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Abstract

Detection of repeated sequences within complete genomes is a powerful tool to help
understanding genome dynamics and species evolutionary history. To distinguish
significant repeats from those that can be obtained just by chance, statistical methods
have to be developed. In this paper we show that the distribution of the number of long
repeats in long sequences generated by stationary Markov chains can be approximated
by a Poisson distribution with explicit parameter. Thanks to the Chen—Stein method we
provide a bound for the approximation error; this bound converges to O as soon as the
length n of the sequence tends to oo and the length ¢ of the repeats satisfies n2p’ = O(1)
for some 0 < p < 1. Using this Poisson approximation, p-values can then be easily
calculated to determine if a given genome is significantly enriched in repeats of length ¢.
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1. Introduction

Genomes are dynamic and redundant structures: during the life of an organism or over
generations in a given species, genomes are regularly subject to various small-scale or large-
scale rearrangements such as sequence inversions, insertions, deletions, or duplications. Thus,
the current architecture of genomes is the result of the accumulation of numerous past molecular
events that lead to DNA remodeling. Among those, the process of duplication, which can
concern the genes or the extragenic segments of the genome, has a major contribution. After
they occur, genome duplications bring a primary redundancy of the genetic information, but,
secondarily, the duplicated genome segments provide potential substrates for the evolution
to new genomic functions by other types of mutations. Thus, the duplication events are
the essential engines of the genomes’ evolution, leading to a functional diversity, genetic
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innovations, which offer an adaptability to new environments, and the creation of new organisms
(for a review, see [10]).

Hence, the detection of the redundant regions (also named repeated sequences) within a
fully sequenced current genome, provides biologists with the opportunity to understand the
dynamics of genomes and the species history. Several algorithmic methods have been proposed
for efficiently detecting tandem or dispersed repeats in DNA sequences; see [3], [4], [5], [6],
and [7]. But, a relevant statistical analysis of these repeats (count, length, location) should then
be done in order to distinguish the significant repeats from those that can be just obtained ‘by
chance’. Significant repeats are then candidates for further biological investigations of their
nature, dynamic, or functional implications.

Studying the statistical significance of the number of repeats of a given length ¢ observed
in a given sequence, denoted by N,Obs, relies on the possibility of evaluating the distribution of
the random count NV, in some relevant random sequences. Indeed, it will allow us to evaluate
the p-value P(N; > N,Obs) and then to decide if a sequence is significantly rich or sparse in
repeats of size ¢; this p-value measures how far the observed number of repeats is from the
expected count under the chosen model. No result exists on the exact distribution of N; in
random sequences. Arratia et al. [1] proposed a Poisson approximation for long repeats in a
sequence of independent random letters (Bernoulli model). In this paper we generalize this
result by considering Markov models. While Bernoulli models only fit the letter composition
of the DNA sequence, Markov chain models allow us to fit the 1-letter up to an (m + 1)-letter
word composition, where m is the order of the Markov model. Markov models are widely used
in biological sequence analyses and the question of finding motifs with unexpected frequencies
highlighted the interest of using Markov models of order m > 1. (See [8] and [9].)

The number of repeats of length ¢ is defined by a sum of random Bernoulli variables Y,, which
are equal to 1 if a repeat of length ¢ starts at position « = (i, j) and O otherwise (Section 2).
In this problem the difficulty comes from the fact that the Y, s are not independent. As in [1],
we have used the Chen—Stein method to bound the error while approximating N; by a Poisson
variable with mean A, := E(N;). We first considered the first-order Markov chain model. We
show that this error converges to 0 as the length n of the sequence tends to co and the size ¢ of
the repeats grows like log(n) (Section 3). Finally, we generalize the approximation theorem to
higher-order Markov chains and we derive the parameter of the limiting Poisson distribution
for the number of repeats.

2. Number of repeats

2.1. Random sequences

We consider an infinite random sequence S®° = X_, ..., X1,..., X;, ..., X400 On the
alphabet A = {a, c, g, t} generated by a stationary one-order Markov chain with transition
matrix II = (7w (a, b))a pen. We assume that w(a, b) > O for all a, b € A, which is satisfied
with long DNA sequences. This model will be referred to as ‘model M1’ in the remainder.
We denote by u the unique stationary distribution, defined by p(a) = )", 4 u(b)7 (b, a) for
all a € A. Moreover, the {-step transition probability between a and b will be denoted by
7®(a, b), and we set p = max, pes 7(a, b), 0 < p < 1. Therefore, 7O (a, b) < p for all
£>1.

