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Abstract

We provide a general and modular criterion for the termination of simply typed A-calculus
extended with function symbols defined by user-defined rewrite rules. Following a work of
Hughes, Pareto and Sabry for functions defined with a fixpoint operator and pattern matching,
several criteria use typing rules for bounding the height of arguments in function calls. In
this paper, we extend this approach to rewriting-based function definitions and more general
user-defined notions of size.

1 Introduction

In this paper, we are interested in the termination of Church’s simply typed
A-calculus (Church, 1940) extended with function symbols defined by user-defined
rewrite rules (Dershowitz & Jouannaud, 1990; TeReSe, 2003) like the ones of
Figure 1. Our results could be used to check the termination of typed functional
programs (e.g. in OCaml (2017) or Haskell (2017)), rewriting-based programs (e.g.
in Maude (2015)) or function definitions in proof assistants (e.g. (Coq, 2017), Agda
(2017), Dedukti (2018)). By termination, we mean the strong normalization property,
that is, the absence of infinite rewrite sequences ty — t; — ... The mere existence of
a normal form is a weaker property called weak normalization. Termination is an
important property in program verification.

The rewrite system of Figure 1 defines the substraction and division functions on
the sort N of natural numbers in unary notation, i.e. with the constructors 0 : N
for zero and s : N == N for the successor function. A way to prove the termination
of this system is to show that, in two successive functions calls, arguments are
strictly decreasing wrt some well-founded order. A natural order, based on the
inductive nature of N, is to compare the height of terms. More precisely, let the
size of a terminating term t of sort N be the number of s symbols at the top of
the normal form of ¢ (this rewrite system is weakly orthogonal and thus confluent
van Oostrom (1994)). While the termination of sub (i.e. the absence of infinite
reductions starting from a term of the form sub ¢t u with ¢ and u in normal form)
is not very difficult to establish (the size of the first argument is strictly decreasing
in recursive calls), proving the termination of div requires the observation that sub
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subx0 — x
sub0y — O
sub(sx)(sy) — subxy

divO(sy) — 0
div(s x) (sy) — s (div(subxy)(sy)

Fig. 1. Rewrite system defining subtraction and division on natural numbers.

is not size increasing, that is, the size of (sub ¢ u) is less than or equal to the
size of t.

The idea of sized types, introduced by Hughes et al. (1996) for fixpoint-based
function definitions, is to consider an abstract interpretation of this notion of size
into an algebra of symbolic size expressions, and turn the usual typing rules of
simply typed Z-calculus into deduction rules on the size of terms. This allows
one to automatically deduce some information on the size of terms, and thus prove
termination by checking that, for instance, the size of some given argument decreases
in every recursive call. Hence, termination is reduced to checking typing and abstract
size decreasingness.

In our example, this amounts to saying the second rule of div does not jeopardize
termination since, assuming that x is instantiated by a term t of abstract size o, and
y is instantiated by a term u of abstract size /3, then div (s ) (s u) terminates because
its first argument is of size o + 1, while in the recursive call div (sub t u) (s u), the
first argument has a size smaller than or equal to a.

The goal of this work is to automate this kind of inductive reasoning, and check
the information given by the user (here, the fact that sub is not size-increasing).
However, when considering type constructors taking functions as arguments (e.g.
Sellink’s model of uCRL (Sellink, 1993), Howard’s constructive ordinals in Example
5), the size of a term is generally not a finite natural number but a transfinite
ordinal number. However, abstract size expressions can also handle transfinite
sizes.

Before explaining our contributions and detailing the outline of the paper, we give
hereafter a short survey on the use of ordinals for proving termination since this is
at the heart of our work though, in the end, we provide an ordinal-free termination
criterion.

1.1 Ordinal-based termination

A natural (and trivially complete) method for proving the termination of a relation
— consists in considering a well-founded domain (ID, <p), e.g. some ordinal (b, <y),
assigning a “size” |t|| € ID to every term t, and checking that every rewrite step
(including f-reduction) makes the “size” strictly decrease: |t| >p |u| whenever
t—u.

In theory, it is enough to take ID = w (the first infinite ordinal) when the rewrite
relation is finitely branching. However, after Godel’s incompleteness theorem (Godel,
1931), defining || || and proving that | ¢|| >p |u|| whenever t — u, may require the use
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of much bigger ordinals. For instance, the termination of cut elimination in Peano
arithmetic requires induction up to the ordinal ¢y = ®® but Peano arithmetic cannot
prove the well-foundedness of ¢ itself (Gentzen, 1935). Yet, there is a function || |
from the terms of Godel’s system T (Godel, 1958) (which extends Peano arithmetic)
to w such that |t| >p |u|| whenever t — u (Weiermann, 1998).

An equivalent approach is finding a well-founded relation containing —. For
instance, Dershowitz’s recursive path ordering (RPO) (Dershowitz, 1979b, 1982) or
its extension to the higher order case by Jouannaud and Rubio (Jouannaud &
Rubio, 1999, 2007; Blanqui et al., 2015). But, in this paper, we will focus on the
explicit use of size functions. For a connection between RPO and ordinals, see, for
instance, Dershowitz & Okada (1988).

Early examples of this approach are given by Ackermann’s proof of termination
of second-order primitive recursive arithmetic functions using h = w®” (Ackermann,
1925), Gentzen’s proof of termination of cut elimination in Peano arithmetic using
h = g (Gentzen, 1935; Howard, 1970; Wilken & Weiermann, 2012), Turing’s proof
of weak normalization of Church’s simply typed Z-calculus (Turing, 1942) and
Howard’s proof of termination of his system V (an extension of Godel’s system T
with an inductive type for representing ordinals) using Bachmann’s ordinal (Howard,
1972). This approach developed into a whole area of research for measuring the
logical strength of axiomatic theories, involving ever growing ordinals, that can
hardly be automated. See for instance Rathjen (2006) for some recent survey.
Instead, Monin & Simonot (2001) developed an algorithm for trying to find size
assignments in h = 0.

But, up to now, there has been no ordinal analysis for powerful theories like
second-order arithmetic: the termination of cut elimination in such theories is based
on another approach introduced by Girard (1972) and Girard et al. (1988), which
consists in interpreting types by so-called computability predicates and typing by
the membership relation.

In the first-order case, i.e. when there is no rule with abstraction or applied
variables, size decreasingness can be slightly relaxed by conducting a finer analysis
of the possible sequences of function calls. This led to the notions of dependency
pair in the theory of first-order rewrite systems (Arts, 1996; Arts & Giesl, 2000;
Hirokawa & Middeldorp, 2005; Giesl et al.,, 2006), and size-change principle for
first-order functional programs (Lee et al., 2001). These two notions are thoroughly
compared in Thiemann & Giesl (2005). In both cases, it is sufficient to define
a measure on the class of terms which are arguments of a function call only.
Various extensions to the higher order case have been developed (Sakai et al., 2001;
Wahlstedt, 2007; Jones & Bohr, 2008; Kusakari et al., 2009; Kop, 2011), but no
general unifying theory yet.

The present paper is not concerned with this problem but with defining a practical
notion of size for simply typed A-terms inhabiting inductively defined types.

Note by the way that the derivational complexity of a rewrite system, i.c. the
function mapping every term ¢ to the maximum number of successive rewrite steps
one can do from t (Hofbauer & Lautemann, 1989), does not seem to be related, at
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least in a simple way, to the ordinal necessary to prove its termination: there are
rewrite systems whose termination can be proved by induction up to w only and yet
have huge derivational complexities (Moser, 2017), unless perhaps one bounds the
growth rate of the size of terms (measured here as the number of symbols) (Schmitz,
2014). The notion of runtime complexity, i.e. the function mapping every n € N to
the maximum number of successive rewrite steps one can do from a term whose
subterms are in normal form and whose size is smaller than n, seems to provide a
better (Turing related) complexity model (Avanzini & Moser, 2010).

1.2 Model-based termination

Manna & Ness (1970) proposed to interpret every term whose free variables are
X1,-..,X, by a function from IE" to [E, where (IE,<g) is a well-founded domain.
That is, D is the set of all the functions from some power of IE to IE and <[ is the
pointwise extension of <, i.e. f :[E" - [E <p g : [E" — E if, for all x4,...,x, € E,
f(x1,...,x0) <E 2(X1,...,Xp).

In the first-order case, this can be done in a structured way by interpreting
every function symbol f of arity n by a function fg : [E” — [E and every term by
composing the interpretations of its symbols, e.g. ||[f (g x)| is the function mapping
x to fe(gg(x)). If moreover these interpretation functions are monotone in each
argument, then checking that rewriting is size decreasing can be reduced to checking
that every rule is size decreasing.

A natural domain for (IE, <g) is of course (N, <n). In this case, both monotony
and size decreasingness can be reduced to absolute positivity. Indeed, f(xi,...,x,) >
g(x1,...,X4) is equivalent to f(xq,...,Xp) —g(x1,...,x4) —12=0
and monotony is equivalent to checking that, for all i, f(...,x;+1,...)—f(...,Xxj,...)—
1 = 0. By restricting the class of functions, e.g. to polynomials of bounded degree,
one can develop heuristics for trying to automatically find monotone polynomial
interpretation functions making rules size decrease (Cherifa & Lescanne, 1987;
Lucas, 2005; Contejean et al., 2005; Fuhs et al., 2007). Unfortunately, polynomial
absolute positivity is undecidable on N since it is equivalent to the solvability of
Diophantine equations (Proposition 6.2.11 in TeReSe (2003)), which is undecidable
(Matiyasevich, 1970, 1993). Yet, these tools get useful results in practice by restricting
degrees and coefficients to small values, e.g. 2.

A similar approach can be developed for dense sets like @ or R™ by ordering
them with the (not well-founded!) usual orderings on @ and R™ if one assumes
moreover that the functions fg are strictly extensive (i.e. fg(xy,...,x,) > x; for all
i) (Dershowitz, 1979a), or with the well-founded relation <s where, for some fixed
6 >0, x <s yif x+6 <y (Lucas, 2005; Fuhs et al., 2008). In the case of R,
polynomial absolute positivity is decidable but of exponential complexity (Tarski,
1948; Collins, 1975). Useful heuristics have however been studied (Hong & Jakus,
1998).

These approaches have also been successfully extended to linear functions on
domains like IE = IB" (vectors of dimension n) or [E = B"*" (square matrices of
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dimension n) (Endrullis et al., 2008 ; Courtieu et al., 2010), where B is a well-founded
domain.

Instead of polynomial functions, Cichon considered the class of Hardy functions
(Hardy, 1904) indexed by ordinals smaller than ¢ (Cichon & Touzet, 1996). The
properties of Hardy functions (composition is addition of indices, etc.) can be used
to reduce the search of appropriate Hardy functions to solving inequalities on
ordinals.

Manna and Ness’ approach has also been extended to the higher order case.

Gandy (1980b) remarks that terms of the Al-calculus (i.e. when, in every
abstraction Axt, x freely occurs at least once in t) can be interpreted in the set
of hereditary strictly monotone functions on some well-founded set (IE, <g), that
is, a closed term of base type B is interpreted in the set [B]] = IE, a closed term
of type T = U is interpreted by a monotone function from [T] to [U], and
fiIT = Ul <pr=uy g : [T = U] if, for all x € [T], f(x) <puy g(x) (note that, in
contrast with the first-order case, x itself may be a function). Then, by taking [E = N
and extending the A-calculus with constants 0 : 0, s :0 =0 and + : 0 = 0 =0
for each base type o, he defines a size function that makes f-reduction size decrease
and provide an upper bound to the number of rewrite steps. An exact upper bound
was later computed by de Vrijer (1987).

Gandy’s approach was later extended by van de Pol (1993, 1996) and Kahrs (1995)
to arbitrary higher order rewriting a la Nipkow (1991) and Mayr & Nipkow (1998),
that is, to rewriting on terms in f-normal n-long form with higher order pattern
matching (Miller, 1991). But this approach has been implemented only recently
(Fuhs & Kop, 2012).

Interestingly, van de Pol also showed that, in the simply typed A-calculus, Gandy’s
approach can be seen as a refinement of Girard’s proof of termination based on
computability predicates (Van de Pol, 1995, 1996).

Finally, a general categorical framework has been developed by Hamana (2006),
that is complete wrt the termination of binding term rewrite systems, a formalism
based on Fiore, Plotkin and Turi’s binding algebra (Fiore et al., 1999) and close to
a typed version of Klop’s combinatory reduction systems (Klop et al., 1993).

To the best of our knowledge, nobody seems to have studied the relations between
Howard’s approach based on ordinals (Howard, 1970; Wilken & Weiermann, 2012)
and Gandy’s approach based on interpretations (Gandy, 1980b; De Vrijer, 1987;
Van de Pol, 1996).

Note also that the existence of a quasi interpretation, i.e. |t| =p ||u| whenever
t — u, not only may give useful information on the complexity of a rewrite system
(Bonfante et al., 2011) but, sometimes, may also simplify the search of a termination
proof. Indeed, Zantema (1995) proved that the termination of a first-order rewrite
system % is equivalent to the termination of lab(#) U >p, where lab(#) are all
the variants of # obtained by annotating function symbols by the interpretation
of their arguments, a transformation called semantic labeling. Although usually
infinite, the obtained labeled system may be simpler to prove terminating,
and some heuristics have been developed to use this technique in automated
termination tools (Middeldorp et al., 1996; Koprowski & Zantema, 2006; Sternagel
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& Middeldorp, 2008). This result was later extended to the higher order case by
Hamana (2007).

1.3 Termination based on typing with size annotations

Finally, there is another approach based on the semantics of inductive types, that
has been developed for functions defined with a fixpoint combinator and pattern
matching (Burstall et al., 1980).

The semantics of an inductive type B, [B]], is usually defined, following Hessenberg
(1909) theorem, Knaster & Tarski (1928) theorem or Tarski (1955) theorem, as the
smallest fixpoint of a monotone function H® on some complete lattice. Moreover,
following Kuratowski (1922) and Cousot & Cousot (1979), such a fixpoint can be
reached by transfinite iteration of H® from the smallest element of the lattice L.
Hence, every element ¢t € [[B]] can be given as size the smallest ordinal a such that
t € 98, where /8 is the set obtained after a transfinite iterations of H® from L.
In particular, terms of a first-order data type like the type of Peano integers, lists,
binary trees, ... always have a size smaller than w.

Mendler used this notion of size to prove the termination of an extension
of Godel’s system T (Godel, 1958) and Howard’s system V (Howard, 1972) to
functionals defined by recursion on higher order inductive types, i.e. types with
constructors taking functions as arguments (Mendler, 1987, 1991), in which case the
size of a term can be bigger than w.

