ~. ([S;] = ;) k : B, we can see that
cz{x =k} ~2 So{x ==k} : Th and c2{x =k} ~. Sj{x = ([Si] =
) 'k} : Th. Now the IH shows that (c2{x := k} o (v k) ~ Sz{x =

<[S'1 = S\ w'h = [SI)F ([S2] = Saf{x =k} (w ((S1 = [51]>
T,, and we conclude the case with expansion (Lemma 7.1).

— Ty = Ty1; — Ty,. We can continue with an application of F_CDEcoMmP in
Ax and find

(Sy{x = ([S{] = §))" w'} = sz1>
(([ST=5)w <f 1=5)H"w)) —;
Sz{x = ([S{] = S w'} = [Sz]>
(18] = Safx = ([S{T =8\ w'})!
(w ((S1 = [S1])! <fSﬂ =S)H" w)

By the TH, {(c)!"! v/ ~» (S; = [Si])! ([S{] = S{)" w' : T;. By assumption,
the results of applying v and w to these values correspond. (And they are
values, since function contracts/casts applied to values are values.)
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We know ¢; ~» S{ : Ty, and by Lemma 7.7 Ty ~. [S{] : Ti. Since
v/ ~s w : Ty, Lemma 7.6 shows v’ ~. ([S{] = S{)' w’ : Ty. This
lets us see that ca{x = v’} ~. Sj{x = ([S{] = S{)/ w'} : T» and
ca{x =0}~ Sy{x := ([S]] = S{)" w'} : T5. Now the IH and expansion
(Lemma 7.1) complete the proof. []

Having characterized how contracts and pairs of related casts relate, we show
that translated terms correspond to their sources.

7.9 Theorem [Behavioral correspondence]: If - I, then

1. IfpgT'Ft :T)=sthen'Ft ~.5:T.
2 Ifp(TH ¢ :T)=S thenTFc~. 8 : T.

Proof
We simultaneously show both properties by induction on the depth of ¢’s recursion.
ToshowI'Ft ~. s :T,let I' =o—we will show d{(t) ~» 0x(s) : T.

The proof proceeds by case analysis on the final rule of the translated typing and
well-formedness derivations. OJ

We find a weak corollary: ¢(I' - ¢ : B) —} k implies t —4," k: if the Ay term
does not go to blame, then the original /¢ term must go to the same constant.

We can also show type preservation for terms not containing active checks. (We
do not know that translated active checks are well typed because Theorem 7.9 is not
strong enough to preserve the implication judgment. We only expect these checks to
occur at runtime, so this is good enough: ¢ preserves the types of source programs.)

7.10 Theorem [Type preservation]: For programs without active checks, if ¢(+T') =
A, then

1. FA
2. ATkt T):[T].
3.AFGIHY ¢ 7).

Proof
We prove all three properties simultaneously, by induction on the depth of ¢’s
recursion.

The proof is by cases on the Ac context well-formedness/term typing/contract
well-formedness derivations, which determine the branch of ¢ taken. O

To see that ¢ in Figure 11 does not give us exact blame, let us look at two
counterexamples; in both cases, a lax Ac term goes to a value while its translation
goes to blame. In the first example, blame is raised in Ag due to bulletproofing. In
the second, blame is raised due to the extra cast from the translation of T_VARC. In
both examples, the contracts are abusive: higher-order contracts where the codomain
places a contradictory requirement on the domain. For the first counterexample, let

¢ =f:(x:{x:Int| true} — {y:Int | nonzero y})+ {z:Int|f 0 = 0}
S;=x:{x:Int|true} — {y:Int | nonzero y}
S =¢@ " ¢ : (Int = Int) = Int)
=/:Sy — {z:nt | ((S; = [Si])! /) 0 = 0O}
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Here, the contradiction comes when the codomain requires that f 0 yield 0, but f’s
contract says it will return a non-zero value. We find (c)"* (1f.0) (A1x.0)— 4 "0 but

x:fe]. (S = [ST ([ST=S) x)) (A1.0) (ix.0) —>] 1.
For the second counterexample, let

¢’ =f:(x:{x:Int| nonzero x} > {y:Int|true})— {z:Int|f 0 = 0}
S{=x:{x:Int| nonzero x} — {y:Int | true}
S' =@+ ¢’ : (Int > Int) = Int)

= /8] = {zdhnt| (8] = [S{1)! /) 0 = O}.