2.2. Repeat occurrence and probability

We say that a repeat of length ¢ (or more) occurs in S at position @ = (i, j), i < j, if
and only if the word of ¢ letters starting at i is identical to the one starting at j. Let R, be the
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random indicator function of a repeat of length ¢ occurring at position o = (i, j), i < j:
Ry =UX; - Xiyy1=Xj--- Xjr1). 2.1

We say that a repeat of length ¢ (or more) starts at @ = (i, j) if there is a repeat of length ¢ at
(i, j)butnotat ( — 1, j — 1). Fora = (i, j), i < j, we define the random indicator function
of a repeat of length ¢ starting in S at position « by

Yo=Y p=UXi #X;_1, Xi- - Xip1 =X Xj1). (2.2)

Because of biological considerations, only disjoint duplications will be considered (i.e. j >
i +t). For the sake of simplicity, we will in fact restrict ourselves to the case where j > i +t.
Since the position j — 1 is part of the event ‘a repeat starts at « = (i, j)’, the condition
J > i+t justallows us to obtain disjoint blocks of letters X; - - - X; 4, jand X; _1--- X 4,1,
which will simplify the expression of the probability that a repeat starts at a given position and
other probabilities of that kind. In the remainder a repeat starting at o« = (7, j) with j > i + ¢
will be called a leftmost non-self-overlapping repeat.

The following lemma gives the probability p, for a non-self-overlapping repeat of length ¢
to start at position .

Lemma 2.1. Under model M1, the probability py for a repeat of length t to start at ¢ =
@, J), j>i+t ie py =EYy),is

Pa= Y, Y, u®rb.adw(ca)rlar,a) - wla-1,a) 7 @, 0).

b,c#b (ay,...,a;) €A’

Proof. To calculate p,, we sum over all possible values for X; _1, X;, ..., X;4,—1and X;_q,
and we use the Markov property, i.e.

EYy) =PXis1 #Xj_1, Xi =X, ..., Xizi—1 = Xj11-1)
= Z Z PXi1=b, Xi=a,....Xiw1=a, Xj_1 =c,

b.c#b (ay,...,ar) €A
Xj =a1,...,Xj+,_1 =at)
=> > u®mb.adm@.a) - wa-r.a)T @, )
b,c#b (ay,...,a;) €Al
x 7(c,apm(ay, az) - w(a—1, as).

This probability p, of the occurrence of a repeat of length # decreases exponentially to 0 as
t increases. Indeed, we can show that

Pa = )Ot- (2.3)

To obtain this inequality, we bound Y, by Ry, i.e.

Do < E(Ry)
= Y umlaay) - wa_i.a)
(ay,...,a;)EA!

% (n(j_i_""])(al, apm(ay, az) -+ -w(a;—1,ar)),
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and we bound each of the last ¢ transition probabilities by p. The sum of

u(aym(ar, az) - --mw(a;—1, ar)

overay, ..., a; will then collapse to 1 leading to p, < p'.

2.3. Number of leftmost non-self-overlapping repeats

In this paper we are interested in the number of non-self-overlapping repeats of length ¢ or

more in a finite sequence S = X1, ..., X,. Let us define the following count:
Ny =) Ya, 24)
ael

where I = {a =(,j) |1 <i<i+t < j<n-—t+1}. Because S is finite and X is not
observed, NV; is not exactly the number of non-self-overlapping repeats of length 7 in S but the
probability that both counts differ is bounded by (n — 2¢)p’. Indeed, if they differ then there
exists j € {t +1,...,n —t + 1} such that X; --- X; = X --- X 4,—1. Therefore, under the
asymptotic framework n2p’ = O(1) and r = o(n), both counts have asymptotically the same
distribution and we will now focus on the count N; defined by (2.4) in the infinite sequence
So°.

Set A; := E(V;), the expected number of leftmost non-self-overlapping repeats of length .
Its expression is given in the next lemma.

Lemma 2.2. Under model M1, the expected number of leftmost non-self-overlapping repeats
of length t is given by

=Y Y u®rb.apme.a) @) - wla-r. o)’
b,c#b (ay,...,a;)€A!
n—2t—1

x Z n—t—-207 " q,, 0. (2.5)
=0

Ift = o(n) then A, = O(n?p"), where p = max, p w(a, b).
Proof. Using the expression of E(Y,,), Lemma 2.1 leads to

b =) E(Ye)

ael
n—=2t n—t+1

=Y 2 2 2 ubrbaprean)

i=1 j=i+t+1 b,c#b (ay,...,a;)€A!

x (w(ay, @) - w(ar—1, a))* 7Y =" (a,, c).

Equation (2.5) holds using the change of variable £ := j —i — ¢ — 1, i.e.

n—2t n—t+1 n—2t—1
Yo AV 0= Y m—t—207 V(g 0.
i=1 j=i+t+1 £=0

https://doi.org/10.1239/jap/1214950359 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1214950359

444 N. TOUYAR ET AL.

To obtain the order of magnitude of A, we just use (2.3):

n—2t
M=p' Y (m—i—241)
i=1
(=20 (n =2t + 1)
<p 5 .