In Hughes et al. (1996) and Pareto (2000), Hughes, Pareto and Sabry proposed to
internalize this notion of size by extending the type system with, for each data type B,
new type constants By, By, ... By, = B for typing the terms of type B of size smaller
than or equal to 0, 1, ..., oo, respectively, and the subtyping relation induced by the
fact that a term of size at most a is also of size at most b whenever a <N b or b = 0.
More generally, to provide some information on how a function behaves wrt sizes,
they consider as size annotations not only 0, 1,... but any first-order term built from
the function symbols 0 for zero, s for successor and + for addition, and arbitrary
size variables o, f3,..., that is the language of Presburger arithmetic (Presburger,
1929). So, for instance, the usual list constructor cons gets the type N = L, = Lg,,
and the usual map function on lists can be typed by (N = N) = L, = L,, where « is
a free size variable that can be instantiated by any size expression in a way similar
to type instantiation in ML-like programming languages (Milner, 1978).

Hughes, Pareto and Sabry do not actually prove the termination of their calculus
but provide a domain-theoretic model (Scott, 1972). However, following Plotkin
(1977), a closed term of first-order data type terminates iff its interpretation is not
L. The first termination proof for arbitrary terms seems to have been given by
Amadio & Coupet-Grimal (1997, 1998), who independently developed a system
similar to the one of Hughes, Pareto and Sabry, inspired by Giménez’s work on
the use of typing annotations for termination and productivity (Giménez, 1996).
Gimeénez (1998) himself later proposed a similar system but provided no termination
proof. Note that Plotkin’s result was later extended to higher order types and
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rewriting-based function definitions by Berger (2005), Coquand & Spiwack (2007)
and Berger (2008).

Size annotations are an abstraction of the semantic notion of size that one can use
to prove properties on the actual size of terms like termination (size decreasingness)
or the fact that a function is not size increasing (e.g. map), which can in turn be
used in a termination proof (Walther, 1988; Giesl, 1997). Following Cousot (1997),
it could certainly be described as an actual abstract interpretation.

Hence, termination can be reduced to checking that a term has some given type
in the system with size-annotated type constants and subtyping induced by the
ordering on size annotations, the usual typing rules being indeed valid deduction
rules wrt the size of terms (e.g. if t : N, = N, and u : Ny, then tu : Np).

But, in such a system, a term can have infinitely many different types because of
size instantiation or because of subtyping. As already mentioned, size instantiation
is similar to type instantiation in Hindley—Milner’s type system (Hindley, 1969;
Milner, 1978), where the set of types of a term has a smallest element wrt the
instantiation ordering if it is not empty (Huet, 1976). In this case, there is a complete
type-checking algorithm for (¢, T') which consists of checking that T is an instance
of the smallest type of t (Hindley, 1969). Unfortunately, with subtyping, there is
no smallest type wrt the instantiation ordering (e.g. Axx has type o« = o for all «,
and type B = C if B < C, but B = C is not an instance of o = ), or subtyping
composed with instantiation (e.g. AfAxf(fx)) has type (2 = o) = (¢ = «) for all
o, and type (B = C) = (B = C) if B < C, but no instance of (¢ = a) = (¢« = )
is a subtype of (B = C) = (B = C)) (Fuh & Mishra, 1990). To recover a notion
of smallest type and completeness, all the works we know on type inference with
subtyping extend the notion of type to include subtyping constraints.

We will not follow this approach though. One reason is that we consider Church-
style A-terms (i.e. with type-annotated abstractions) instead of Curry-style A-terms
and, in this case, as we will prove it, there is a smallest type wrt to subtyping
composed with instantiation when size expressions are only built from variables,
the successor symbol and an arbitrary number of constants (the “successor” size
algebra). Note moreover that, although structural (function types and base types
are incomparable), subtyping is not well-founded in this case since, for instance,
N, = N > Ng, = N > ... However, if we disregard how size annotations are related
to the semantics of inductive types, our work has important connections with more
general extensions of Hindley—Milner’s type system with subtypes (Mitchell, 1984;
Fuh & Mishra, 1990; Pottier, 2001), indexed types (Zenger, 1997), DML(C) (Xi,
2002), HM(X) (Sulzmann, 2000) or generalized algebraic data types (Cheney, 2003;
Xi et al., 2003), which are all a restricted form of dependent types (De Bruijn, 1970;
Martin-Lof, 1975).

Hughes, Pareto and Sabry’s approach was later extended to higher order data types
(Barthe et al., 2004), polymorphic types (Abel, 2004; Barthe et al., 2005; Abel, 2006,
2008), rewriting-based function definitions in the calculus of constructions (Blanqui,
2004, 2005a), conditional rewriting (Blanqui & Riba, 2006), product types (Barthe
et al., 2008), and fixpoint-based function definitions in the calculus of constructions
(Barthe et al., 2006; Grégoire & Sacchini, 2010; Sacchini, 2011).
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It should be noted that, in contrast with the ordinal-based approach, not all terms
are given a size, but only those of base type. Moreover, although ordinals are used
to define the size of terms, no ordinal is actually used in the termination criterion
since one considers an abstraction of them. Indeed, when comparing two terms, one
does not need to actually know their size: it is enough to differentiate between their
size. Hence, transfinite computations can be reduced to finite ones.

Finally, Roux and the author proved in Blanqui & Roux (2009) that size
annotations provide a quasi-model, and thus can be used in a semantic labeling.
Terms whose type is annotated by co (unknown size) are interpreted by using a
technique introduced by Hirokawa & Middeldorp (2006). Interestingly, semantic
labeling allows one to deal with function definitions using matching on defined
symbols, like in a rule for associativity (e.g. (x +y) +z — x + (y + z)), while
termination criteria based on types with size annotations are restricted to matching
on constructor symbols.

Current implementations of termination checkers based on typing with size
annotations include ATS (Xi, 2003; ATS, 2018), MiniAgda (Abel, 2010; MiniAgda,
2014), Agda (Agda, 2017), cicminus (Sacchini, 2011; Cicminus, 2015) or HOT (HOT,
2012). Most of these tools assume given the annotated types of function symbols
(e.g. to know whether the size of a function is bounded by the size of one of its
arguments). Heuristics for inferring the annotations of function symbols have been
proposed in Telford & Turner (2000) and Chin & Khoo (2001). They are both based
on abstract interpretation techniques (Cousot, 1996).

1.4 Contributions

1. The first contribution of the present paper is to give a rigorous and detailed
account, for the simply typed A-calculus, of the approach and results sketched
in Blanqui (2004, 2005a), hence providing the first complete account of the
extension of Hughes, Pareto and Sabry’s approach to rewriting-based function
definitions (Dershowitz & Jouannaud, 1990; TeReSe, 2003).

2. In all the works on size-annotated types, the size algebra is fixed. In

those considering first-order data types only, the size algebra is usually the
language of Presburger arithmetic, the first-order theory of which is decidable
(Presburger, 1929; Fischer & Rabin, 1974). In those considering higher order
data types, the successor symbol s is usually the only symbol allowed, except in
Barthe et al. (2008) which allows addition too. Yet, there are various examples
showing that, within a richer size algebra, more functions can be proved
terminating since types are more precise.
The second contribution of the present paper is to provide a type-checking
algorithm for a general formulation of Hughes, Pareto and Sabry’s calculus
parameterized, for size annotations, by a quasi-ordered first-order term algebra
(A,<,) interpreted in ordinals. In particular, we prove that this algorithm
is complete whenever size function symbols are monotone, the existential
fragment of (A, <,) is decidable and every satisfiable set of size constraints
admits a smallest solution.
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3. In all the previous works, the notion of size is also fixed: the size of t is the

height of the set-theoretical tree representation of the normal form of ¢t (an
abstraction being represented as an infinite set of trees).
The third contribution of the paper is to enable users to define their own notion
of size by annotating the types of constructors. These annotations generate a
stratification of the interpretation of inductive types. We prove that one can
build such a stratification in the domain of Girard’s computability predicates
(Girard, 1972; Girard et al., 1988) when annotations form monotone and
extensive functions.

4. The fourth contribution is the proof that, in the successor algebra, the
satisfiability of a finite set of constraints is decidable in polynomial time, and
every satisfiable finite set of constraints has a smallest solution computable in
polynomial time too.

In contrast with Blanqui (2004, 2005a), the present paper

e includes a short survey on the use of ordinals in termination proofs;
e develops a stratification-based notion of size for inhabitants of inductive types;
e introduces the notion of constructor size function;

e shows how to define a stratification from constructor size functions that are
monotone and strictly extensive on recursive arguments;

e proves the existence and polynomial complexity of the computation of a
smallest solution for a solvable set of constraints in the successor algebra,
using max-plus algebra techniques instead of pure linear algebra techniques.

1.5 Organization of the paper

In Section 2, we recall the definitions of types, terms and rewriting, and the
interpretation of types as computability predicates. In Section 3, we introduce the
notions of stratification, size and constructor size functions, and prove properties
on the size of computable terms. In Section 4, we present the termination
criterion. The main ingredient of the termination criterion is a type system with
subtyping, parameterized by a quasi-ordered first-order term algebra for abstract
size expressions. It also requires that annotations of arguments are minimal in some
sense. In Section 5, we provide a sufficient syntactic condition for the minimality
property to be satisfied when the size is defined as the height. In Section 6, we
provide various examples of the expressive power of our termination criterion. In
Section 7, we provide a complete algorithm for checking subject-reduction and size
decreasingness under some general assumptions on the size algebra. In Section 8§,
we show how subtyping problems can be reduced to ordering problems in the
size algebra. Finally, in Section 9, we prove that the simplest possible algebra, the
successor algebra, satisfies the required conditions for the type-checking algorithm
to be complete.
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2 Types, terms and computability

In this section, we define the set of terms that we consider (Church’s simply typed
A-calculus  with constants (Church, 1940)), the operational semantics (the
combination of f-reduction and user-defined rewrite rules (Dershowitz &
Jouannaud, 1990; TeReSe, 2003)) and the notion of computability used to prove
termination.

Given a set E, we denote by E* the set of words or sequences over E (i.e. the
free monoid containing E), the empty word by ¢, the concatenation of words by
juxtaposition, the length of a word w by |w|. We also use é to denote a (possibly
empty) sequence ey, ...,eq of elements of E.

Given a partial function f : 4 — B,a€ A and b € B, let [a : b, f] be the function
mapping a to b and every x € dom(f) — {a} to f(x).

We recall that, if X is a bounded set of ordinals, i.e. when there is b such that
x < b for all x € X, then the least upper bound of X, written sup X, exists. In
particular, sup® = 0.

2.1 Types

Following Church, we assume given a non-empty countable set S of sorts B, C, ...
and define the set T of (simple) types as follows:

e Sorts are types.
e If T and U are types, then T = U is a type.

Implication associates to the right. So, T = U = V is the same as T = (U = V).
Moreover, T = U is the same as Ti=T,=...= T,= U where n = |T|.

The arity of a type T, ar(T), is defined as follows: ar(B) = 0 and ar(T = U) =
14 ar(U).

2.2 Terms

Given disjoint countable sets ¥V, € and TF, for variables, constructors and function
symbols, respectively, we define the set of pre-terms as follows:

e Variables, constructors and function symbols are pre-terms.
e If x is a variable, T a type and u a pre-term, then AxTu is a pre-term.
e If t and u are pre-terms, then tu is a pre-term.

Application associates to the left. So, tuv is the same as (tu)v. Moreover, ti is the
same as (... ((tuy)uz)...u,—1)u, where n = |u].

As usual, the set of terms IL is obtained by quotienting pre-terms by a-equivalence,
i.e. renaming of bound variables, assuming that V is infinite (Curry & Feys, 1958).

As usual, positions in a tree (type or term) are denoted by words on positive
integers. Word concatenation is denoted by juxtaposition and the empty word by e.
Given a tree t and a position p in ¢, let t|, be the subtree of ¢ at position p, and
Pos(u, t) be the set of positions p in t such that ¢, = u.
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A substitution 0 is a map from variables to terms whose domain dom(0) =
{x € V| 0(x) # x} is finite. In the following, any finite map 6 from variables
to terms is implicitly extended into the substitution 0 U {(x,x) | x ¢ dom(0)}. Let
FV(0) = U{FV(0(x)) | x € dom(0)}. The application of a substitution 0 to a term
t is written t0. We have x0 = 0(x), (tu)0 = (t0)(u0) and (AxTu)0 = ixT(u0) if
x ¢ dom(0) U FV(0), which can always be achieved by a-equivalence.

2.3 Typing

We assume given a map ©® assigning a type to every symbol s € CUTF, and will
sometimes write s : T instead of (s, T) € ® or O(s) = T.

A typing environment is a finite map I" from variables to types. The usual deduction
rules assigning a type to a term in a typing environment are recalled in Figure 2. As
mentioned at the beginning of the section, [x : U,I'] is the function mapping x to
U and every y € dom(I') — {x} to ['(y).

Given a symbol s, let r* = ar(®(s)) be the maximum number of terms s can be
applied to. For all s, there are types Ti,..., T;s and a sort B such that O(s) = Ty =
...=> Ts =B.

Given B € S, let €8 = {(c,;,T) |c € C,c : T = B, |i| = |T|} be the set of tuples
(c.1, T) such that c is maximally applied in cf and T are the types declared for the
arguments of ¢ (but t; does not need to be of type T;).

(s,T)eOUT 'ct:U=V Tku:U x:UT|Fv:V

T'ks: T Thtu:V T'xbv:U=V

Fig. 2. Typing rules.

2.4 Rewriting

Given a relation on terms R, let R(t) = {¢ € IL | tRt'} be the set of immediate reducts
of a term t, R* be the reflexive and transitive closure of R and R™! be its inverse
(xR7'y if yRx). R is finitely branching if, for all t, R(t) is finite. It is monotone (or
congruent, stable by context, compatible with the structure of terms) if tuRt'u, ut Rut’
and AxVtRixYt whenever tRt'. It is stable (by substitution) if tORt'0 whenever tRt'.
Given two relations R and S, let RS (or Ro §) be their composition (tRSv if there is
u such that tRu and uSv). A relation R is locally confluent if R"'R = R*(R™')*, and
confluent if (R™")*R* < R*(R™1)".

The relation of f-rewriting —g is the smallest monotone relation containing all
the pairs ((AxYt)u, t{(x,u)}).

A rewrite rule is a pair of terms (I,r), written [ — r, such that there are f € IF,
I, A and T such that [ =fi, FV(r) = FV(I), A+ [ : T and, (SR) for all T and U,
I'tr:U whenever 'F1: U.

Given a set # of rewrite rules, let —4 denote the smallest monotone and stable
relation containing #. The condition (SR) implies that —4 preserves typing: if
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I'kt:Uandt >y u then I' - u : U (subject-reduction property). Note that it is
satisfied if, for instance, | contains no abstraction and no subterm of the form x¢
(Barbanera et al., 1997).

All over the paper, we assume given a set # of rewrite rules and let SN be the
set of terms strongly normalizing wrt

—>:—>ﬁU—>%

We will assume that — is finitely branching, which is in particular the case if #
is finite.

Given B and t, let €8..(t) = {(c,i, T) € €® | t - ci} be the set of triples (c,7, T))
such that ¢ reduces to cf, ¢ is maximally applied in cf, and T are the types of the
arguments of c.