This time the contradiction comes from the codomain applying f to 0, while the do-
main contract requires that f’s input be nonzero. We find (¢/)"' (1f.0) (1x.0)—4"0
but

(Ax:[c1. (8" = [N ([ST= [ x)) (4f.0) (2x.0) —} 4.

The extra casts that ¢ inserts are all necessary—none can be removed. So while
variations on this ¢ are possible, they can only add more casts, which won’t resolve
the problem that Ay blames more.

7.2 Translating /. to picky Ac

Terms in Ay and their y-images in lax Ac correspond exactly, as shown in Section 6.2.
When we change the operational semantics of Ac to be picky, however, p(s) blames
(strictly) more often than s. Nevertheless, we can show an inexact correspondence,
as we did for ¢ and lax A¢ in Section 7.1. We use a logical relation [[~<]] for [[y]]
into picky Ac (Figure 16). Here we have reversed the asymmetry: picky Ac may
blame more than Ay. The proof follows the same general pattern: We first show
that it is safe to add extra contract checks, then we show that contracts and casts
correspond (inexactly), then the correspondence for well-typed terms. We can also
show type preservation for source programs (excluding active checks).

7.11 Lemma [Expansion and contraction]: If t — i, t" and s —} s’ then t ~_
s:Tiff t/ ~. s :T.

7.12 Lemma [Blame corresponds to everything]: For all T, {l ~. s : T.
7.13 Lemma [Constants correspond to themselves]: For all k, k ~~ k : ty (k).

Proof
By induction on ty.(k), recalling that constants are of first order. O

As a corollary of Lemmas 7.12 and 7.11, if a picky /¢ term evaluates to blame,
then it corresponds to any Ay term. This will be used extensively in the proofs below,
as it allows us to eliminate many cases.

7.14 Lemma [Extra contracts]: If t ~_ s : Tand ¢ ~~ S; = S, : T then (¢)"' t ~_
s:T.
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Value correspondence

k~ k:B < keAp

vae,w: T »T), < Vi~_.s : Ti.vt~.ws: T,
Term correspondence
t~es T <=t —piay MVE—piay VAS —pwAv=ow: T

Contract/type correspondence
|C~< S13522T|

{xB |t} ~{x:B|s;}={x:B|s} :B <
Vk € Ap. t{x =k} ~< s2{x =k} : Bool

XiCp— C) ~o XIS]] —>S|2:x2821 —>S22 . T] g T2 < (] ~< S2| :Sll ZT1/\
VIVt ~2 s i Ty ca{x ==t} ~< Spp{x = (S = Su) s} = Sp{x =5} : T»

Dual closing substitutions
I'Ed <= Vx e dom(l). §;(x) ~< d(x) : [T'(x)]
Lifted to open terms

I'Ft~_s:T < V0. (I'=0d implies 01(t) ~< 02(s) : T)
TFe~sSi1=8:T < V0. (=0 implies di(c) ~< 0:(S1) = 0,(S) : T)

Fig. 16. Blame-inexact correspondence for y into picky Ac.

Proof
By induction on 7. If t — ;" " we are done, so let t — " v and s —; w
such that v =~ w : T.

T=B:Soc={x:B|t} and S, = {x:B | s2}. Moreover, v =w =k € A5,
since those are the only corresponding values at B.

We can step and see ()" t —," (¢, t2{x = k},k)'. We know that
tr{x =k} ~< s2{x := k} : Bool. There are two possibilities: either t,{x :=
k} —picy” " or both terms go to corresponding Bools. In the former case,
the whole A¢ term goes to blame and we are done by Lemma 7.12. If both go to
false, then the outer A¢ term evaluates to ff/ and we are done by Lemma 7.12
again. If both go to true, then both outer terms go to k, and k ~~ k : B.
T=T —>T>:S0c=x:xci+—c¢;and S; = x:S;; — Sip and S, = x:S; — So.
Let t' ~. s : T1. If t/ —piay” " we are done by Lemm 7.12, so let
t" —icky” v and s —; w’, where v' =, w’ : T;. We want to prove
() t) t' ~< s §' : Ty, which is true iff:

(eafx = ()™ DM @ () V) ~cw W T

By the IH on v ~. w' : Ty and ¢; ~< Sy = Si; : Ty, we have (c)
w’ . Ty. By definition, applying v and w yields related terms at 7,. Since
() v~ w' o Ty, we have ca{x = (c))!" v} ~2 Sp{x = (Sy =

Ul v’ ~
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Si)!" w'} = Sp{x :=w'} : To. We can now apply the IH and see
(eafx = () P @ () ) ~aww T O

7.15 Lemma [Contract/cast correspondence]: If c ~~. S; = S, : T and t ~<. s : T
then (¢)"' t ~2 (S = S)" s : T.

Proof
By induction on 7. We reason via expansion (Lemma 7.11), showing that the initial
terms reduce to corresponding terms.

T=B:Soc={xB |t} St ={x:B| s}, and S, = {x:B | sp}. Since
t ~< s : B, we know that they either both reduce to k € #'g or t — piciy” .
If the latter is the case, we are done. So suppose ¢t —pi,” k along with
s — k.

We can step our terms into active checks as follows:

({(x:B |t )M t —piay” ((x:B | t1},t1{x =k}, k)!
({x:B|s1}={x:B|sx})l s—;  {{x:B|s2},s{x =k},k)

By the contract/cast correspondence, we know that ¢;{x =k} ~< s;{x =
k} : Bool, so either t;{x := k} goes to blame or both terms go to a Bool
together. In the former case, the outer A¢ term goes to blame and we are done
by Lemma 7.12. If they go to false, then both the active check goes to f}/ and
we are done, again by Lemma 7.12. Finally, if they both go to true, then both
terms will evaluate to k € 43, and k ~~ k : B.

T = T1 - Tzl C = X1 — C, Sl =X1$11 — S12, and S2 = XIS21 - S22. We
know by inversion of the contract/cast relation that ¢; ~< S; = Sy; : 71 and
that for all I” and t ~< 5 : T, ca{x =t} ~< Si{x = (S = Sy1)! ” s} =
Sx{x := s} : T». We want to prove that (¢)! ~- (S} = S))! s : T} - T».
First, we can assume t — i, v and s —; w, where v ~o w : T} — Tr—if
not, both the contracted terms go to blame and we are done by Lemma 7.12.
We show that the decomposition of the contract and cast terms correspond
for all inputs. Let ¢’ ~~ s’ : T;. Again, we can assume that they reduce to
v' ~- w’ : Ty, or else we are done by blame lifting in Ac. On the A¢ side, we
have

(<C>[’[, t) t/ _’picky* <CZ{X = <Cl>1/’l Ul}>[’[, (U (<Cl>1/’l U,))
In Ay, we find
(S1 = S)!" 5) 5" —
(Sia{x := (S = Su)!" w} = Sn{x =wH" (w ((Sa1 = Si)" w'))

By the TH, we know that {(c¢|)!" v/ ~_ (Sy; = Sy;)!" w’ : T}. Since v ~~ w :
T) — T5, we have v ({¢|)""! v') ~~ w ((S2; = S11)"" w’) : T». By Lemma 7.14,
() v ~- w' : Ty. We can then see that ca{x = (c)!" v/} ~< Spp{x =
(S = S w = Szz{x :=w'} : T. By the IH, we therefore have

(et 1= e o) (0 ()™ o) ~

Slg{x = S21 = S11 v w } = ng{x =Ww } (<S21 = S11>I” W’) . Tz O
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7.16 Theorem [Behavioral correspondence]:

1. If Ak s : S then [A| Fp(s) ~<s : [S].
2. If AF Sy and A+ S,, where |S1]| = |S»] = |S ], then |A] F !(S1,S2) ~< S =
Sy : |_SJ

Proof
By an induction similar to the proof of Theorem 6.18. []

7.17 Theorem [Type preservation for ]: For programs without active checks, if - A,
then:

1. If Ak s : S then |A] Fy(s) : |S].
2. If A+ Si, A S,, where |Si] = |S»] = T, then |A] FM' 4!(S1,S,) : T.

Proof
By an induction similar to the proof of Theorem 6.20. []

Here is an example where a Ay term reduces to a value while its yp-image in picky
Ac term reduces to blame. As before, this counterexample uses an abusive contract:
a higher-order contract where the codomain puts a contradictory requirement on
the domain. Here, the contradiction is that f* claims to return a nonzero value, but
the codomain requires that it returns 0.