Consequently, if 7 = o(n) then A = O(n?p").

3. Poisson approximation

Our aim is now to prove that N, can be approximated by a Poisson variable with mean A,
when 7 tends to co and A; = O(1). Note that the asymptotic condition A; =< 1 is equivalent to
t < 2logy,,(n). For this, we use the Chen—Stein method.

3.1. Chen-Stein method

The Chen—Stein method gives a bound of the total variation distance between the distribution
of a sum of non independent and identically distributed Bernoulli variables Yy, @ € I, and
the distribution of a Poisson variable with parameter A = Zae 1 E(Yy). Recall that the total
variation distance (denoted by dtv) between two positive integer random variables X and Y is
defined in the same way as half the maximum over i € N of |P(X =i) — P(Y =1i)|.

Theorem 3.1. ([2, Theorem 1.A].) Let I be an index set. Suppose that, for each o € I, Yy
is a Bernoulli random variable with py, = P(Yy, = 1) > 0. Let Z, be independent Poisson
variables with mean py and take B, to be a neighborhood of o such that o« € B, C I. Let

bi=Y_ Y E(Ya)E¥p),

ael BeBy

b= Y EuYp,

ael BeBy, fF#a

by=) E|E(Yo — po | 6(Yg: B & B))l.

ael

Thus,
drv <£ (Z Ya>, £<Z Za)) < b1+ by + b3,
o o

where L(-) denotes the distribution of a random variable.

To prove a Poisson approximation for the number N; of leftmost non-self-overlapping repeats
of length 7, we will apply this theorem to the Bernoulli variables Y, defined by (2.2). We will
first choose an appropriate neighborhood B,, then we will bound the quantities by, b2, and b3
and show that they converge to 0 when n — 400 and n2p’ = O(1).

3.2. Choice of the neighborhoods

The neighborhood B,, has to be interpreted as a neighborhood of strong dependence between
Y, and Yg, B € B,. Intuitively, we could say that 8 = (i’, j') is not a neighbor of &« = (i, j)
as soon as the occurrences of z-letter words occurring at positions i’ and j’ are disjoint from
the ¢-letter words occurring at i and j. As we will see later, for b3 to converge to 0, we need
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to enlarge the neighborhood such that the occurrences at positions (i, j) are not only disjoint
from the occurrences at positions (i’, j') but separated apart from ¢ letters. In other words, we
take

By :={B =" j)el| min{li =i'|,1i = j'I,1j —i'l,1j = j'I} <21}, a=(j) el

Let us calculate the size of this neighborhood, or more precisely the number of pairs («, §) €
I? which are neighbors. Set G = {(a, 8) € I?> | B € B,}, and let H be its complement in /2.
Therefore, we have
G| = |1]> ~|H],

where | - | stands for the cardinality and H is given by
H={(p)el”|p¢By)

={G,i',j,j)ell,...,n—t+ 1} suchthat j —i > ¢, j' =i’ > 1, |i —i'| > 21,
j=J'1=2t i —j'1 =28, |i' = j| = 21}.

The cardinality of I is

Il = n—2t+1 _(n—2t+1)(n—2t)
||_ 2 - 2 k]

and the cardinality of H satisfies

n—"Tt4+4 n—4t+4
6 <|H| <6 .
()= mo )

Indeed, we have (3)|J2| < |H| < (3)1J:], where

J; ={(x1,x2,x3,x4) €{1,...,n —t+ l}4 such that x; 1 > x; + z forall i € {1, 2, 3}}.
Moreover, there exists a one-to-one transformation between J, and the set of quadruples (y1, yz,
vi,ya)suchthat ] <y <y <y3 <y <n—t+1-3(z—1):sety; =x; — (i — 1)z for
alli € {1,2, 3}. Therefore, |J,| = ("_’_43”4). Finally, we obtain

203t + o) < |G| < 503t + o),

when ¢ = o(n). Thus, |G| < n3tasn — +oo.

3.3. A bound for by
Using (2.3), we have

bi=)_ Y E(Ya)E(¥p) <IGlp™.

ael BeB,

Since |G| =< n’t, we obtain
t
by = 0<;(n2pf)2). (3.1

Under the asymptotic conditions n? o' = O(1) and t = o(n), by will converge to 0 as n — o0.
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r==-=======-=-= r==-=======-=-=

1 1

ay ay; ...a ay ay ...a VAi4l .. aop VAi4] .. Ao
i J jFi—1 i J’

FIGURE 1: Two repeats at (i, j) and (i’, j') with no overlap.