Given a relation R, let X Ryroq J if |X| = |J] and there is i such that x; R y; and, for

all j # i, x; = y;. Given n relations Ry,..., Ry, let X (Ry,...,Ry)iex V if |X[ =0, [P| = n
and there is i such that x; R; y; and, for all j <, x; = ;. Rproq and (Ry,..., Ry)iex are
well-founded whenever R, Ry,..., R, so are.

2.5 Computability

Following Tait (1967), Girard (1972), Girard et al. (1988), Mendler (1987), Okada
(1989), Breazu-Tannen & Gallier (1989), Jouannaud & Okada (1991) and Blanqui
et al. (2002), ...termination of a rewrite relation on simply typed A-terms can
be obtained by interpreting types by computability predicates and checking that
function symbols are computable, that is, map computable terms to computable
terms.

However, to handle matching on constructors taking functions as arguments
(or matching on function symbols), one needs to modify Girard’s definition of
computability. In the following, we recall the definition that we will use some of its
basic properties, and refer the reader to Blanqui (2016) and Riba (2009) for more
details on the theory of computability predicates with rewriting.

Definition 1 (Computability predicates) A term t is neutral if it is of the form xo,
(Axt)ut or ft with [f| > sup{|l| | Ir,fl — r € #}.1 A computability predicate is a set
of terms & satisfying the following properties:

e ¥ < SN.
e > ()< v
e If t is neutral and —(t) = &, then t € .

Let IP be the set of all the computability predicates. An element of a computability
predicate is said to be computable.

I The supremum exists since, by assumption, for all flore R, flis typable and thus m <rh.
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In our definition of neutral terms, not every redex is neutral as it is the case in
Girard’s definition. However, the following key property is preserved: application
preserves neutrality, that is, if ¢t is neutral, then tu is neutral too. This definition
also works with polymorphic and dependent types. It only excludes infinite rewrite
systems where the number of arguments to which a function symbol is applied is
unbounded (at the top of rule left-hand sides only, not in every term).

Computability predicates enjoy the following properties:

e The set V of variables is included in every computability predicate.
e Given a computability predicate &, (AxVv)u € & iff v{(x,u)} € & and u € SN.
e [P is a complete lattice wrt inclusion.

The greatest lower bound of a set @ = P is (@ if @ # 0, and SN (the greatest
element of IP) otherwise. Note however that the lowest upper bound of @, written
lub(@), is not necessarily the union. For instance, with the non-confluent system
# = {f > a,f — b}, if P(Z’) denotes the smallest computability predicate containing
Z, then P({a}) U P({b}) is not a computability predicate since it does not contain
f. There are a number of cases where the union of two computability predicates is
known to be a computability predicate, but this is for a different notion of neutral
term:

e Riba (2007, 2008) prove that the set of computability predicates is stable by
union if # is an orthogonal constructor rewrite system.

e Werner (1994) (Lemma 4.14 p. 96) proves that the set of computability
predicates is stable by well-ordered union.

Luckily, Werner’s proof does not depend on the definition of neutral terms:

Lemma 1 If — is finitely branching and @ is a non-empty set of computability
predicates well-ordered wrt inclusion, then | J@ is a computability predicate.

Proof

e Let t € [J@. Then, there is & € @ such that ¢t € . Since ¥ < SN, we have
t € SN.

e Let r € U@ and u such that ¢+ — u. Then, there is & € Q such that t € &.
Since — (&) = &, we have u € & and thus u € Q.

e Let ¢ be a neutral term such that — (1) = [J@Q. If — (1) = 0, then t belongs
to every element of @. Therefore, r € |J®@. Otherwise, since — is finitely
branching, we have — (t) = {t1,...,t,} with n > 1. For every i € {1,...,n},
there is #; € @Q such that t; € ;. Since @ is well-ordered wrt inclusion, there is
k € {1,...,n} such that ¥ is the biggest element of {&y,...,.%,} wrt inclusion.
Hence, —(t) = %k and t € . Therefore, t € |J Q.

]

The interpretation of arrow types is defined as usual, in order to ensure the
termination of f-reduction:

Definition 2 (Interpretation of arrow types) A (partial) interpretation of sorts, that
is, a (partial) function I : § — @(IL) (powerset of IL), is extended into a (partial)
interpretation of types I : T — @(IL) as follows:
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e I(B) = I(B).
o (U= v)=1(U)=1(V), where %7 = {t €L |Vu € U, tuc V).

Note that I(T) is defined whenever I is defined on every sort occurring in T, and
I(T) = J(T) whenever I and J are defined and equal on every sort occurring in T.

Note also that # = ¥~ is a computability predicate whenever % and ¥~ so
are. Hence, I(T) is a computability predicate whenever I(B) so is for every sort B
occurring in T.

For interpreting sorts, one could take the computability predicate SN. But this
interpretation does not allow one to prove the computability of functions defined
by induction on types with constructors taking functions as arguments.

Moreover, a computable term may have non-computable subterms. Consider, for
instance, ¢ : (B = C) =B, f : B = (B = C), Z = {f(c x) = x} and ¢ = AxBfxx.
Then, assuming that I(B) = SN, we have (c t) € I(B), but ¢t ¢ I(B) = I[(C) since
t(c t) ¢ SN because t(c t) —p f(c t)(c t) =4 t(c t). It is however possible to enforce
that a direct subterm of type T of a computable term of sort B is computable if B
occurs in T at positive positions only (Mendler, 1987):

Definition 3 (Positive and negative positions in a type) The subsets of positive (s =
+) and negative (s = —) positions in a type T, Pos’(T), are defined as follows:

e Pos’B)={¢|s=+},

e Pos’(U= V)= {lp|pePos*(U)}U{2p|p e Pos’(V)},
where — =+ and — = —.

Note that the sets of positive and negative positions of a type are disjoint.

However, in a type, a sort can have both positive and negative occurrences. For
instance, Pos™(B,B = B) = {2} and Pos™(B,B = B) = {1}.

Definition 4 (Accessible arguments) We assume given a well-founded ordering on
sorts <s. The ith argument of a constructor ¢ : T = B is

e recursive if Pos(B, T;) # 0;
e accessible if T; is positive wrt. B, that is,

— every sort occurring in T; is smaller than or equal to B:
for all C, Pos(C, T) = () or C <g B, where <g is the reflexive closure of <g;
— B occurs only positively in T;: Pos(B, T;) = Pos™(T)).

In the following, we will assume wlog? that there are 0 < p® < q° such that

e the arguments 1 to p° are accessible and recursive,
e the arguments p® + 1 to q° are accessible and not recursive:

O¢c)=Ti=..=Tre=>Ten=...=Te=>Ten=...=Te =B

rec. acc. args non-rec. acc. args non-acc. args

2 Arguments can be permuted if needed.
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For instance, for the sort N of natural numbers with the constructors 0 : N
and s : N = N (successor) (Peano, 1889), we can take p° = q° = 0 and p° =
q® = 1 since N occurs only positively in N. Similarly, for the sort O of Howard’s
constructive ordinals with the constructors zero : O, succ : O = O (successor)
and lim : (N=0) = O (limit) (Howard, 1972), we can take p*®™ = q**™ = 0,
pSuce = q%U°® = 1 since O occurs only positively in O, and p'"™ = ¢'™ = 1 since O
occurs only positively in N = O if one takes N <g O. Now, for the sort L of lists of
natural numbers with the constructors nil : L and cons : L = N = L, we can take
p°" =1 and q°°"™ =2 if one takes N <g L.

Non-accessible arguments are usually forbidden by requiring all the arguments
to be positive, or even strictly positive® as it is the case in the Coq proof assistant
(Coquand & Paulin-Mohring, 1988). Here, we do not forbid non-positive arguments
and do not require arguments to be strictly positive. Hence, one can have a sort D
with the constructors app : D = D = D and lam : (D = D) = D, for which we must
have p'®™ = q'2™ = 0 since the first argument of lam is not positive. However, the
termination conditions will enforce that, although one can use in a rule left-hand
side (lam x) as a pattern, x cannot be used in the corresponding rule right-hand
side: in a rule, constructors with non-positive arguments can be pattern matched in
the left-hand side, but only their positive arguments can be used by themselves in
the right-hand side.

For the sake of simplicity, we consider an ordering instead of a quasi-ordering,
although a quasi-ordering might a priori be necessary for dealing with mutually
defined inductive types (e.g. the types of trees and forests with the constructors : F,
add : F = T = F and node : F = T). The results described in this paper can
however still be applied if one identifies mutually defined inductive types, because
a term typable with mutually defined inductive types is a fortiori typable in the
type system where they are identified. This abstraction is correct but not necessarily
complete since more terms get typable when two types are identified (e.g. add is
typable if T = F).

Since <g is well-founded, we can define an interpretation I for every sort by
well-founded induction on it as follows. Let B be a sort and assume that I is defined
for every sort smaller than B. Then, let II(B) be the least fixpoint of the monotone
function HB on the complete lattice g(IL) such that

H3(7) = {t € SN | V(c,i,T) € €. (1),Vk € {1,...,q},tx € [B : Z,I)(Tx)}

where [B : 2,1 is introduced in Definition 2.
That such a least fixpoint exists follows from Knaster and Tarski’s fixpoint
theorem (Knaster & Tarski, 1928; Tarski, 1955) and the following fact:

Proposition 1 (Blanqui, 2005b) Let B be a sort, Il be an interpretation for every sort
smaller than B, and T be a type positive wrt B. Then, [B : Z,1](T) is monotone
wrt Z.

3 The ith argument of ¢ is strictly positive if Pos(B, T;) = @, or T; = U = B and Pos(B, fJ) =0.
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Moreover, one can easily check that HB(%) is a computability predicate whenever
Z so is. Hence, for every type T, I(T) is a computability predicate.

In the following, for the sake of simplicity, we will not mention I anymore and
simply write t € T instead of t € I(T), and t € [B : Z]T instead of t € [B : Z, I|(T).

3 Size of computable terms

In this section, we study a general way of attributing an ordinal size to computable
terms of base type by defining, for each sort, a stratification of computable terms of
this sort using a size function for each constructor, and assuming that — is finitely
branching.

By Hartogs (1915) theorem, there is an ordinal the elements of which cannot
be injected into @(IL), where IL is the set of terms (note that this theorem does
not require the axiom of choice). Let h be the smallest such ordinal. Since V
is countably infinite and € and IF are countable, h is the successor cardinal of
|(IL)] = 2 (Hrbacek & Jech, 1999).

3.1 Stratifications

Definition 5 (Stratification of a sort) Given a family (%4)q.<y of computability
predicates, let & = lub{.%, | a < b}.

A stratification of a computability predicate & is a monotone sequence of
computability predicates (¥,)q<p included in % and converging to %, that is,
such that &y = ..

A stratification of a type T is a stratification of I(T).

Given a stratification %, the size of an element t € %y, written o0x(t), is the
smallest ordinal a < b such that r € ¥,.

A stratification is continuous if, for all limit ordinals 0 < a < b, ¥, =
lub({F | b < a}).

Because — is finitely branching, we immediately remark:

Lemma 2 For all continuous stratifications . and limit ordinal 0 < a < b, we have
Sa=U{Zs | b <a}).

Proof
By definition, % is monotone. So, for all a < b, {¥ | b < a} is well-ordered wrt
inclusion. Since — is finitely branching, the conclusion follows from Lemma 1. O

We now prove some properties of 0g(t):

Lemma 3 Let . be a stratification and t € %,.

o If t > ¢, then ¢’ € ¥y and oy (t) = 0y(t').
e If % is continuous, then either 04(t) = 0 or 04(t) = b + 1 for some ordinal b.
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Proof
e Since ¥,y is stable by reduction, t' € &%, . Therefore, 04 (t') < 04(t).
e Assume that o«(t) is a limit ordinal a > 0. Since % is continuous,
we have &, = J({¥s|b <a}). Therefore, t € &, for some b < a.
Contradiction. O

By Proposition 1, [B : Z](T) is monotone wrt 2 whenever T is positive wrt B.
Hence, any stratification . of B provides a way to define a stratification of T':

Definition 6 (Stratification of a positive type) Given a stratification & of a sort B
and a type T positive wrt B, let [B : #](T) denote the stratification J of T obtained
by taking 7, = [B : L,(T).

Note that [B : &]T is not continuous in general (see Example 1 below).

Lemma 4 If % is a stratification of B, v € U = B and Pos(B, f]) = (), then
089 =8)(U) = suplog(vil) | &t € U}.

Proof

Let a = 0.4y g=p)(v) and b = sup{oy(vit) | & € U). By definition of a, we have
ve U= S . So, for all u € f], vt € ¥4 and oy (vii) < a. Thus, b < a. We now
prove that a < b. To this end, it suffices to prove that v € U= . LetiieU. By
definition of b, og(vit) < b. So, vii € Fy,. O

A continuous stratification of a sort B can be obtained by the transfinite iteration
of H® from the smallest computability predicate L (Kuratowski, 1922; Cousot &
Cousot, 1979):

o U8 =1
. 98, = H(%2)
e 9% =1ub({Z8 | b < a}), if a is an infinite limit ordinal.

The fact that 2® is monotone follows from the facts that 2§ = % and HP® is
monotone (Cousot & Cousot, 1979). Now, by definition of h, B is not injective.
Therefore, there are ¢ < 0 < b such that 28 = %8B Since 2® is monotone,
22=92%, =95 = @E = B (Rubin & Rubin, 1963).

We call this stratification the default stratification. It is the one used in all
the previous works on sized types, except in Abel (2012) where, after Sprenger
& Dam (2003), Abel uses a stratification having better properties, namely 8 =
lub({HB(S8) | b < a}).

The size wrt the default stratification of a term ¢ is the set-theoretical height
of the tree representation of ¢t when abstractions are interpreted as set-theoretical
functions. If no constructor of B has accessible functional arguments and — is
finitely branching, then every element of B has a size smaller than w. Hence, when
considering first-order data types only (e.g. natural numbers, lists and binary trees)
and a finitely branching rewrite relation —, one can in fact take h = w.

On the other hand, when one wants to consider constructors with accessible
functional arguments, then one can get terms of size bigger than w:
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Example 1 Take the sort O of Howard’s constructive ordinals mentioned in the
previous section and let inj : N = O be the usual injection from N to O defined by the
rules inj 0 — zero and inj (s x) — succ (inj x). Let us prove that ogo(lim inj) = w+1.
By definition, ogo(lim inj) is the smallest ordinal a such that lim inj € 29. By
definition of &, a = o04(inj) + 1 where ¥ = [0 : Z°](N = O). By Lemma 4,
0(inj) = sup{ogo(inj t) | t € N}. Now, a term of the form (inj ¢) can only reduce to
a term of the form (inj u), zero or (succ u). Hence, 040(inj t) < w. Finally, one can
easily prove that, for all n < w, 040(inj(s"0)) = n + 1. Therefore, 0« (inj) = » and
o0go(lim inj) = w+1. Moreover, & is not continuous since inj € &, —J{Fn | n < w}.

One can also get terms of size bigger than w by considering infinitely branching
and non-confluent rewrite relations with # = {f — s'0 | i € N}, one gets oon(f) =
w+ 1.