Si=/:Su— S
=/f:(x:[Int] = {y:Int | nonzero y}) — [Int]
Sy=/:81 — S»n
=f:(x:[Int] = [Int]) - {z:Int|f 0 = 0}
c=v'(81,8,)
=1 (Sa1,S11) = W (Sialf = (S = Su) £}, 52)
=/f:(x:{x:Int|true} — {y:Int | nonzero y})— {z:Int|f 0 = 0}

Let w = (A :«(x:{x:Int | true} — {y:Int | nonzero y}). 0) and w' = (Ax:{x:Int |
true}. 0). The term is well typed: we can show O = w : Sy and @ = w’ : Sy;. Therefore,
OF ((S; = S2)! w) w' : Sp{f = w'}. Translating, we find

w(((S1 = 82)' w) w') = (W' (S1, 2™ w(w)) ww') = () 2f :Int. 0) Ax :Int. 0.

On the one hand, ((S; = S2)! w) w’ —; 0, while ((c)" if:Int. 0) Ax:Int. 0 — pick,”
#. This means we cannot hope to use i as an exact correspondence between Ay and
picky Ac. (Removing the extra cast y inserts into Sy, does not affect our example,
since 1 ignores S, here.) For example,

! ({z:nt | true}{f = (Sa1 = S11)' £l {z:Int| £ 0 = 0}) = {x:B | w(f 0 = 0)}.

7.3 Alternative calculi

There are three alternative calculi that we have not considered here: indy
Ac (Dimoulas et al. 2011), superpicky Ay, and nonterminating calculi. We describe
them in detail below, but we leave them as future work.
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Dimoulas et al. (2011) add a third blame label to /¢, representing the contract
itself; we write it here as a subscript. They accordingly change the picky E_CDEcomp
rule:

({x:c; — cz>f’,,l, 01) V2 —indy (C2{x = <cl>§/l Uz}>§7,l, (v1 ((cl>f::[ 172))
In the substitution in the codomain, note that the blame label on the domain
contract uses the contract’s blame label [”. The intuition here is that any problem
arising in ¢; is in the contract’s context (label [”), not the original negative context
(label I’). We conjecture (but have not proven) that indy A¢ is in the same position
on the axis of blame as picky Ac. We only need to change the labels on the contracts
¢ inserts to have an exact correspondence; however, y will remain inexact.

Superpicky Ay reworks the F_CDECOMP rule in an attempt to harmonize Ay and
picky /¢ semantics:®

((x:S11 = S12 = x:S21 = Sa)! W) wy ~
(Sia{x = (So1 = S11)! wa} = Sn{x = (S11 = S21)! ((Sa1 = S11)! wa)})!
(w1 ({S21 = S11)! w2))

This seems to resolve the problem with y into picky Ac, but it poses problems in
the proof of semantic-type soundness for Ayg: how do Sxp{x = w;} and Sp{x =
<S11 = Sz1>l (<Szl = S11>[ Wz)} relate?

Finally, we have been careful to ensure that all of our calculi are strongly
normalizing. We do not believe this to be essential, though we would have to change
our logical relations—Ay’s type semantics and the correspondences—to account for
nontermination. We conjecture that step-indexing (Ahmed 2006) will suffice.

8 Related work

Conferences in recent years have seen a profusion of papers on higher-order contracts
and related features. This is all to the good, but for newcomers to the area it can
be a bit overwhelming, especially given the great variety of technical approaches. To
help reduce the level of confusion, in Table 1 we summarize the important points
of comparison between a number of systems that are closely related to ours. This
table is an updated version compared to that in Greenberg et al. (2010).

The largest difference is between latent and manifest treatments of contracts—i.e.,
whether contract checking (under whatever name) is a completely dynamic matter
or whether it leaves a “trace” that the type system can track.