3.4. A bound for b,

Bounding b requires calculating E(Y, Yg), i.e. the probability that a repeat starts at position
a = (i, j) and another repeat starts at position 8 = (i’, j') for B € B, and B # «a. We can
establish that E(Y,Yg) < p>" (cf. Proposition 3.1, below). It follows that

by=7 ) E(a¥p) <|Glp™.

ael BeB,
Since |G| = n’t, we obtain
t
by = 0<—(n2pf>2>, (3.2)
n
as for b;.

Proposition 3.1. The probability that two repeats start at positions o = (i, j) and B = (i’, j')
for B € B, and B # « satisfies
E(Y,Yp) < p*'.

Proof. We will distinguish four cases depending on the number d of overlaps between the
four z-letter words occurring at positions i, j, i’, and j’. Owing to no self-overlapping repeats,
d can only take four values: d € {0, 1, 2, 3}.

In most cases we will bound Y, by R, defined in (2.1), leading to

E(YoYp) < E(RyRp)
<SPXi=Xj,..., Xipt—1=Xjpprand Xy = X, oo, Xy 1 = Xy ).
(3.3)

Case I: d = 0. In this case the four occurrences at i, j, i’, and j’ are disjoints. We start
from (3.3) and we sum over all possible values (ay, ..., ax) € A for X;, ..., Xiyr—1 and
Xiry oo, Xirgy—1, 1.€.

EoYp) = D PXi=ar ... Xip—1=a, Xj=a.... Xju1 =,

Xir=ary1, ..., Xig—1 = ay, Xj’ =ty -0 Xj/+t—1 = ay).

Without loss of generality, suppose thati < j < i’ < j’ (see Figure 1). We now use the Markov
property and bound two particular £-step transition probabilities between the four occurrences
by p to obtain

E(YaYp) <p> Y wlanm(ar, ap) (a1, a)

i j—t+1
x g =it )(az, ary 1) (11, Ary2) - - (@ -1, az)

x mw(ay, az) - (a1, a)mw(ar1, arq2) - - - (@1, )
2%
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i i i+t+k—1 j j
FIGURE 2: Two repeats at (i, j) and (i, j') with one overlap.

The last inequality is obtained by bounding each of the last (2t — 2) transition probabilities
by p, the remaining sum being equal to 1.

Case 2: d = 1. We should distinguish eight symmetrical subcases according to the
couple of occurrences which overlap ((i, i), (i, j'), (', j), or (j, j/)), and, for this couple
of overlapping occurrences, which one occurs first? For example, we choose to present the
case where occurrences at i and i’ overlap and i < i’. Let us denote by k the lag between the
overlapping occurrences, i.e. here k = i’ — i (see Figure 2).

We start from (3.3) and we then sum over all possible (¢t + k)-tuples (ay, ..., aryr) for
Xi,..., Xitr+x—1; this is sufficient because the 7-letter words occurring at positions j and j’
will necessarily be aj - - - a; and agy1 - - - ar+x. It follows that

E(YoYp) < Y PXi=ai,..., Xijipho1 = drsk, Xj=ar,..., X1 =ay,

Xj/ = Ak+1s5---> Xj/+t71 = dr+k)-

As for the case in which d = 0, we use the Markov property and we bound the two £-step
transition probabilities by p to obtain

E(YaYp) <p> Y planm(ar, az) -« w(aph—1, arix)
Aty Atk
x m(ar, az) - w(a—1, a)mw(@p41, Ak42) -+ - T(Ark—15 k)
< p2.
The last inequality is obtained by bounding each of the last (2 — 2) transition probabilities by
0, the remaining sum being equal to 1.

Remark 3.1. Note that the exponent of p in the bound of E(Y,, Y) corresponds to the difference
between the total number of transition probabilities multiplied by each other and the number
of different letters needed to achieve both repeats plus 1 (due to the first letter). In fact, this
remark is general and will be used directly for cases d = 2 and d = 3; straightforward details
will then be omitted.

Case 3: d = 2. This is the most complicated case. First of all, we have to consider the
following two situations: the two overlaps concern either two pairs of occurrences or three
occurrences. In the first case the overlaps are necessarily between occurrences at positions
{i,i'} and {j, j'} ({i, j'} and {i’, j} are not possible since i < j and i’ < j’). In the second
case there are four symmetric cases according to the single occurrence.