3.2 Stratifications based on constructor size functions

We now introduce a general way of defining a stratification:

Definition 7 (Constructor size function) A size function for c : T =Bis given by

e a function X° : h9 — b for computing the size of a term of the form c7 from
the sizes of its accessible arguments;

e for every non-recursive accessible argument k € {p°®+1,...,q°}, a sort Bf <s B
occurring in Ty, only positively, and with respect to which we will measure the
size of the kth argument of ¢ (in the following, we let B = B if k € {1,...,p°%}).

In practice, there is usually no choice for B}. For having a choice, the order of
Tx must be greater than or equal to 2. For instance, if T, = (C = D) = E, then one
can choose between C and E if both are different from D.

On the other hand, there are many possible choices for X¢. For instance, consider
the type T of labeled binary trees with the constructors leaf : B = T and node :
T=T= B =T, where B <g T is a sort for labels. We can take p'®3 = 0, q'®3' = 1,
p"ode =2, g"ode = 3, T'eaf(q) = 0 and X"°%(q,b,c) = a + b + 1, so that the size of a
tree is not its height as in the default stratification but the number of its nodes.

Interestingly, £° may depend on all accessible arguments, including the non-
recursive ones. For instance, one can measure the size of a pair of natural numbers
by the sum of their sizes: given a type P for pairs of natural numbers with the
constructor pair : N = N = P, one can take pP¥" = 0, q°a" = 2, B®*" = B}®" = N
and P8 (q,b) = a+ b.

Finally, 2° can be defined by combining of size of recursive and non-recursive
arguments. For instance, the size of a list of natural numbers can be defined as the
sum of the sizes of its components. With this notion of size, a list with only one big
element can be greater than a list with many small elements.

Definition 8 (Stratification defined by size functions) Assume that — is finitely
branching. Given a size function X°¢ for every constructor ¢, we define a continuous
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stratification .%® for every sort B by induction on >g as follows, where, given

(c.t, T) € CB..(t), 04<(f) denotes the sequence 0yei(t1), . .., 0gen(t,) With n = q° and
yﬁ’k = [B} : V?]Tk, that is, o0gex () is the size of t; in Ty wrt Bf (which is B if
ke{l,..p}:

o 8 is the set of terms ¢ € SN such that, for all (c, i,T)e CB..(1):
— p® =0 (i.e. c has no recursive argument),

— Vke{p®+1,...,9%, tx € Ty,

— X%(0g¢(1)) < 0.

° y5+1 is the set of terms ¢t € SN such that, for all (c,z, 7“) e CB.(1):
— Vk e {l,...,p°}, tx € [B : ¥BI Ty,

— Vk e {pf +1,....9%, tx € Ty,

— Z%0ge(t)) <a+ 1.

o B =1ub({8| b < a}), if a is an infinite limit ordinal.

Note that & is well-defined because

e in the case of ¥§:
— p°® =0and thus, forallk € {1,...,q°}, 0ger(ty) = O[Bgzysg]n(tk) is well-defined
since t;, € T and B <s B.

e in the case of &8 :

— Vk < p°, 0gex(ti) = o[g.9e)7, (tk) is well-defined and < asince t; € [B : S5] Tk;
— Vk e {p°+1,...,q9%}, 0gex(ty) is well-defined since t; € T) and Bf <s B.

The definition of &8 is similar to the definition of the default stratification except
that the size functions X° are used to enforce lower bounds on the size of terms.
Hence, if one takes for every X° the constant function equal to 0, then one almost
gets the default stratification. To get the default stratification, one has to slightly
change the definition of B by taking &8 = L. The current definition has the
advantage that both variables and nullary constructors whose size function is 0 have
size 0. Hence, if one takes o = Z¢(a) = 0, then ogn(s'x) = 0yn(s'0) = i while, in the
default stratification, ogn(s'x) = i and ogn(s'0) = i + 1 (nullary constructors do not
belong to L).

We now check that P is indeed a stratification of B.

Lemma 5 For every sort B and ordinal a < b, 8 = B.

Proof
We proceed by induction on <g and a.

e Lett € &8 Then, t € SN. Let now (c,i, T) € €8,.(1) and k € {1,...,q°}. Then,
p® =0 and t; € Ty. Hence, t € B since B = H5(B).

o Lett € yE’H. Then, t € SN. Let now (c, 1, 7") € CB.(t) and k € {1,...,q°}.
If k < p® then € [B : #B]Ty. By induction hypothesis, 8 < B. Since B
occurs only positively in Ty, Proposition 1 gives [B : #B]T < [B : B] Ty = T.
Therefore, 1, € Ty. Now, if k € {p® + 1,...,q°}, then t, € Ty too. Therefore,
t € B since B = HE(B).
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e Let a be an infinite limit ordinal. Then, 8 = lub{¥® | b < a}. For every
b < a, by induction hypothesis, #2 = B. Therefore, &8 = B.

O

Lemma 6 For every sort B and ordinal a < h, &8 is a computability predicate.

Proof

We proceed by induction on <g and a. If a is an infinite limit ordinal, then 8 is
a computability predicate by definition of lub since, by induction hypothesis, for all
b <a, B is a computability predicate.

We are left with the cases of 0 and successor ordinals. Given a predicate P on
triples (c,, T), let SNB(P) = {t € SN | €8,.(t) = P}. We have 8 = SN®(Py) for
some predicate Py, and %8 = SNB(P,.) for some predicate P, ;. However, for
all predicates P, SNB(P) is a computability predicate:

e SNB(P) = SN by definition.

e Ift € SNB(P)and t — ¢, then ' € SNB(P), since ¢’ € SN and CB,.(t') = CB..(¢).

e Assume now that t is neutral and — (t) = SNB(P). Then, t € SN. Assume,
moreover, that (c,7, T) € CB..(t). Since ¢ is neutral, there is ¢’ such that t — ¢’
and (c,i, T) € CB.(¢). Therefore, (c,7,T) € P and t € SNB(P).

O

Lemma 7 For every sort B, &8 is monotone.

Proof
We prove that, for all (a,b,¢), if b < ¢ < a, then (1) 8 = B, hence 48|, is
monotone, (2) Y8 = 8, and (3) ¥8 = B, |, by induction on a. There are three
cases:

e a=0. Then, b = ¢ =0 and (1) and (2) hold trivially. We now prove (3). Let
t € #8. We prove that t € /%:
— t € SN since, by definition, 8 < SN.
Let now (c,i, T) € CB.(¢).
— We have to prove that, for all k € {1,...,p%}, tx € [B : #B]Ty. Since t € &§,
we have p® = 0. Therefore, the property holds since there isno k € {1,...,p°}.
— We have to prove that, for all k € {p®+1,...,q°}, tx € Ty. This holds since
te B,
— Finally, we have to prove that Z°(0-(f)) < 1. This holds since t € &8 and
thus X°(04¢(f)) < 0.
e a=a+1
1. If ¢ < «, then (1) holds by induction hypothesis (1) on (', b, ¢). Otherwise,
c=d + 1. If b = ¢, then (1) holds trivially. Otherwise, b < a’ and (1) holds
by induction hypothesis (1) and (3) on (¢/,b,d’), and transitivity of <.
2. If ¢ < d, then (2) holds by induction hypothesis (2) and (3) on (¢, b, ¢), and
transitivity of <. Otherwise, (2) holds trivially.
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3. Lett € &8 |. We prove that t € /5,
— t € SN since, by definition, % | = SN.
Let now (c,f,T) € €8.(1) and k € {1,...,q°}.
— Assume that k < p°. Since t € ya 1> we have 1, € [B : yE,]Tk. Therefore,
ty € [B: Va,H]Tk since B occurs only positively in Ty and 48 < VE,H
by induction hypothesis (3) on (a, a’,a’).

— Assume that k > p°. Then, t; € T} since t € fu 1

— Since t € &8 &1, We have 3%(0g¢(f)) < o' + 1. Therefore, Z(04(f)) < o +2.
e a is an infinite limit ordinal. Then, 9% = lub{¥? | b < a}.

1. If ¢ < a, then (1) follows by induction hypothesis (1) on (c, b, c). Otherwise,
¢ =a. If b = ¢, then (1) holds trivially. Otherwise, b < ¢ and (1) holds by
definition of lub.

2. (2) holds by definition of lub.

3. Let t € &8. We have to prove that t € /% .

After (1), yB|u is monotone. Therefore, by Lemma 1, 8 = | J{4B | b < a}
and t € &B for some b < a. Now, since a is a limit ordinal, b + 1 < a.
Therefore, by induction hypothesis (2) on (b + 1,b,b), 9% = B, and
t € 9%,,. We now prove that t € &8,

— ¢ € SN since /8 is a computability predicate.
Let now (c,7,T) € €8.(1) and k € {1,...,q°}.

— Assume that k < p°. Since t € 7, |, we have t € [B : #F]T. Therefore,

tx € [B : SB]Ty since B occurs only positively in Ty and ¥F = 5.
— Assume that k > pC. Then, t; € Ty since t € VEH.
— Since ¢ € #§ ., we have Z%(04¢(1)) < b+ 1. Therefore, °(04¢(1)) < a+ 1.

O

Lemma 8 For every sort B, ¥} = B.

Proof

By Lemma 5, g = B. Now, since B = ¢, where Z° is the default stratification, it
suffices to prove that, for all a, 28 < yE, that is, for all a, there is b < § such that
28 = 9B, We proceed by induction on <g and a.

e I8 =198

e Let a be an infinite limit ordinal smaller than . By induction hypothesis, for
all b < a, 77 < . Therefore, 75 = lub{Z} | b < a} = IF.

e Let now a+ 1 <. By induction hypothesis, 7§ = 4.
Since b is a successor cardinal, it is regular, that is, it is equal to its cofinality.
And since it is uncountable, it is w-complete, that is, every countable subset of
b has a least upper bound in b.
Let ¢ = sup(X) where X = {ogs(t) | t € 2B}. Since |X| < |28| < |L| < 0, we
have ¢ < ) and 28 < 8.

https://doi.org/10.1017/50956796818000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796818000072

22 F. Blanqui

Let now d = sup(X U Y) where Y is the set of the ordinals Z%(04:(f)) such
that there are t € 28 and (c,f, T) € €B.(¢). Since |Y| < o (28 < SN and —
is finitely branching), we have sup(Y) < h and thus 0 < h. Since h is a limit
ordinal, 9 + 1 < h.

We now prove that 25, = &5, . Let t € 95 ,. Then, t € SN. Let now
(c.1, T) € CB.(1) and k € {1,...,q°}. If k > p®, then t;, € Ty Otherwise,
tx € [B : ZB]Ty. Since B occurs only positively in Ty, we have [B : 28]T; =
[B : ¥B]Ty. Since ¢ < ? and P is monotone by Lemma 7, we have [B :
BTy < [B : #B]Ty. Finally, °(04<(f)) < 0. Therefore, t € 75 _|.

O

This ends the proof that B is a stratification of B. We now see some of its
properties:
Lemma 9

o t € #Biff t € B and, for all (c,, T)ecB (), =%(0gs(1)) = p¢ = 0.
etc yBH iff t € B and, for all (c,7, T) € €8.(1), %(04+(7)) < a + 1 and, for all
ke {l,...,p%}, ogu(ty) <

Proof

e Immediate.

e Assume that t € SPEH Then, ¢t € B. Assume moreover that (c,?, 7") e CB.(1).
Then, X%(0y¢({)) < a+ 1 and, for all k € {1,...,p%}, 1 € [B : ¥B| T}, = &%

Hence, 0 (t;) < a. Conversely, if 0gci(tx) < a, then ¢ € [B : SB]Ty.

O
Lemma 10 If (c,7, T) € CB and c? € B, then
® Oys (C Z) = 20(05/4:(2)),
e 0gs(ct) > 0gex(ty) for all k € {1,...,p°}.
Proof
Let a = oys(ct). Since #® is continuous, by Lemma 3, either a =0 or a = b + 1 for
some b.

e If a =0, then cf € ,70 and X%o04¢(f)) < a by definition of 8. Otherwise,
cie 8 op1 and %C(oyc(t)) < a by definition of Vbﬂ.

e If a =0, then ¢t € & and p°® = 0. So, there is no k € {1,...,p°}. Otherwise,
cie 8, and t € [B : E]Tk. Thus, oger(tx) < b < a.

O

Lemma 11 If t € B, then 04s(t) = d sup(RU S U T'), where

e 0a=a-+ 1if ais an infinite limit ordinal, and da = a otherwise;
e R={ogs(t')|t > 1};
o S={ogu(tt)+1]|(c,i,T)eC® t=ci, ke{l,....p}};

= {Z%04e(1)) | (c,1, T) € €8, t =ci}.
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Proof
Let a=sup(RUSUT) and b = 0gs(t).

We first prove that b > da. Let ¢’ such that t — ¢’. Then, b = 04s(t') by Lemma 3.
Assume now that (c, 1, T) € C® and t = ci. By Lemma 10, b > X%04:(f)) and, for
all k € {1,...,p°%}, b > 0gcx(tx). Therefore, b = a.

Since . is continuous, b cannot be an infinite limit ordinal. So, if a is an infinite
limit ordinal, then b > a and b > a + 1 = da. Otherwise, 0a = a and b = da.

Now, to have b < da, we prove that t € 8 using Lemma 9:

e Case da =0. Then, a = 0. Let (c,7, T) € CB.(1).

— Case t =ct. Then, S = 0, p° = 0 and Z°(04<(f)) = 0. Therefore, t € FE.
— Case t — ' =" ct. Then, 0gs(t') = 0. So, p° = 0, Z°(04<(f)) =0 and t € ¥,

e Case da=a + 1. Let (c,;, T) € CB.(¢).

— Case t = ci. First, 2%0g4:(f)) < sup(T) < a < da = a + 1. Second, if
ke {1,...,p°}, then oger(ty) < ogex(ty) + 1 < sup(S) < a < da. Therefore,
0ger(ty) < d and t € Fs,.

— Caset — t' =" ¢t First, 2%(04¢(f)) < a’+1 since, by Lemma 10, X%(04+(f)) <
0gs(ct) and, by Lemma 3, 0gs(ct) < 0gs(') < sup(S) < a < da. Second, if
k € {1,...,p°}, then ogex(ty) < o since, by Lemma 10, 0y (ty) < 0gs(ci)
and, by Lemma 3, oys(cf) < 0ys(f') < sup(R) < a < da = a + 1. So,
t € SLsa.

O
Note that taking X°(d) < sup{ax +1 | k € {1,...,p°}} gives the same notion of

size as taking X°(d) = 0. On the other hand, if X°(d) > sup{ax + 1 | k € {1,...,p°}},
then X° gives the size of irreducible terms of the form c:

Corollary 1 Assume that X° is strictly extensive wrt recursive arguments (i.e. a; <
@) if k € {1,...,p°}) and X°(a) is never an infinite limit ordinal. Then, for all
(c,f,T) € €® such that cf € B and c is irreducible, we have 0gs(ct) = Z%(04:(1)).