Another major distinction (labeled “dep” in the figure) is the presence of
dependent contracts or, in manifest systems, dependent function types. Latent
systems with dependent contracts also vary in whether their semantics is lax or picky.

Next, most contract calculi use a standard CBV order of evaluation (“eval order”
in the figure). Notable exceptions include those of Hinze et al. (2006), which is
embedded in Haskell, Flanagan (2006), which uses a variant of call-by-name, and
Knowles and Flanagan (2010), which uses full f-reduction (more on this below).

6 This idea is due to Jeremy Siek (personal communication, January 2010).
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Table 1. Comparison between contract systems

Latent systems

FF02 HJILO6 GFO07 ic BMO06 DFFFI11 our ic
@ ©) 4) )

dep (6) v lax v picky X (7) v indy v either
eval order CBV  lazy CBV CBV CBV CBV
blame (8) M ™ ™ M or L M M
checking (9) if if O active  active active
typing (10) v v v n/a v v
any con (11) v v v v v v

Manifest systems

GF07 Zn FO6  KF10 WF09 OTMWO04 BGIPI1 our iy

3) (12) (13 (14 (15) (16)
dep (6) X v v X v v v
eval order CBV  CBN(17) full § CBV CBV CBV  CBV
blame (8) M stuck  stuck 1t ™ M
checking (9) O O active active if active  active
typing (10) X X v v v v v
any con (11) v v v v X v v

Notes: (1) Findler & Felleisen (2002). (2) Hinze et al. (2006). (3) Gronski & Flanagan (2007).
(4) Blume & McAllester (2006). (5) Dimoulas et al. (2011). (12) Flanagan (2006). (13) Knowles
& Flanagan (2010). (14) Wadler & Findler (2009). (15) Ou et al. (2004). (6) Does the system
include dependent contracts or function types (v') or not (x) and, for latent systems, is
the semantics lax or picky? (see text for more on “indy” checking). (7) An “unusual” form
of dependency, where negative blame in the codomain results in nontermination. (17) A
nondeterministic variant of CBN. (8) Do failed contracts raise labeled blame (f}/), raise
blame without a label (), get stuck, or sometimes raise blame and sometimes diverge (L)?
(9) Is contract or cast checking performed using an “active check” syntactic form (active),
an “if” construct with a refined typing rule (if), or “inlined” by making the operational
semantics refer to its own reflexive and transitive closure (O)? (10) Is the typing relation
monotonic, i.e., is the typing relation known to be uniquely defined? (11) Are arbitrary user-
defined boolean functions allowed as contracts or refinements (v'), or only built-in ones (x)?

Another point of variation (“blame” in the figure) is how contract violations or
cast failures are reported—by raising an exception or by getting stuck. We also
return to this below.

The next two rows in the table (“checking” and “typing”) concern more technical
points in the papers most closely related to ours. In both Flanagan (2006) and
Gronski and Flanagan (2007), the operational semantics checks casts “all in one

go”:
s2{x ==k} —j true
({x:B |51} = {x:B | 2})' k — k
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Such rules are formally awkward, and in any case they violate the spirit of a small-
step semantics. Also, the formal definitions of Ay in both Flanagan (2006) and
Gronski and Flanagan (2007) involve a circularity between the typing, subtyping,
and implication relations. Knowles and Flanagan (2010) improve the technical
presentation of Ay in both respects. In particular, they avoid circularity (as we
do) by introducing a denotational interpretation of types and maintain small-step
evaluation by using a new syntactic form of “partially evaluated casts” (like most
of the other systems).

The main contributions of the present paper are (1) the dependent translations ¢
and 1 and their properties, and (2) the formulation and metatheory of dependent
An. (Dependent A¢ is not a contribution on its own: many similar systems have
been studied, and in any case its properties are simple.) The non-dependent part
of our ¢ translation essentially coincides with the one studied by Gronski and
Flanagan (2007), and our behavioral correspondence theorem is essentially the same
as their theorem. Our y translation completes their story for the non-dependent
case, establishing a tight connection between the systems. The full dependent forms
of ¢ and vy studied here are novel, as is the observation that the correspondence
between the latent and manifest worlds is more problematic in this setting.