Consider the situation where there are two pairs of overlapping occurrences. Let us show
that E(YyYg) < p* inthiscase. Setk = i’—i andk’ = j’— j, the lags between the overlapping
occurrences. If k = k' then Y, Yg = 0, owing to the starting condition. We need to distinguish
two cases: kk’ > 0 and kk’ < 0. Let us start by considering the simplest case when kk’ < 0.
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k %
i j’ j

FIGURE 3: Two repeats at (i, j) and (i’, j') with two pairs of overlapping occurrences for the special case

in which (i’ —i)(j’ — j) < 0. The black rectangles represent the first k letters ay, . . ., aj of the repeat

at (i, j) and the gray rectangles represent the first k' letters b1, ..., by of the repeat at (i’, j’) or some
prefixes.

|a1 ...ooaktaa ... alagg...a%k+1. |a1 L. apa,a ... ala ag4n...a2k+1

FIGURE 4: Two repeats at (i, j) and (i’, j') with two pairs of overlapping occurrences for the special case
in which k" =k + 1.

e Suppose that kk’ < 0. By symmetry, suppose that i < i’ and j/ < j, as shown in
Figure 3. We can remark that both repeats are completely determined as soon as we have
fixed the first k letters ay, . .., ay of the repeat at (i, j) and the first k" letters by, ..., by
of the repeat at (i’, j'). Moreover, a product of 2¢ + k + k€’ — 1 transition probabilities
will appear when writing down (3.3). If we bound each of them, except k + k’ particular
ones, by p, we will obtain (see Remark 3.1) E(Y,Yg) < pzt.

e Now suppose thatkk” > 0. The result will also be E(Y, Yg) < ,ozt. But to show this result,
we need to distinguish between subcases depending on the value of 1 < |k’ —k| <t — 1.
We will only detail the two representative subcases, |k' — k| = 1 and [k’ — k| =1 — 2
(the other subcases are left to the reader). For symmetrical reasons, we can suppose that
kK > k.

When k' = k + 1 (see Figure 4), the last ¢ — k letters of the repeat at (i, j) and the first
t — k letters of the repeat at (i, j’) are all equal to a := ag41. Therefore, the repeated
t-letter words are ajas ---ara---a and a---aagyo - - - azey1. To calculate E(Ry Rp),
we will then have to sum over all possible (2k + 1)-tuples ay, ..., ax+1. Since (3.3)
contains 2(t + k) transition probabilities, we obtain E(YYg) < pX.

When k' — k = t — 2, for instance, k = 1 and k¥’ = t — 1 (see Figure 5), the
second letter, say ap, of the repeat at (i, j) is equal to its last letter but also to the first
and penultimate letter of the repeat at (i’, j'). Therefore, the repeated ¢-letter words are
aiaxaz - - - a;_1az and azas - - - a;_1aza;. To calculate E(Ry Rg), we will then have to sum
over all possible ¢-tuples ay, . . ., a;. Since (3.3) contains 3¢ — 1 transition probabilities,
we obtain E(Y,Yg) < p* . Ifk =0and kK’ =t — 2, it is even simpler.

Now consider the situation where there are three overlapping occurrences. Without loss of
generality, suppose that the three overlapping occurrences are the ones starting at i, i’, and j

https://doi.org/10.1239/jap/1214950359 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1214950359

Poisson approximation for repeats in Markov chains 449

k=1 K=t—1
—_—
[T TTTTTmTTTmTTETT ! . )
|a1:a2 az ... aj—1 ala; | ajay ay ... a;_1.ap |a3 ce. a1 ap ap!
i J i

FIGURE 5: Two repeats at (i, j) and (i’, j’) with two pairs of overlapping occurrences for the special case
inwhichi’=i+1(k=1)andj =j+t—1( =1t—-1).

______________________________________

|a1 ak:ak+1...a,| |a1...a,+k/: e T R P B

k k/ k//

T T T T T TS oSS s mm s I T T T T T T o TS m s am e I

T 1

a a tw i ww foa gt w - ww uf ai--ai—g

i i’ j J’
_— _—
k- k" K+k —t
t—k k+k —1t t—k' K+k —1 t—k" t—k

FIGURE 7: Tworepeatsat (i, j) and (i’, j) with three overlaps for the special case in whichi < i’ < j < j’
andk=i'"—i>k'=j —j.

(see Figure 6); we necessarily have i < i’ < j. Setk =i’ —i and k' = j —i’, the lag between
the overlapping occurrences. Then, if the repeated z-letter word at (i, j) is aj - - - ay, the t-letter
word repeated at (i’, j) starts with the last (¢t — k) letters ax,1 - - - a; and ends with the first
(t — k) letters aj - - - a,_p. Note that K’ > ¢ — k because occurrences starting at i and j have
to be separated by at least one letter. Therefore, we need to complete the (k + k' — t) central
letters of the repeat at (i’, j'), say by a;+1, ..., ai+r . Finally, when calculating E(Ry Rg), we
sum over (k + k) letters and we have a product of 27 + k 4+ k&’ — 1 transition probabilities. It
follows that E(Y, Yp) < p*.