Proof
Since ¢ is irreducible, R = . Let a = Z°(0gc(f)). Since a > 0gei(t;) whenever
k€ {l,...,p°}, ogs(ct) = da. Since a is not an infinite limit, da = a. O

Corollary 2 Assume that X° is monotone wrt every argument, strictly extensive
wrt recursive arguments and never returns an infinite limit ordinal. Then, for all
(c,f,T) € C® with cf € B, we have oys(ct) = Z°(0c(f)).

Proof

We proceed by induction on ¢ with <prod as well-founded relation. Assume that
¢t — u. Then, there are & such that u = ¢ and 7 —prod 4. Hence, 00 (1) <prod 090 (1)
and, by induction hypothesis, 0ge(c i) = Z°(0y(i1)). S0, 04s(cil) < X%(0y.(f)) since
¥¢ is monotone. Therefore, 0gs(ct) = Z°(0.4¢(f)). O
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Finally, we are going to prove that, if — is locally confluent, hence confluent on

strongly normalizing terms (Newman, 1942), then the size of a term is equal to the
size of its normal form when its type is a strictly positive sort:

Definition 9 (Strlctly positive sorts) A sort B is strictly positive if, for every

constructor ¢ : T = B and argument k € {1,...,q°}, T} is positive wrt B and
either Ty is a strlctly positive sort* C <g B or T is of the form U = B with
Pos(B, U) = 0.

Examples of strictly positive sorts are Peano numbers and Howard constructive
ordinals.

Lemma 12 Assume that — is locally confluent and, for every constructor ¢, X° is
monotone wrt every argument, strictly extensive wrt recursive arguments and never
returns an infinite limit ordinal. Then, for every strictly positive sort B and term
t € B, 0ogs(t) = 04s(t]), where t| is the normal form of t.

Proof
First note that ogs(t]) < og4s(t) since t —* t|. We now prove that, for all strictly
positive B, for all t € B, 04s(t) < 048(t]), hence that 04s(t) = 048(t]), by induction
on (B,o0gs(t),t) with (<s, <, < )iex as well-founded relation. By Lemma 11, oge(t) =
dsup(RUS U T). Since X is strictly extensive, oge(t) = d sup(RU T'). Since oge(t])
cannot be an infinite limit ordinal, it is sufficient to prove that sup(RUT) < ogs(t]).
Assume that t — u. Then, oge(u) < 04s(t). Hence, by induction hypothesis on the
second or third component ogs(u) < 0¢B(ul) =o0gs(t]).
Assume now that (c, 7, T) e C® and r = ct. By Corollary 2, 0gs(t) = Z%(04:(1))
and 0gs(t]) = Z°(0ge(f])). Since Z° is monotone, it suffices to prove that, for all
ke {l,...,q°%, 0gu(ty) < 0ge(tr]). Since B is strictly positive, there are two cases:

e T is a strictly positive sort C <g B. Then, by induction hypothesis on the first
component, 0 g (ty) = 0gc(ty) < 0gc(ti]) = 0ger(til).

e There is U such that T, = U = B and Pos(B, f]) = (. Then, by Lemma 4,
0gex(ty) = sup{oge(ty i) | i € f]} and ogex(tx]) = sup{ogs(txl 1) | & € f]} Let
it € U. Since ogs(t) 1) < oge(tiii) < 0gs(t), by induction hypothesis on the
second component, ogs(ty it) = 04s(tx] ti). Therefore, 0gex(ty) = 0.gex(til).

O

We end this section by introducing the reflexive and transitive closure of the
notion of accessible argument (Definition 4) and prove some properties about it.
In order to keep track of the sort with respect to which the size is measured, we
consider a relation on triples (¢, T,B) made of a term ¢, its type T and the sort B
used to measure the size of ¢ in [B : #B|T

4 This is a restriction wrt the definition given in Coquand & Paulin-Mohring (1988), where T} can be
any type where B does not occur.

https://doi.org/10.1017/50956796818000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796818000072

Size-based termination 25

Definition 10 (Accessible subterm) We say that (u, U,C) is accessible in (t,T,B),
written (u, U,C) <, (t, T,B), if (u,U,C) = (t, T,B) or there are (c,1, 7") € CP and
k € {l,...,q° such that t = ¢, T = B and (u, U,C) <, (t, Ty, Bf), where B¢ = B if
k < p°, and Bj is given by the size function of ¢ if k > p° (see Definition 7).

For example,

e (x,N,N) is accessible in (s x,N,N) if s : N = N;

e (f,N=-0,0) is accessible in (lim f,0,0) if lim : (N = O) = O;

e (x,N,N) is accessible in (pair(sx)y,P,P) if pair :N=N =P and s : N = N;

e (x,B = C,B) is not accessible in (cx,B,B) if ¢ : (B = C) = B, because B
occurs negatively in B = C and thus q° = 0.

Note that <, is stable by substitution, and that C occurs only positively in U
whenever (u, U,C) <, (¢, T, B), where <, is the strict part of <,.

Lemma 13 If (u,U,C) <, (¢, T,B) and t € T, then u € U.

Proof

We proceed by induction on <,. If (u, U,C) = (t, T, B), this is immediate. Otherwise,
there are (c,, T) € C® and k € {1,...,q°} such that t = ¢, T = B and (u, U,C) <,
(tk, Tr, Bf). By definition of I(B), we have t; € Ty. So, by induction hypothesis,
ueU. O

4 Termination criterion

In this section, we describe a termination criterion that capitalizes on the fact that
some terms can be assigned an ordinal size. The idea is simple: if for every rewrite
step fl — r and every function call gm in r, the size of m is strictly smaller than the
size of [, then there cannot be any infinite reduction.

The idea, dating back to Hughes et al. (1996), consists of introducing symbolic
expressions representing ordinals and logical rules for deducing information about
the size of terms, namely, that it is bounded by some expression. Hence, termination
is reduced to checking the decreasingness of symbolic size expressions.

Following these authors, we replace every sort B by a pair (B, a), written B,, where
a is a symbolic expression from an algebra interpretable in ordinals, so that a term
is of size-annotated type B, if it is of type B and of size smaller than or equal to
the interpretation of a. The typing rules of Figure 2 are then easily turned into
valid deduction rules on size annotations. Moreover, the monotony of stratifications
naturally induces a notion of subtyping on size-annotated types: a term of type B,
is also of type By if a < b.

4.1 Size-annotated types

In the previously mentioned works, only two particular algebras have been
considered so far. First, the successor algebra (Definition 12). Second, when b is
restricted to o (e.g. when inductive types are restricted to first-order data types), the
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algebra of Presburger arithmetic generated from the symbols 0, s and + interpreted
by zero, the successor function and the addition on natural numbers respectively,
the first-order theory of which is decidable (Presburger, 1929).

Other algebras are however interesting as we shall see in some examples. For
instance, the max-successor algebra, that is, the successor algebra extended by a max
operator, and the max-plus algebra, that is, the algebra generated by the symbols 0,
1, + and max.

So, in the following, we consider an arbitrary size algebra and prove general results
under some conditions on it. Then, in Section 9, we prove that these conditions are
in particular satisfied by the successor algebra.

Definition 11 (Size algebra) A size algebra is given by

e a first-order term algebra A built from a set V of size variables o, f8,... and a
set F of size function symbols f,g,... of fixed arity, disjoint from V;

e a quasi-order <, on A stable by substitution: a¢ <, be whenever a <, b and
@:V—A;

e a strict order <, < <, also stable: ap <, bp whenever a <, b and ¢ :V—A;

o for each size function symbol £ € F of arity n, a function £y : h” — b so that,
for every valuation p : V. — b, au < bu (au < bu resp.) whenever a <, b (a <, b
resp.) where, as usual, oy = pu(o) and (fa;...a,)pu = fy(aip, ..., anu).

A size algebra is monotone if every size function symbol is monotone wrt <, in every
argument, that is, £ d <, £ b whenever d(<a)prod b. Given a size substitution ¢ and
a set V of variables, let ¢|y = {(o,ap) | 0 € V}.

Let a <ext b (a <exy b resp.) iff, for all p, au < bu (au < bu resp.). Note that
(<ext> <ext) satisfies the above conditions and, for every pair of relations (<, <j)
satisfying the above conditions, we have <, S < and <; S <. So, one can
always take <y (<ext resp.) for <, (<, resp.).

As remarked in Giesl et al. (2002), the strict part of a stable quasi-order <, that
is <, = <, — =, is not necessarily stable. On the other hand, its stable-strict part
<, is stable, where a <, b iff, for all closed substitution ¢, ap <, bo.

The simplest size algebra is:

Definition 12 (Successor algebra) The successor size algebra is obtained by taking

e F = CU {s} where C is an infinite set of constants and s a unary symbol
interpreted by the successor function’;

e <, is the smallest strict ordering on A such that, for all a, a <, sa;

e <, is the reflexive closure of <,.

Although this algebra may seem overly simple, it is already sufficient to overtake
the Coq termination checker (see Section 6 for various examples using it). We will
study the properties of this algebra in Section 9.

5 b is closed by successor since it is a limit ordinal.
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Definition 13 (Size-annotated types) The set T, of annotated types is defined as
follows:

e If T is a type, then T € T,.
e If B is a sort and a a size expression, then B, € T}.
e If U and V belong to Ty, then U = V € T,.

Let Var(T) be the set of size variables occurring in T.

Given an annotated type T, let |T| be the type obtained by removing every
annotation.

Given a sort B, a size expression a and a type T, let Annot(T,B,a) be the
annotated type obtained by annotating in T every occurrence of B by a.

The definition of positive (s = +) and negative (s = —) positions in a type
(Definition 3) is extended to annotated types as follows:

e Pos’(By) = {1p | p € Pos’(b)}.

o Pos’(x) = {e|s=+}.
. Pos‘(f) {e| s =4} if £ is of arity 0.
o Pos‘ ..by) = {ip | i € Mon™(£),p € Pos’(b;)} U {ip | i € Mon (£),p €

gb)}lfflsofzurltyn>0

where Mon™(f) (Mon™(f) resp.) is the set of arguments in which f is monotone
(anti-monotone resp.) wrt <j.

In order to combine terms with annotated and unannotated types, we extend A
by a greatest element oo and identify B,, with B:

Definition 14 (Top-extension of a size algebra) The top-extension of a size algebra
Ads aset A= AU {oo} with oo ¢ A. Given B € S, let B,, = B (we identify B,, and
B). Given size expressions a,b € A, let a <P b if a <, b or b = o0. Given ¢ : V — A,
let ap = oo if a contains a variable o such that ¢(«) = oo, and a¢@ be the usual
substitution otherwise. Terms distinct from oo are called finite.

We now propose to users a syntactic way to specify their own notions of size
through the annotation of constructor types. We assume that every constructor type
is annotated in a way that allows us to define a size function, hence a stratification
for every sort, and thus an interpretation of every annotated type in computability
predicates. To this end, we use notations similar to the ones of Definition 7:

Definition 15 (Annotated types of constructors) We assume that every ¢ € € with
O(c)=T; = ... = T = B is equipped with an annotated type O(c) = T} = ... =
Tﬁ = Bo-c with

forallie {1,...,q } T; = Annot(T;, BS, of);

forallie {q°+1,...,1°}, T; = T;;

aﬁ,...,ocgc ev;

Lpoy1r-- s Olge € VU {00};

the variables of {af,..., | are either pairwise equal or pairwise distinct;
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forallie {1,...,p°}, Bf =B;

forallie {p°®+1,...,q°} with of € V, BY occurs in Tj;

for all i € {p®+1,...,q°} with of € V, Pos(BS, T;) < Pos™(T;);

o° € A;

for alli € {1,...,q°}, Pos(af,6°) < Pos™(a°) (¢° is monotone wrt every of);
forallie {1,...,p%}, af < ° (o° is strictly extensive wrt recursive arguments).

The semantics of these annotations is given by the next definition. The intuition is
that the size of a term of the form ¢ will be given by the interpretation in ordinals
of ¢¢ with each of, the abstract size of the ith argument of c, interpreted by the
actual size of ¢; in [BS : 5] T,

We now extend the interpretation of types in computability predicates to annotated
types, by defining a size function X°¢ for each constructor c:

Definition 16 (Interpretation of size-annotated types) First, for each constructor c
with ®(c) as in Definition 15, we define a size function X¢ (see Definition 7) as
follows:
0if ¢° =00
X%(a) = . . a; if o = of and all the af € V are distinct
o otherwise where v(a) = (s v o .
sup{a; | i € {1,...,q°},af € V} otherwise

Then, given a valuation u : V — b, we interpret annotated types as follows:

e Bu=B.

e Bju = 95’# if a € A, where & is the stratification defined by X (see
Definition 8).

e (U=V)u=Up=Vpu

Note that Z° is monotone wrt every argument and strictly extensive wrt recursive
arguments since € so is.

Note also that, by definition of sup, if « is distinct from every «f, then v(o) = 0.

In the successor algebra, a constructor ¢ can always be annotated as in Definition
15 above by taking:

Example 2 (Canonical annotations in the successor algebra) The canonical type of a
constructor ¢ in the successor algebra is obtained by taking

® of =...=o0g,
® Ope iy =...=0Ug =00,
e g°eVifp°=0,

e ¢° =sof otherwise.

In this case, we get X%(ay,...,aq) = sup{a; + 1,...,ape + 1}, that is, the size is the
constructor height, the size of a constant being 0.
For the constructors of the sort O of Howard’s constructive ordinals, we get:

e zero : Oy, 6%° = o and X*°° = 0;
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e succ : 0, = Oy, B{YC = 0, 4§U°° = o, 65U = s and ZV°(a) = a + 1;
e lim:(N=0,)= 0, Bi"=0, a/™ =0, ¢'"™ =sa and £"™(a) = a + 1.

Remark that we could have zero of size 2 by simply taking zero : Ng(sy) instead.
For the constructors of the sort T of binary trees with labels in a sort B <g T, we
get:

e leaf : B =T, BI®¥ =B, o/ = o0, ¢'°¥ = ¢, and £'*¥(a) = 0;
e node : T, = T, = B = T, B]0% = BJod® =T, 409 = 400 = 5 gNode = gy
and £"°%(qa,b,¢) = sup{a+1,b + 1}.

Note that, in the successor algebra, constructors with at least two accessible
arguments (e.g. node) cannot have functional annotated types (because there is only
one non-nullary symbol, namely s).

4.2 Termination conditions

An important ingredient of the termination criterion is the way the sizes of
function arguments are compared. In frameworks where functions are defined by
fixpoint and case analysis, exactly one argument must decrease at a time. Here, we
allow the comparison of various arguments simultaneously, possibly through some
interpretation functions (.