Our formulation of Ay is most comparable to that of Knowles and Flanagan
(2010), but there are some significant differences. First, our cast-checking constructs
are equipped with labels, and failed casts go to explicit blame—i.e., they raise
labeled exceptions. In the Ay of Knowles and Flanagan (2010) (though not the
earlier one of Gronski and Flanagan (2007)), failed casts are simply stuck terms—
their progress theorem says, “If a well-typed term cannot step, then either it is a
value or it contains a stuck cast.” Second, their operational semantics uses full,
nondeterministic f-reduction, rather than specifying a particular order of reduction,
as we have done. This significantly simplifies parts of the metatheory by allowing
them to avoid introducing parallel reduction. We prefer standard CBV reduction
because we consider blame as an exception—a computational effect—and we want
to reason about which blame will be raised by expressions involving many casts.
At first glance, it might seem that our theorems follow directly from the results
for Knowles and Flanagan’s language (2007), since CBV is a restriction of full 8-
reduction. However, the reduction relation is used in the type system (in rule S_Imp),
so the type systems for the two languages are not the same. For example, suppose
the term bad contains a cast that fails. In our system {y:B | true} is not a subtype
of {y:B | (Ax:S. true) bad} because the contract evaluates to blame. However,
the subtyping does hold in the Knowles and Flanagan system (2007) because the
predicate reduces to true.

The system studied by Ou et al. (2004) is also close in spirit to our Ap. The
main difference is that, because their system includes general recursion, they restrict
the terms that can appear in contracts to just applications involving predefined
constants: only “pure” terms can be substituted into types, and these do not include
lambda-abstractions. Our system (like all of the others in Table 7—see the row
labeled “any con”) allows arbitrary user-defined boolean functions to be used as
contracts.
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Our description of Ac is ultimately based on Acoy (Findler & Felleisen 2002),
though our presentation is slightly different in its use of checks. Hinze et al.
(2006) adapted Findler and Felleisen-style contracts (2002) to a location-passing
implementation in Haskell, using picky-dependent function contracts.

Our Zg-type semantics in Section 4.2 is effectively a semantics of contracts. Blume
and McAllester (2006) offer a semantics of contracts that is slightly different—our
semantics includes blame at every type, while theirs explicitly excludes it. Xu et al.
(2009) is also similar, though their “contracts” have no dynamic semantics at all:
they are simply specifications.

Dimoulas et al. (2011) introduce a new dialect of picky Ac, where contract checks
in the codomain are given a distinct negative label. If labels represent “contexts” for
values, then this treats the contract as an independent context. “Indy” Ac and picky
Ac will raise exactly the same amount of blame, but they will blame different labels.

Belo et al. (2011) at once simplify and extend the CBV Ap given here. The type
system is redesigned to avoid subtyping and closing substitutions, so type soundness
is proved with easy syntactic methods (Wright & Felleisen 1994). The language
also allows general refinements—refinements of any type, not just base types—and
extends the type system to polymorphism. This can be seen as completing some of
the future work of Greenberg et al. (2010).

We have discussed only a small sample of many papers on contracts and related
ideas. We refer the reader to Knowles and Flanagan (2010) for a more comprehensive
survey. Another useful resource is Wadler and Findler (2007) (technically superceded
by Wadler and Findler (2007), but with a longer related work section), which surveys
work combining contracts with type Dynamic and related features.

There are also many other systems that employ various kinds of precise types, but
in a completely static manner. One notable example is the work of Xu et al. (2009),
which uses user-defined boolean predicates to classify values (justifying their use of
the term “contracts”) but checks statically that these predicates hold.

Sage (Knowles et al. 2006) and Knowles and Flanagan (2010) both support mixed
static and dynamic checking of contracts, using, for example, a theorem prover. We
have not addressed this aspect of their work, since we have chosen to work directly
with the core calculus Ay, which for them was the target of an elaboration function.

9 Conclusion

We can faithfully encode dependent /1y into Ac—the behavioral correspondence is
tight. Ay’s F_CDEcomp rule forces us to accept a weaker behavioral correspondence
when encoding A¢ into Ay, so we conclude that the manifest and latent approaches
are not equivalent in the dependent case. We do find, however, that the two
approaches are entirely inter-encodable in the non-dependent restriction.
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