Case 4: d = 3. Here the four occurrences at i, j, i’, and j’ overlap together with one of the
two following conditions: eitheri < i’ < j < jori’ <i < j/ < j. By symmetry, suppose
thati < i’ < j < j' (see Figure 7),and setk =i’ —i, k' = j—i’,and k" = j' — j. We should
distinguish between the two cases k > k” and k < k”, but the technique is similar; thus, we
consider the case in which k > k”.

The crucial point is that the ¢ letters of the repeat at (i, j) are not free (it is the same for the
other repeat). Indeed, consider the (k — k”)-letter word w composed of the first (k — k) letter

https://doi.org/10.1239/jap/1214950359 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1214950359

450 N. TOUYAR ET AL.

of the repeat starting at (i, j’). From Figure 7 we can see that the repeat at (i, j) is necessarily
of the form ay - - - agrw - - - ww’, where w’ is a prefix of w’. Moreover, the last (r — k) letters of
the repeatat (i’, j’) are equal to the first (r —k’) letters a; - - - a,_ of the repeat at (i, j). Finally,
it remains to fix the (k’ +k” —t) central letters of the repeat at (i’, j’) to fix. This leads to a sum
over k 4+ k" 4+ k" — t letters when developing E(Ry Rg), with a product of (1 +k + k' + k" — 1)
transition probabilities. Finally, we obtain E(Y,Yg) < ,02’ .

This completes the proof of Proposition 3.1.

3.5. A bound for b3
Recall that the quantity b3 is given by

by=) E|E(Ye —E(Ya) | 0(Ys: B ¢ Ba))l.

ael

Set o = (i, j). Note that if 8 = (i’, j) & By then i’ and j’ belong to A} U Ay U Az with
Ay ={l,...,i=2t}, Ao ={i+2¢t,...,j—2t},and A3 = {j +2t,...,n —t + 1}. We will
distinguish between two cases: either A is empty or not.

Case (i): j < i+ 4t. In this case Aj is empty and we have

U(Yﬂ ﬁ g BO{) - G(le cee Xi—l—ls Xj+2t—17 cee X}’l)v
cf. Figure 8. Therefore, the Markov property leads to

E|E(Yy —E(Ye) | 0(Yp: B & Ba))|
< Y E(e—E() | Xio1 =x, Xjyo1 =)l (3.4)
(x,y)eA?

xPXi——1=x, Xjr2-1=Y)

= Z 'ZZ Z PXi—t-1=x,Xi-1=b, X, =ai,...,

(x,y)eA2  beA c#b (ai,....ar) €A
Xiyt—1 =ar, Xj_1=c¢, Xj=ay,...,
Xjpi—1=ar, Xjpo-1=1y)
—E(Yo) P(Xi—i—1 =x, Xjyor—1 = y)I

< Y > > pmb.anm(c,anti T (@, ¢)

(x,y)eA2 beA c#b (ay,...,ar)eA!
2
x (mw(ay,az)---mw(a,—1,ar))

« |rr(t)(x, b)?‘[(t)(at, y) — M(b)n(j_i+3t)(x, . 3.5)

To evaluate the absolute value of the right-hand term in the last inequality of (3.5), we will
use a decomposition of the transition matrix based on its diagonalization. Let (a;);=1,... 4 be
the eigenvalues of IT such that |a1| > |a2| > |a3| > |oa|. Because of the Perron—-Frobenius
theorem, we have ¢y = 1 and |ap| < 1. Let D = diag(l, o2, @3, a4) and let P be the
eigenvector matrix such that I = PDP!. Forall k € {1,...,4}, I denotes the 4 x 4
matrix such that all its entries are equal to 0 except I (k, k) = 1 and we define Qy = PP
Since (1,1,1, DT isa right eigenvector of II for the eigenvalue 1, we have Q1(a, b) = u(b)
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Al Az
: X, blaj ... a clai - a v, !
i—2t i—t—1 i i+t—1 J j+t—1 Jj+2t
Ay An A3
—_—
. X blai ... a; u:—-"::::"_"f)'. clay ... a; yio T 1
i—2 i—1—1 i itr—1 [ O B R ey | i j4i—1 j+2r

FIGURE 8: Repeat at position o = (i, j) and possible values for 8 ¢ B, when Ay = {i +2¢, ..., j — 2t}
is empty (fop) or not (bottom).

for all a,b € 4. Moreover, we have ! = PD‘P~! and D' = Y ;_, af Iy, leading to
n' = 22=1 a,‘é Q. Thus, we obtain

l7 O (x, by D (ay, y) — by V=30 (x, y))|

4 4
o
= l Y ahel Qe b)Quar y) — pb) Y o " 0 (x, y)‘
k,k'=1 k=2
(kK #(1,1)
4 4 o
< D lellew! Qrlx, b)) Qurlar, y) + ) Y el V0 O (x, y)
k,k'=1 k=2