Since not every term can be assigned a notion of size, and since two function calls
can have different numbers of arguments, we first need to specify what arguments
have to be taken into account and how their sizes are compared:

Definition 17 (Order on function calls) We assume given

e a well-founded quasi-ordering < on IF (precedence) that we extend into a well-
founded quasi-ordering on VU CUTF by taking s <g f whenever s € VU C
and f € IF;

e foreveryf: Ty =...= Ty = B:

— a number q' such that, for all i € {1,...,q"}, T; is a sort B (the first ¢
arguments of f are the arguments that will be taken into account for proving
termination);

— an annotated type ®(f) = T; = ... = Ty = B, such that
- for alli € {1,...,q'}, T; = Annot(Bf, B!, of);

forallie {q"+1,....1"}, T, = Tj;

&' are distinct variables;

- o €k;

Var(c') < {3'};

— for each X € {A,h}, a set Df, a quasi-order <% on DY, a well-founded
relation <%, = <, and a map (y : X9 — DY, such that

- (DY, <k, <) = (D%, <5, <%) whenever f ~f g;

- au <g’f bu whenever & <3 b and y : V — b;
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5 gf o s 2 2 gf . 5 f f
- a <{' ¢ whenever a(<y)proa b and b <§' ¢, that is, (<F)proa® <y = <¥';

-a <g" ¢ whenever a <%’f b and b <prod ¢, that is, <?]’f 0 Sprod <ot

where (x1,...,Xqs) <% Vioeeos¥g) il g ~p f and ($(x1,...,xg) <y
é;((yh"'syqf)'

The condition <g’f 0 Kprod S <g’f is used in Theorem 1 (in the case (app-decr)).
On the other hand, the condition (<)prod© <% = <% is only used in Lemma 22.
Note that, because <' is only defined on terms of A, if &(gf)pmdl; and b <% ¢,
then & must be in A too since, by definition, a <P b iff a <4 b or b = o0.

In the following, we may drop the exponent f when there is no ambiguity.

In the coming termination criterion, a function call f ¢ will give rise to a pair (f, ¢)
where ¢ : {&'} — A maps of to the size of t;.

We therefore define a quasi-ordering on pairs (f, ¢) as follows. Given h € VUCUTF,
p:{&" > K (with (3"} =0ifhe VUC),f€TF, ¢ : {3} - A let

(h,p) <a (f,) if h <g f or 3"y <! & .

Its counterpart on pairs (f, u) is defined similarly as follows. Given h € YUCUTF,
vi{a" > b, felF, u:{E} — b, let (hv) <y (f,p) if h <g f or &"v <ﬁ’f .

For the sake of simplicity, we assume that termination arguments come first. This
is not a real restriction since arguments can always be permuted if needed.

For (!, one can often take the identity (assuming that q" = q9 whenever f ~f g).
In Example 7, we use a different function. When (% is the identity, one can for
instance take for <f (<fh resp.) the lexicographic or multiset extension (Dershowitz

(hV=V)eTU® h<pfV(hepfAlV|>d")
yi{@" =K (hy)<a (@) (V)CH,w:Viy

(app-decr)
r I—fp hw:Vy
Cx:UR,w:V LU U<V
(lam) (sub)
L Axw: U=V CHr:V
Fig. 3. Computability closure of (f, @).
a<yPb U<u v<v
(size) ———— (prod)
Ba < By U=V <U =V
T<U ULV
(refl)y —— (trans)
T<T T<V

Fig. 4. Subtyping rules.
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& Manna, 1979) of <, (< resp.), or some combination thereof, for which one can
easily prove the compatibility of < (S’h resp.) with <P (< resp.). Indeed, we have
(SZ))prod o (<A)lex & (<A)lex since SZO 0Ky E Ky, and <lex © <prod S <lfex-

We can now state our general termination theorem. In Section 6, we will provide
many examples of rewrite systems whose termination is implied by it.

Theorem 1 (Termination criterion) Assume that constructor types are annotated as
in Definition 15. By Definitions 16 and 8, this provides us with a size function X
and a stratification &. Assume moreover that —4 is finitely branching and no ¢°
can be interpreted by an infinite limit ordinal.

Then, the relation — = —3 U —4 terminates on the set T of well-typed terms if,
for each rule [ — r € # = T2, [ is of the form f1, the type of f is annotated as in
Definition 17, \7\ > q' and there are

— a typing environment I : FV(r) — T, with, for every (x, U) € T, an integer k*
such that x occurs in xx, a sort B¥ occurring only positively in |U| and a size
variable o such that U = Annot(|U|, B¥, "), indicating how to measure the
size of x?;

— finite symbolic size upper bounds ¢ : {&'} — A for I1,...,1y;

such that

e Monotony. For all i € {1,...,q'}, Pos(«,¢") = Pos™(a);

o Accessibility. For every (x, U) € T, one of the following holds:

— x =l and U = Ti 0,

— Ty is a sort and (x, |U|, BY) < (lex, Tix, Ti);

e Minimality.” For all substitutions 6 with 16 € T, there exists a valuation v such
that

— for all (x,U) €T, ogs.gvyy(x0) < o*v,
— forallie {1,...,q"}, alpv = 04e (1;0);
e Subject-reduction and decreasingness.

CH P T = ... = Ty = By, where Hl, is defined in Figures 3 and 4.

Proof

Computability of constructors. We first prove that, for all (c, u,f) with @(c) = T} =
...= T, =B,0(c)=T, =...= T, = B, as in Definition 15 (we drop the c’s in
exponents), |f| =r and (Vi)t; € Ty, we have cte B,u. First, we have ct € SN since
i € SN and there is no rule of the form ¢/ — r. Second, by Proposition 1, for every
i €{l,...,q}, we have Tiju < T; since T; = Annot(T;,B;,) and Pos(B;, T;) <
Pos™(T;). Therefore, ct € B. Now, if ¢ = oo, then we are done. Otherwise, we are
left to prove that ogs(c?) < ou. By Corollary 2, oge(c?) = Z(04(7)). By definition,
Y(04(f)) = ov where v is defined in Definition 16. Since ¢ is monotone and

6 Note that, if we do not care about the size of x, or if no sort occurs only positively in U, then we can
always take for B¥ any sort not occurring in U.
7 Lemma 17 provides a syntactic condition for checking minimality in the successor algebra.
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Var(o) = {a}, it suffices to prove that, for all i, such that o; € V, oyv < oy If all
the o; € V are distinct, then o;v = 04i(t;) < oy since t; € T;p and o; occurs only
positively in T;. Otherwise, all the o; € V are equal. If there is no o; € V, then the
property holds trivially. Otherwise, all the o; € V are equal to some variable o and
av = sup{ogi(t;) | o = o} < o since, for all i such that o; = o, t; € T;u and o occurs
only positively in T;.

Computability of function symbols. We now prove that, for all ((f,u),f) with
Of)=T;=...= T, =Band O(f) = T| = ... = T, = B, as in Definition 17 (we
drop the f’s in exponents), [{| = r and (Vi)t; € T;u, we have f7 € B,u, by induction
on ((f,,u),f) with (<, <=prod)iex as well-founded relation (1). Since f7 is neutral, it
suffices to prove that, for all u such that fi — u, we have u € B,u. There are two
cases:

a. u=fnand f —prod . Since computability is preserved by reduction, (Vi)u; €
T;u. Therefore, by induction hypothesis (1), u € B, .

b. i =100, fl > r € # and u = r0ii. Let v be the valuation given by minimality.
For all i < q, ;v = 04s,(1;0). Since ;0 € Tyu and T; = Bi,,, we have v <
(*).

i. Correctness of the computability closure. We prove that, for all (I',¢, T, 0), if
CH, t: T and x0 € Uy when (x,U) € T, then t0 € Tv, by induction on +},
(2).

e (app-decr) By induction hypothesis (2), w;0 € Viypv. There are three cases:

— h € V. Then, hoWwo € Vyv since p = @ and hf € V = V) by

assumption.

— heCand V =U = C,. For all i € Uyv, we have hi0ii € C,yv by

computability of constructors. Therefore, by Definition 2, hw0 € Viv.

— heFand V =U = C,. Since (h,p) <a (f, @) and av <z’f bv whenever

a <X’f l;, we have (h,pv) <y (f, @v). Since @v < u and <2’f 0 Kprod & <Ié’f,
we have (h, yv) <y (f, u). Hence, for all & € Uwv, we have hv0ii € C,ypv
by induction hypothesis (1). Therefore, by Definition 2, hw0 € Vyv.

e (lam) Wlog. we can assume that x ¢ dom(0) U FV(0). We have (AxYw)0 =
xY(wh) € Uv = Vv because, for all u € Uv, (wO){(x,u)} € Vv (cf.
remarks after Definition 1) since (w0){(x,u)} = w0’ where 0’ = 0 U {(x,u)}
and wf’ € Vv by induction hypothesis (2).

e (sub) We prove that Uv < Vv whenever U < V by induction on < (3):

— (size) If b = oo, then B,v = B by definition. Otherwise, av < bv and
B,y = 8 = 9B = By since B is monotone.

— (prod) Let t € Uv — Vv and ' € U'v. By induction hypothesis (3),
U'v = Uv. Hence, u € Uv and tu € Vv. By induction hypothesis (3),
Vv € Vv'. Thus, tu' € V'v.

— (refl) Immediate.

— (trans) By induction hypothesis (3) and transitivity of <.

https://doi.org/10.1017/50956796818000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796818000072

Size-based termination 33

ii. Computability of the matching substitution: For all (x,U) € T', x0 € Uv. By
assumption, there is k such that x occurs in I, and [0 € Tyu. After the
accessibility condition, there are two cases:

e x =1l and U = Tyop. If k > g, then Ty = T and Tyu = Uv. Therefore,
x0 € Uv since [0 € Typ. If k < g, then T, = B, for some sort B. By
minimality, ax@v = 0ge(l0). Therefore, x0 € Uv since U = By, ¢.

e T, is a sort and (x,|U|,B*) <, (I, Ty, T). By Lemma 13, x0 € |U] since,
by assumption, [0 € Ti. By assumption, U = Annot(|U|,B*,«*) and
Pos(B*, |U|) < Pos™(|U|). By minimality, 0rg+-ge7u)(x0) < o*v. Therefore,
x0 € Uv.

iii. We can now end the proof that u € B,u. Since I’ I—fw r: Ve with V =
T\T\H = ...= T, = B,, and x0 € Uv whenever (x,U) € I" by (ii), we have
r0 € Vv by (i). Hence, u = r0u € B,pv. We now prove that B,ov < B,p.
If ¢ = oo, then B, v = B,u. Otherwise, we have gpo # oo since ¢ : {3} — A.
Moreover, we have seen in (ii) that, for all k < g, Ty, = B,, for some sort
B and ox@v = ogs(l;0). Since [0 € Tip, axpv < oxpu. Now, by monotony,
Pos(oy, o) < Pos™ (). Therefore, by Proposition 1, B,@v < B, pu.

Computability of well-typed terms. Now, it is easy to prove that every well-typed
term is computable by proceeding as for the correctness of the computability closure:
if ¢ : T and x0 € U whenever (x,U) € T, then t0 € T. We just detail the case of a
function symbol f with ®(f)=T; = ...= T, =Band O(f) = T} = ... = T, = B,.
After Definition 2, f € O(f) iff, for all f € T such that l{f =, fi € B. By
assumption, for all i € {1,...,q}, T; is a sort B;. Let u be the valuation mapping,
for every i € {1,...,q}, o to the smallest ordinal h; < b such that 9;_" = B;. Then,
t; € Biu and, by computability of function symbols, f7 € B,u < B. Finally, we
conclude by noting that the identity substitution is computable (cf. remark after
Definition 1). ]

It is worth remarking that this criterion is modular since the above conditions
are for each rule. Hence, if both #; and %, satisfy the criterion with the same
parameters, then #; U %, satisfies the criterion too.

We now discuss each condition in turn.

Accessibility. The accessibility is easy to check. As explained in Section 2.5, not
every subterm of a computable term is computable. The definition of computability
ensures that all accessible subterms so are (Lemma 13). The accessibility condition
ensures that each free variable x of the right-hand side is accessible in some ;.
Hence, every instance of x is computable if the arguments of f so are. Now, when x
is accessible in a termination argument (k¥ < q'), there must be a sort BX with respect
to which the size of the instances of x are measured. Since x can be instantiated by
terms of any size, the type of x should be of the form Annot(|U|, B*,«¥), that is,
every occurrence of B¥ should be annotated by some size variable «*, and no other
sort should be annotated.

Subject-reduction and decreasingness. This condition enforces two properties at
once. First, the right-hand side has the same type as the left-hand side. This subject-
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reduction property is required since the interpretation of a type has to be stable by
reduction. So, there should be no rule fi — r such that the size of r is strictly bigger
than the size of fI. Second, by (app-decr), in every function call hf, the symbolic
upper bounds y of the actual sizes of the termination arguments of h are strictly
smaller than those of i given by .

In (app-decr), y is any size substitution of the size variables of V. This rule works
like the rule for type instantiation in Hindley—Milner type system (Hindley, 1969;
Milner, 1978) except that, here, v is not a type substitution but a size substitution.
Hence, if s is declared of type N, = Ng,, then, by (app-decr), I—‘:/, s : N, = Ng,
for any size expression a. This means that, in annotated types, size variables are
implicitly universally quantified.

The rule (app-decr) is a compact formulation that subsumes in a single rule the
usual rules of simply typed A-calculus for variables (I l—‘:p x:Tif (x,T) € I,
constructors and function symbols (I" l—‘;, c: Ty if (c,T) € ©® and vy is any size
substitution), and application (I'F}, tu : V if TH t : U = V and T |, u : U), with
the following restrictions on application and function symbols. First, the head of
an application cannot be an abstraction: }—fq, only accepts terms in f-normal form
since rule right-hand sides usually so are. Second, if an application is headed by a
function symbol g, then g <p f (note that h < f whenever h € ¥V U C), or we have
g ~f f, g applied to at least q9 arguments, and the sizes of the arguments of g,
represented by y, are smaller than ¢ in <,.

Hence, in (app-decr), h is either a variable of T, in which case VV = V is the type
of h declared in I', or a constructor or function symbol, in which case V= Vis
the annotated type of h declared in @. In addition, if & is a variable, a constructor
symbol or a function symbol strictly smaller than f, then h can be applied to any
number of arguments compatible with its type. On the other hand, if & is a function
symbol equivalent to f, then it must be applied to at least " arguments, and the
abstract sizes of these arguments, given by the size substitution y, must be strictly
smaller than ¢ in <.

In the examples below, we will however use (var), (cons) and (prec) to denote the
rule (app-decr) when h is variable, a constructor or a function symbol smaller than
f, respectively.

Note that the typability of r may require two variables x and y to have the
same size over-approximation, that is, to have «® = o”. This will always be the
case in the successor algebra when x and y are two recursive arguments of a
constructor because, in this algebra, the types of constructor arguments are annotated
by the same variable. For instance, if x and y are the first two arguments of
node : T, = T, = B = Tg,, we must have o* = o.