(k. kN#(L,1)
S |a2|tc(b3 at& ts -x7 )7)1

where

lovg |1

Qk(x, y):

o]

4 oy |t 4
Chantxy= 3 Lo bop@.+u®) Y
k=2

t
wiHzay 12!

note that C(b, a;, t, x, y) = O(l) as t — oo.
Let us return to (3.5). If we abbreviate oy by o, we obtain

E|E(Yy —E(Ya) | 0(Yp: B & Ba))l
<ol Y 3" Y wbadw(c,an(rlar, @) wla1, a))’

b c#b (ay,...,ar)

X Z M(X)C(bvatvtax’ y)

(x,y)
< p'lal'Ci(0), (3.6)

where C1(¢) is bounded and given by
Q=YY Y wbadr(c,admla,a) --wla1,a) Y  px)Cb,at,x,y).

b c#b (ay,..., ar) (x,y)
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Case (ii): j > i 4+ 4t. In this case A is not empty and we have
o(Yg: BEBy) Co(Xu, .o, Xici—1, Xigor—15 - Xjo—1, Xjro—1, ..., Xn);
cf. Figure 8. From the Markov property, it follows that
EXYy —E(Yo) | 0(¥Yp: B &€ By) =E(Yy —E(Yo) | Xi—r—1, Xivor—1, Xj—r—1, Xj12:-1).

Now we will sum over the values x, u, v, and y that the variables X; ; 1, X;42/,—1, Xj 1,
X j12:—1 can take, and we follow different steps from those used for the first case. We finally

obtain
E|E(Yy —E(Yy) | 0(Yp: B & By))l
< Y D 2 pwrb.apmle,aptVT 0w, v)
(x,u,v,y) (b,ay,...,ar) c#b
x (t(ar, @) - w(a—1, a))*
x |7 (x, byr D (@, u)w @ (v, )7 (@, y)
— uB)r 7 (@, ) 0 (x, w0 (v, )
< p'lal Ca2(1), (3.7
where
Cy=Y > Y wba)r(c,a)mlar,a)- (a1, a)
b c#b (ay,....ar)
X Y w@)C'(boant x, v, y)
(x,u,v,y)
and
C'(b,a;, t,x,u,v,y)
& | oty Otk Oty Oty |
= > —E e 04 (%, b) Qs (ar, 1) Qs (v, €, ) Qg (ar, )
loe|
k1,k2,k3,kg=1
(ky,ka,k3 kg) #(1,1,1,1)
! |otk, Oty s |1
+u®) Y Q0@ O Qu (1) Qs (0. ).
ki,ky kz=1

(k1.k2,k3)#(1,1,1)

Note that C,(¢) is bounded as t — oo.
Finally, it follows from (3.6), (3.7), and |I| = O(n?) that

by = O(n’p'lal'); (3.8)
b3 will then converge to 0 when n2p’ = 0(1) and r — oo.

3.6. Approximation theorems

Thanks to the Chen—Stein theorem and (3.1), (3.2), and (3.8) for the calculation of by, by,
and b3, respectively, we have proved the following theorem.
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Theorem 3.2. There exist two explicit constants K1 and K, which only depend on t such that
the total variation distance between the distribution of the number N; of non-self-overlapping
leftmost repeats of length t in a Markov chain of length n and a Poisson distribution with
parameter Ay = E(N;) given in (2.5) satisfies the following relations.

o Whent = o(n), we have
o o2 12 2ty y ]
drv(L(Ny), Po(X)) < Kln(n P+ Ka(mpH)lal ™,

where || < 1is the second largest eigenvalue of the transition matrix and p is the largest
transition probability.
e Moreover, if n*p' = O(1) then
drv (L(Ny), Po(A)) = o(1).

A straightforward corollary follows easily to approximate the number Nt(k) of leftmost repeats
of length ¢ separated by at least k letters in the sequence. This corollary will be used in the next
section for the generalization to Markov chain models of order m > 1. As a particular case,
N, ,(1) = N;. The main differences between the proofs are as follows.

e The index set /® of the possible positions & = (i, j) of leftmost repeats of length
separated by at least k letters is

IW={a=@G,jl1<i<it+t+k—1l<j<n—t+1}
therefore, N,(k) = yer® Ya.

e The expected number At(k) of leftmost repeats of length ¢ separated by at least k letters is

given by
W= 3 ur®.anmc.a)@(aray) - w1, ar)?
at,...,ar,b, c#b
n—2t—k
x Y (n—t=207"Pa,c). (3.9)
=0

e The neighborhood has to be changed into B = B, N I® fora € 1%,

Corollary 3.1. The total variation distance between the distribution of the number Nl(k) of
leftmost repeats of length t separated by at least k letters in a Markov chain of length n and a
Poisson distribution with parameter )Lt(k) given in (3.9) satisfies

dry (LN, 2,0 = o(1) ifn?p" = O(1) and t = o(n);
p is the largest transition probability of the Markov model.