Note also that the termination conditions do not require [ itself to be typable
in l—ﬁp. Hence, for instance, assuming that B has two constructors ¢ : B, = By,
and b : B, = B, = Bg,, we can handle the rule f(bx;(cx;)) — fx by taking
[ =[xz : By»] and of¢ = sa®. On the other hand, we cannot handle the rule
f(bx;(cxy)) — f(bx;xy). Indeed, in this case, we can have ogs(bx10x,0) =
og8(bx10(cx30)) if o(x20) < o(x10): the height is not a decreasing measure in
this case.
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The relation I—ip is similar to the notion of computability closure introduced in
Blanqui et al. (2002) and Blanqui (2016) except that, when comparing function
arguments, it uses the sizes given by the type system instead of the structure of
terms. As already mentioned in the introduction, using the size information instead
of the structure of terms relates our termination technique to well-founded monotone
algebras (Manna & Ness, 1970; Van de Pol, 1996; Hamana, 2006), ssmantic labeling
(Zantema, 1995; Hamana, 2007) or the notion of size-change principle (Lee et al.,
2001; Hyvernat, 2014). Now, as remarked in (Blanqui, 2006a) and (Kusakari &
Sakai, 2007), the notion of computability closure itself has strong connections with
the notion of dependency pair (Arts & Giesl, 2000). It is also a tool for defining
and strengthening the higher order RPO (Blanqui, 2006b; Jouannaud & Rubio,
2007; Blanqui et al., 2015). Finally, some relations between these notions have been
formally established: size-change principle and dependency pairs (Thiemann & Giesl,
2005), semantic labeling and RPO (Kamin & Lévy, 1980), dependency pairs and
RPO (Dershowitz, 2013), and size-based termination and semantic labeling (Blanqui
& Rouzx, 2009).

The decidability of l—fp will be studied in Section 7 and following.

Monotony. The monotony condition is easy to check. It requires the size of terms
generated by f to be monotone wrt the sizes of its termination arguments. It can
always be satisfied by taking ¢' = oo. It is also satisfied if A is monotone. This
condition also appears in Abel (2004) and Barthe et al. (2004). It is necessary
because, in the rule (app-decr), p is not necessarily minimal: it may be set to a
strict upper bound by using the rule (sub) beforehand. This could lead to invalid
deductions wrt sizes. Take, for instance, the subtraction on natural numbers defined
by the rules of Figure 1 and assume that sub : N, = Ng = N,_g in the size algebra
with <, = < and 0, s and — interpreted by 0, successor and minus, respectively.
Then, given f : N, = N with sub < f, the rule f (s x) — f (sub (s x) x) satisfies the
other conditions. Indeed, take I' = [x : Ny] and ¢ = {(«,sx)}. By (var), l—fq, x : Ny.
By (coms), H, s x : Ngy. By (sub), F, x : Ngx. By (prec), I' Fl, sub (s x) x :
Nsx—sx. By (sub), T’ l—fq, sub (s x) x : Ny (while ogn(sub (s x) x) > 0!). Therefore,
r l—f[p f (sub (s x) x) : N since 0 <, sXx, but the system does not terminate since
f(sx)—>f(sub(sx)x)—>f(sx).

Minimality. Since ¢ provides symbolic upper bounds only, this does not suffice
for getting termination. We also need ¢ to be minimal. Indeed, consider the rule
fx—ofxwithf :N,=Nand I =[x :Nx].Bytakingocgo=sx,onehasl"l—ﬁpfx \
since I'H{, x : Ny and x <, s x.

In Theorem 1, minimality is expressed in the most general way by using
the interpretation of annotated types in computability predicates. With some
acquaintance, it is not too difficult to check this condition by hand on simple
systems as shown in Example 3. In fact, we think that it is always possible to find a
minimal ¢ when the type of every constructor ¢ is annotated in the max-successor
algebra (extension of the successor algebra with a max operator) in the canonical
way, that is, by taking ¢ € V if p® = 0 and ¢° = s(maxof...op) with distinct
variables for of,...,ap otherwise. However, in this paper, we want to focus on the
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successor algebra and, in this case, minimality may not be satisfiable whatever ¢ is.
This is due to the fact that, in the successor algebra, one often needs to approximate
the sizes of two distinct term variables by the same size variable. Indeed, in the
successor algebra, there is no function symbol of arity > 2. Hence, the annotated
type of a binary constructor can only be of the form B, = B, = B, with the same
size variable « for both arguments.

In the following section, we study in more details the size of constructor terms
when the size is defined as the height like it is the case with the canonical
annotations of constructor types in the successor and max-successor algebras.
Then, we give a syntactic condition for minimality to be satisfied in the successor
algebra.

5 Minimality property when the size is defined as the height

In this section, we provide sufficient conditions for the minimality condition of
Theorem 1 to be satisfied when the notion of size is the height and the size of
constants is 0, that is, when, for every constructor ¢, we have

2(ag,...,aqe) =sup{a; + 1,...,ap + 1}.

After Definition 16, this can be achieved in the successor algebra by taking the
canonical annotation for constructor types (cf. Example 2).

To check the minimality condition, we need to know how the size of a term of
the form t0 depends on the sizes of the subterms x where x is a variable of t. To
this end, we introduce a number of definitions to express what are the subterms that
contribute to the size of a term and how they contribute to it:

Definition 18 (Recursive subterms) Let ID be the set of triples (u, U,k) made of a
term u, a type U and a number k € IN. Given a sort B and (u, U, k) € D, let

(i, Uk +1) i € {1,....p°}}
SubIB(”, U,k) = if there is (c,#, U) € C® such that u =ciiand U =B
0 otherwise

Then, let —pg be the relation on finite sets of triples such that S —g S’ if there

is d € S such that Subb(d) # @ and S' = (S — {d}) U Subk(d) (we replace d by
Subé(d)). We say that a set S < ID is a set of B-recursive subterms of a term ¢ if
{(t,B,0)} —g S.

For instance, if a : B, ¢ : B = B, p° =1,b : B = B = B, p® = 2 and
t = b(c(ca))x, then {(¢,B,0)} —p {(c(ca),B,1),(x,B,1)} —s {(ca,B,2),(x,B,1)] —s
{(a’ B» 3)’ (xs B» 1)}

Lemma 14 If S is a set of B-recursive subterms of ¢t € B, then

0g8(t) = sup{op.oeju(u) +k | (u, U, k) € S}.
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Proof

Let M(S) = {og.9sju(u) + k | (u,U,k) € S}. The lemma trivially holds for
S = {(t,B,0)}. Hence, if suffices to check that, if it holds for S and S —g S/,
then it holds for S’ too. So, assume that there is (ci,B,k) € S such that
Subj(c i B,k) # 0. Then, M(S') = (M(S) — {ofg.srsj:(u) +k}) U {ojg.sreyos ) +k + 1 |
i € I} where I = {1,...,p°}. But, by Corollary 2, og.sejg(cti) = ogs(cit) =
Z0(0gei(Ur), ..., 00 (Upe)) = sup{ogei(u;) + 1] i €I} =supl{og.geyy, () +1|iel}.
Therefore, sup M(S) = sup M(S’). O

Lemma 15 If S is a set of B-recursive subterms of ¢ and 6 is a substitution, then
S0 = {(u0,U,k) | (u,U,k) € S} is a set of B-recursive subterms of 0.

Proof
The lemma holds for S = {(t,B,0)}. Hence, if suffices to check that, if it holds for S
and § —g S, then it holds for S’ too. But Subk(u0, U, k) = Subk(u, U, k)0. O

Note that —pg terminates (it acts on finite sets and replaces a term by smaller
subterms) and is confluent (it is orthogonal). Hence, every finite set has a —g-normal
form.

Definition 19 (Simple terms) Given a sort B and a term ¢, let Subg(t) be the —g-
normal form of {(z,B,0)}. A term ¢ of sort B is simple if, for all (u, U,k) € Subg(?),
either u € V¥ or there is (c, , f]) € €® such that u = cii, U = B and p°® = 0 (c has
no recursive argument).

Lemma 16 If ¢ is a simple term of sort B and t0 € B, then
0g8(10) = sup({ds(t)} U {og.seyy(x0) + dg(t) | (x, V) € Varg(1)})
where

o Varg(t) = {(x,U) | 3k, (x, U,k) € Subg(t)},
o di(t) = sup{k | U, (x,U,k) € Subg(t)},
o dg(t) = sup{k | Ju,3U, (u, U,k) € Subg(t)}.

Proof

By Lemma 15, Subg(t)f is a set of B-recursive subterms of t6. Hence, by Lemma
14, 045(t0) = sup{op.geju(u) + k | (u,U,k) € Subg(t)0} = sup{op.ysju(ul) + k |
(u,U,k) € Subg(t)}. Let (x,V) € Varg(z). Since t is well-typed, for all (x,V’) €
Varg(t), we have V' = V. Hence, sup{og.qejy(u0) + k | (u,U,k) € Subg(t),u =
X} = ooy (x0) + dg(¢). Let now (u, U, k) € Subg(t) with u ¢ V. Since ¢ is simple,
there is (c, 1, f]) € €® such that u = cii, U = B and p® = 0. By Corollary 2,
o.yeu(ciif) = ogs(ciild) = Z(0gei(u10),...,0g0e (uy0)) = sup{oge(u0) +1 | i€
{1,...,p%}} = 0. Therefore, sup{o[g.oejy(ud) + k | (u, U,k) € Subg(t),u ¢ V} = dg(t)
and 0ys(t0) = sup({dg(t)} U {0g.oe1y (x0) + d§(1) | (x, V) € Varg(t)}. O

To carry on with the previous example, t = b(c(ca))x is simple and
we have ogs(t0) = sup{ogs(c(ca)) + 1,048(x0) + 1} = sup{3,04e(x0) + 1} =
sup{ds(?), 0.8 (x0) + dg(1)}.
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Assume now that we are under the conditions of Theorem 1 for some rule
fl - r € #, typing environment I' = [x; : Uy,...,x, : U,] and substitution
¢ : {a&} — A. In particular,

of) = Biy = ... = Bq“q = Tqt1=...= Ty =B,
with & distinct variables, ¢ € & and Var(o) < {a}.
Assume, moreover that, for all j € {1,...,q}, [; is a simple term of sort B; and

there are n; € N and y; € V such that a;p = s"y;.
Then, after Lemma 16, the minimality property is equivalent to the following

purely numerical problem on ordinals: for all ay,...,a, (for the sizes of x10,...,x,0,
respectively), there are by,...,b, (for o™v,...,a*v, respectively) and cy,...,¢q (for
P1V,...,7qV, respectively), such that

L. (Vj)(Vk) bj = by if o™ = o™,

2. (Vi) (Vk) ¢j = ¢ if pj = Pk,

3. (V))(¥K) by = o if o = 3,

4 (V_]) Clj < b}»

5. (Vj) ¢j +nj=sup({ds,(/;)} U {an + d’E‘;]",(lj) | X € dom(Subg, (1))}

The first three constraints are coherence conditions for v to be well-defined. The
last two correspond to the first and second conditions of the minimality property,
respectively.

One of the problems for these inequations to be satisfied is when two arguments
of f, say Iy and [,, share some variable but have distinct sets of variables, or
when shared variables occur at different depths. Take, for instance, /; = x; and
I, = b(cx1)(cx;z) with constructors annotated in the canonical way in the successor
algebra, that is, ¢ : B, = Bg, and b : B, = B, = Bg,. Then, for having b x; x, in
the right-hand side, we need to take o™ = o* = y; = y,. In this case, the minimality
condition says that, for all ay, a;, there is b such that a; < b, ay < b, a; = b+ m
and sup{a; +2,a; + 2} = b + ny, which is not possible. Take now l; = b (cx1) (cx2)
and I, = b(c(cxy))(cxz). Again, for having b x; x, in the right-hand side, we need
to take o = o = y; = y,. In this case, the minimality condition says that, for
all aj,ay, there is b such that a; < b, a, < b, sup{a; + 2,a, + 2} = b+ n; and
sup{a; + 3,a, + 2} = b + ny, which is not possible either.

We now give sufficient conditions for the above set of inequations to be satisfied:

Lemma 17 Under the conditions of Theorem 1, assume that constructor types are
annotated in the canonical way in the successor algebra (cf. Example 2). Then, the
minimality property is satisfied if, for all j € {1,...,q}:

lj is a simple term of sort B;;

there are n; € IN and y; € V such that ajp = s"y;;

n; < inf(range(D;));

for all k € {1,...,q}, if y; = y, then n; = m, dg,(l;) = dg, (Ix) and D; = Dy;
for all x € dom(I'), if y; = o* then x € dom(D;);

where D; = {(x, dgj(lj)) | x € dom(Subg;(l;))}, Subg(!) is introduced in Definition 19,
dg and dj are defined in Lemma 16.

o0 O
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Proof

Let ¢; = sup({dg,(li)} U {a, +d | (x,,d) € D;}) — n;. It is well-defined since n; <
inf(range(D;)) < dg,(;). Now, let b; = ¢, if o™ = y,, for some m, and b; = sup{a, |
ar = o*i} otherwise. It is well-defined since, if y; = 7k, then ¢; = ¢, because n; = ny,
dg;(l;) = dg,(lk) and D; = Dy. We now prove that the five numerical constraints
equivalent to minimality are satisfied:

1. Assume that o = o™, If o =y, then b; = ¢, = by.
Otherwise, b; = sup{a,, | o™ = o} = by.

. Assume that y; = y. Then, ¢; = .

Assume that o’ = y;. Then, b; = .

. For all j, a; < b;. Indeed, if «¥ = y,, then b; = ¢,, > a; since x; € dom(D,,).
Otherwise, b; = sup{a, | o™ = ¥} > aj;.

5. For all j, ¢; +n; = sup({ds,(/;)} U {an + dg’}’(lj) | x» € dom(Subg,(l;))}) by

definition of c;.

A wo

O

For instance, with the last rule of Figure 1, div (s x) (s y) — s (div (sub x y) (s y)),
if we take div : N, = N=N,, ' =[x : N,y : Ny], «* = x, ¥ = y and ¢ = {(o, s x)},
we have n; = 1,71 = x = «* and Dy = {(x, 1)}. So, the conditions above are satisfied.

On the contrary, if [j = cx;, L = b(cxy)(cxy), o™ = o2 =9y =y, iy = 1
and n, = 2, then (d) is not satisfied because y; = 7, but Dy = {(xy,1)} and
Dy = {(x1,2),(x2,2)}.

6 Examples

In this section, we show various examples whose termination can be established by
using Theorem 1. In proofs of I—L, judgments, (var), (cons) and (prec) will refer to the
specialization of (app-decr) to variables, constructors and function symbols smaller
than f, respectively.

We will use the following sorts and constructors with N <g L and N <g O:

e B: the sort of booleans with the constructors true : B and false : B.
e N: the sort of natural numbers with the constructors 0 : N and s : N = N.
e O: the sort of Howard’s constructive ordinals with the constructors
zero : O, succ : O = O and lim : (N= 0O) = O.
e L: the sort of lists with the constructors nil : L and cons : L = N = L.

Unless stated otherwise, we always use the successor algebra (Definition 12) and,
for constructor types, the canonical annotations (Example 2).

Example 3 (Division) Consider the function symbols sub (substraction) and div
(division) both of type N = N = N defined by the rules of Figure 1.