4. Generalization to m-order Markov chain models

To treat the general case of m-order Markov chain models (m > 1), it will be enough to use
the property that an m-order Markov chain on the alphabet +4 is a one-order Markov chain on
the alphabet A™.
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Let us consider a random sequence S = X7, ..., X, generated by an m-order Markov chain
with transition matrix I1 = (7 (ay - - - ay,, b)) and stationary distribution on A™ denoted by L.
The sequence $* = X7, ..., X;l"_mJrl suchthat X’ = X; --- X; 1,1 € A™ is then a one-order
Markov chain on the alphabet A™ with transition probabilities 7 *(ay - - - ap, b1 - - - by,) such
that

w(ay---am,b ifar---ay, =by-+-by_1,
N*(al"'am,bl"'bm)Z (l m m) 2 . m 1 m—1
0 otherwise.
We assume that 7 (ay - - -a,,, b) > Oforallay,...,a,,b € .

Now the number N; (S) of non-self-overlapping leftmost repeats of length ¢ in the sequence S

is equal to the number Nl(i",),1 41 (8%) of leftmost repeats of length # —m + 1 separated by at least

m letters in the sequence S*. Indeed, we have

HXio1 #Xjo1, Xio Xigem1 = X Xjpe—1}

= I{Xz*—l # Xj—l’ Xz* T X;k-i-t—m = X;: T X;f-i-t—m}’

leading to

N(S) = N™ L (59).

From (3.9), the expected number of non-self-overlapping leftmost repeats of length ¢ in S,
denoted by y;, is given by

v = > 1(B)T*(B, AT*(C, A (*(A1, A2) - T (Ar—ms Aremi1)?
Aty Af—m+1,B,C#B
n—2(t—m+1)—m
x Y =L =20—m+ 1)) (A, ©)
£=0
= Z ubay - -am_1)m(bay - - am—1, ap)m(cay - - - am—-1, am)

ai,...,ar,b,c#b

x (mw(ay - am, apmy1) - T (Qr—yp - - A1, at))z

n—2t+m—2
xS = =204 2m =)@ @y ar, car - a1,
{=0
“.1)

where (7%)“*™ (A, B), A, B € A™ is the (£ 4 m)-step transition probability between A and
B in S*. Applying Theorem 3.1 to N (m) 1(8%) gives the following corollary.

t—m+

Corollary 4.1. Let S be a random sequence generated by an m-order Markov chain whose

largest transition probability is denoted by p. We assume that p < 1. Under the condition

n?p'="*t1 = O(1), the number N;(S) of non-self-overlapping leftmost repeats of length t in S

can be approximated by a Poisson variable whose expectation y; is given by (4.1):
drv (L(N:(S)), Po(yr)) = o(1).

5. Conclusion

We have used the Chen—Stein method to bound the total variation distance between the
distribution of the number N; of leftmost repeats of length ¢ separated by at least one letter in a
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finite Markov chain S, and the Poisson distribution with parameter E(N;). We showed that this
bound converges to 0 when the length n of the sequence tends to co, t = o(n), n? ol = 0(),
and the largest transition probability p of the Markov model is strictly less than 1; the third
condition means that the Poisson approximation is valid for long enough repeats.

The approximation theorems also hold for leftmost disjoint repeats, i.e. when allowing the
position j of the second occurrence to be equal to i + 7. In this case we just have to be careful
about the fact that the first letter a; of the repeated pattern has to be different from the letter b
that occurs at position i — 1. The expression of the repeat probability p(; ;) will then slightly
differ from the one given by Lemma 2.1 (there will be no more letter ¢) and an additional term
corresponding to j — i = ¢ will appear in the expected count.

Allowing overlapping repeats, i.e. allowing j € {i + 1, ...,i +t — 1}, is technically more
complicated because constraints on the letters of the repeated pattern ajas - - - a; will appear.
Since overlapping repeats are not the most interesting from a biological point of view, we have
not investigated the general case further.

In practice, the transition probabilities 7 (a, b) are estimated from the observed sequence by
their maximum likelihood estimates 7 (a, b) = (observed number of ab)/(observed number
of a). Since we derived the explicit formula for the mean count A,, we can calculate its plug-in
estimator A; and show that |A, — A;| converges to 0 in our asymptotic framework. Since the
total variation distance between two Poisson distributions with respective parameters 2; and A
is bounded by |A; — A,| we can use the Poisson distribution with parameter A to approximate
the distribution of N; and then to approximate the p-value P(N; > N,"b‘).
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