8 We permuted the usual order of the arguments of cons so that its type conforms to Definition 4.
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We take sub < div. For annotated types we take, for each f € {sub,div},
O(f)=N,=N=N,, ¢/ =1, B =N, ocl = o, which expresses the fact that these
functions are not size-increasing. And for {5° and {9V, we take the identity.

We now detail the conditions of Theorem 1 for each rule in turn (monotony is
trivial).

l.sub x 0 > x. Take T’ = [x : Ny, k¥ =1, B* =N, o = x and ¢ = {(¢,x)}.
Then, N, = Annot(N, B*, o), and:

e Accessibility. x is accessible since x = [yx and N, = N,¢.

e Minimality. One could use Lemma 17. We give a direct proof instead. Let
0 be such that xf € N. We have to prove that there exists v such that
ogn(x0) < o®v and apv = og4n(x6). It suffices to take v(x) = ogn(x6).

e Subject-reduction. By (var), I—fo”b x : Ny = N,o.

2. sub 0y — 0. Take I' = ¢ = (. Then,

e Minimality. Let 0 be such that y0 € N. We have to prove that there exists v
such that agv = 04n(0). It suffices to take v(x) = 04n(0).
e Subject-reduction. By (cons), l—S”b 0 : N, = Nyo.

3.sub (s x) (s y) = sub x y. Take I' = [x : Ny,y : NJ], k¥* =1, B¥ = N,
o =x, kM =2,B" =N, o =y, ¢ = {(&,sx)}. Then, Ny = Annot(N, B*, "),
N, = Annot(N,B’,«") and:

e Accessibility. x is accessible since (x,N,N) <, (lxx, N,N). y is accessible since
(ya N, N) < (lk,\', N, N)-

e Minimality. Let 0 be such that sxf € N and s y0 € N. We have to prove that
there exists v such that 0gn(x0) < o®v, 0gn(y0) < v and apv = ogn(s x0) =
ogn(x0) + 1. It suffices to take v(x) = ogn(x0) and v(y) = ogn(y0).

e Subject-reduction. Let F = l—f'/,“b. By (var), - x : Ny and - y : N,. By (app-
decr), F subxy : N, since x <, sx. Therefore, by (sub), F subxy : Ngx =
Ny .

4. div 0 (s y) — 0. Like for rule (2).
5. div (s x) (s y) = s (div (sub x y) (s y)). Take I' = [x : N,y : N,J, k¥ =1
=N, o =x,k" =2 B"=N, ¢ =y and ¢ = {(2,sx)}. Then, N,
Annot(N, B¥, a¥), N, = Annot(N, B”,«’) and:

e Accessibility and minimality like for rule (3).

e Subject-reduction. Let - = F3Y. By (var), T = x : Ny and T -y : N,.
By (prec), I' = sub x y : N,. By (cons), I' = s y : Ng,. By (app-decr),
I' F div (sub x y) (s y) : Ny since x <, sx. Finally, by (cons), I"
s (div (sub x ¥) (s »)) : Ngx = Nyo. |

Example 4 (Map and filter) Consider the function symbols map : L = (N = N) =
L if : L =L = B =L and filter : L = (N = B) = L defined by the rules:

9 We permuted the usual order of the arguments of map so that its type conforms to Definition 17.
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map nil f — nil
map (cons [ x) f — cons (map! f) (f x)
if x ytrue — x
if x yfalse — y
filter nil f — nil
filter (cons [ x) f — if (cons (filter | f) x) (filter [ f) (f x)

For annotated types, we could take in the successor algebra, map : L, = (N =
N) = L, q = 1, BTap = L, a;ﬂap =0 if 1L, =L, =B =1, g =2,
Bf =Bl =L, «f =0of =0, filter : L, = (N = B) = L, and q"® = 1, expressing the
fact that these functions are not size-increasing.

Unfortunately, the annotated type of if does not satisfy the conditions of Definition
17 because of = off (the variables o' should be distinct). There are however two
solutions to get around this problem:

1. Annotate if in the max-successor algebra by taking if : L, = Lg = B = Lpaxys.

2. Introduce a new type C >g L with constructor cond : L, =L, =B =C,, a
new function symbol newif : C, = L, with q"®" = 1, and define newif and
filter by the following rules instead:

newif (cond x y true) — x
newif (cond x y false) — y
filter nil f — nil
filter (cons I x) f — newif (cond (cons (filter | f) x) (filter I f) (f x))

One can easily check the conditions on annotated types and the monotony
condition.

For the other conditions, we only detail the case of the last rule of filter by taking
IC=[f:N=B,x:N]I:L] ¢ = {(es])}, k/ =2, any sort distinct from N and
B for B/ (we do not care about the size of f), o/ = f, k¥ = 1, any sort distinct
from N for B¥ (we do not care about the size of x), o = x, k' =1, B =L, o/ =1,
newif < filter, cond <p filter and the identity for {fi"er,

One can easily check the accessibility and minimality conditions.

We now check subject-reduction. Let - = I—g"e'. By (var), TFx:Nand ' 1 :L;.
By (var), I'  f x : B. By (app-decr), I" F filter | f : L; since | <, sl. By (cons),
I' - cons (filter I f) x : Lg;. By (sub), I' - filter | f : Lg; since | <° sl. By
(cons), I' + cond (cons (filter | f) x) (filter | f) (f x) : Lg;. Therefore, by (prec),
I' - newif (cond (cons (filter I f) x) (filter I f) (f x)) : Ls; = Lyo. |

Example 5 (Godel’ system T and Howard’ system V) Consider the recursor on
natural numbers rec} : N =T = (N= T = T) = T from Godel’ system T
(Godel, 1958), and the recursor on ordinals rec% : 0 =T = (0= T = T) =
(N=0)=(N=T)=T)= T from Howard’ system V (Howard, 1972) defined
by the following rules:
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rec} Ouv — u
rec} (sx)uv — vx(rec) xuv)

rec0uvw — u
rec (succ x)uvw — vx(rec? xuvw)
rec (limfluow — wf (AnNrecQ (f n) uv w)

For the annotated types of function symbols, take rec) :N, = T = (N= T =
T)=Tandrec? :0,=T=0=T=T)=(N=0)=N=T)=T)=T.

We now detail the subject-reduction condition for the last rule of f = rec$ with
F'=[f :N=0Ogu:Tw :0=T=T,w:(N=0)=(N=T)=T]
@ = {(x,sf)} and the identity for {". Let - =+ and A = [n : N]I. By (var),
'Ff :N=Ogand AFrf :N=0Og, Aru:T,AFv:0=T =T,
I'kw:N=0)=N=T)=Tand AFw:(N=0)= (N= T)= T. By (var),
A+ f n:Og By (app-decr), A rec$ (f n) u v w: T since B <, sf. By (lam),
Tk inNrec? (f nyuvw :N= T.By(sub),Ff:N = 0Osince N==0s <N=O.
Finally, by (var), T Fw f (AnN.orec® (f n)uo w) : T. [ |

Example 6 (Quicksort) Let P be the sort of pairs of lists with the constructor pair :
L = L = P, and C be the sort with the constructor cond : P = P = B = C. Then,
let the functions fst,snd : P = L,le : N=N =B, if : C= P, pivot : L = N = P,
gs :L=-L =L and gsort : L = L be defined by the rules:

: le0y — true

m

fst (pair il m) —
) - le(sx)0 — false
) —
) —

snd (pair [ m
if (cond true p ¢

' |
if (cond false p ¢ e(sx)(sy) — lexy

pivot nil y — pair nil nil
pivot (cons [ x) y if (cond (pair (cons p; x) p2) (pair p; (cons p; x)) (le x y))
where p; = fst p,p, = snd p,p = pivot [ y
gsnilm — m
gs (cons [ x) m gs p; (cons (gs p; m) x)
where p; = fst p,p, = snd p,p = pivot | x
gsort! — qgs ! nil

!

!

For the annotated types of constructors, we take the canonical annotations except
for pair : L, = L, = P, and cond : P, = P, = B = C,. Hence, a term of type P,
is a pair of lists of length smaller than or equal to o.

Now, for function symbols, we take fst,snd : P, = L,, if : C, = P,, pivot : L, =
N = P,, which expresses the fact that these functions are not size-increasing, and
le:N,=N=B,9gs:L,=L=1Land gsort : L, = L.

We now detail the subject-reduction condition for the case of the last rule of
gs by taking I' = [x : N,I : L,m : L], ¢ = {(o,s1)}, fst,snd, pivot <p gs and the
identity for {%. Let - = 2. By (var), T x :N,'F1: L, and I' = m : L. By (prec),
I'tp:P,TFp:Land I'F py : L. Since [ <, sl, by (app-decr), '-qs p, m : L.
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By (cons), I' - cons (gs p, m) x : L. Finally, since | <, s/, by (app-decr) again,
'+ gs p; (cons (gs p» m) x) : L.

We proved the termination of this system. However, we cannot express that gsort
is not size-increasing, that is, take gsort : L, = L,. To do so, we need a more precise
type system with existential quantifiers and constraints on size variables where pivot
can be given the type:

(Va)Ly = N = (3B)(3y)(« = B + y)Lg x L, (Blanqui & Riba, 2006). |

We now give an example using interpretation functions (% different from the
identity:

Example 7 (Reverse) List reversal can be defined as follows (Huet & Hullot, 1982):

last nil x — x
last (cons [ y) x — lastly
revremlast nil x — nil
revremlast (cons [ y) x — rev (cons (rev (revremlast [ y)) x)
rev nil — nil
rev (cons [ x) — cons (revremlast [ x) (last [ x)

where rev : L = L, revremlast : L = N =L and last : L = N = N.

Since we have a first-order data type, we can assume that h = w. Let A be the
size algebra with the constant 1 interpreted by 1 and the binary function symbol +
interpreted by the addition. Let <, and < be <y and <y, respectively (cf. remark
after Definition 11).

Consider the fourth rule. Take cons : L, = N = L,,, rev : L, = L,, revremlast :
L, =N=1L, I =[x :Ny:N,l :L] and ¢ = {(«,[ + 1)}. One can easily
check monotony, accessibility and minimality. We now check subject-reduction. Let
F= l—[pevrem'as‘. For comparing termination arguments, take rev ~p revremlast,
{"®(a) = 2a (formally a+a) and {™®"®M8Y(q) = 2g+1. By (var), T Fx :N, T Fy :N
and ' 1 : L;. By (app-decr), I - revremlast [ y : N; since {revremiast(]y = 2] 41 <,
grevremiast(] 4 1) = 2(I+ 1)+ 1 = 21 + 3. By (app-decr), I' - rev (revremlast [ y) : N,
since {"®Y(l) = 2] < 2I43. By (cons), I' - cons (rev (revremlast [ y)) x : L;y;. Finally,
by (app-decr), we get I' - r : L;y1, where r = rev (cons (rev (revremlast [ y)) x),
since {"™V(I+1)=214+2<2]+43. |

We end this series of examples with one using non-standard constructor size
annotations:

Example 8 (Normalization of conditionals) Let C be the sort of conditional
expressions with the constructors at : C and if : C3 = C. Following Boyer &
Moore (1979), one can define a normalization function nm : C = C as follows:

nmat — at
nm (if aty z) — if at (nm y) (nm z)
nm (if (ifuvw)yz) — nm(if u(nm (if v y 2)) (nm (if w y z)))
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In Paulson (1986) is given a measure on terms due to Shostak that is decreasing
in recursive calls. Hence, we can prove the termination of nm by using the following
annotated types: at : C,, if : C, = Cp = C, = C(yt1)(p+4+3) and nm : C, = C,. One
can easily check the monotony condition.

Now, for the third rule, let I' = [u : Cy,v : Cp,w : Cy,y : Cy,z 1 C.], @ = {(2,a)}
where a = ((u+1)(v+w+3)+1)(y+z+3)) = wy+uvz+uwy+uwz+3uv+3uw+3uy+
3uz+vy+wy+tvz+wz+9u+3v+3w+4y+4z+12, ("™ be the identity, and F = Fg™.
One can easily check monotony, accessibility and minimality. We now check subject-
reduction. By (cons), I' - ifvyz : Cuiiyp4z+3) and I' F ifwyz @ Cuptryy4z+3). By
(app-decr), I' F nm (if v y z) : Crq1y(y42+3) since (v+1)(y+z+3) = vy+vz+y+z+3 <y
a,and I' = nm (if wy z) : Cpuq1)(y4243) since (WH1)(y+z+3) = wy+wz+y+z+3 <, a.
Finally, by (app-decr), I' F nm(ifu(nm(ifvyz))(nm(ifwyz))) : C, where b =
w+ D+ +z+3)+Ww+1)(y+z+3)+3) since b = uvy + uvz + uwy +
uwz + 2uy + 2uz + vy + vz + wy +wz +9u + 2y + 2z + 9 <, a. So, by (sub),
I'Enm(ifu(nm(ifvyz))(nm(ifwy))) : C,. |

7 Decidability of H,

In this section, we provide an algorithm for deciding the relation I—‘:P used in Theorem
1 and defined in Figures 3 and 4, under general conditions on the size algebra A. We
will prove in Section 9 that these conditions are satisfied by the successor algebra.

The differences between Hp and the usual typing relation for simply typed A-
calculus are the following. First, the set of typable symbols is restricted to those
smaller than or equivalent to f. Second, the application of ¢ to u is restricted to the
terms t whose head is not an abstraction. Moreover, when the head of ¢ is a symbol
equivalent to f, the number of arguments must be bigger than qf and the size of the
arguments must be decreasing.

If we remove the decreasingness condition, we get the relation F' defined by the
same rules as those of I—L) except (app-decr) replaced by

(hV=V)eTU® h<gfV(h~pfA|V|=>q"

(app) p:{E" > (VL H w1,

T hw:Vy

that is (app-decr) without the decreasingness condition (h,yp) <, (f,¢). Hence,
deciding I’ l—‘:p t : T can be reduced to finding a derivation of I' F ¢t : T where, at
each (app) node, the decreasingness condition is satisfied.

In Section 7.1, we provide an algorithm for deciding . Then, in Section 7.2, we
show how to use this algorithm to decide l—ﬁp.

7.1 Decidability of

First note that, in a given typing environment I, a typable term ¢t may have several
and even infinitely many types for two reasons. First, in (app), the size variables
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of function types can be instantiated arbitrarily. Second, subtyping is generally not
bounded. For instance, in the successor algebra, N, < Ng, < ...

The relation F' differs from Curry and Feys’ typing relation with functional
characters or type schemes (a type with type variables) (Curry & Feys, 1958) in
two points. First, our type schemes are not built from type variables but from size
variables. Second, we have a subtyping relation. We will however see that some
techniques developed for Curry and Feys’ type system or, more generally, Milner’s
type system (Milner, 1978) and its extensions, can be adapted to our framework.

The decidability of type-checking in Curry and Feys’ system has been proved
by Hindley (1969). Hindley’s algorithm is based on the fact the set of types of a
typable term has a smallest element wrt some ordering C. Hence, to decide whether
'+t : T, the algorithm proceeds in two steps. First, it computes the smallest type
of t, say U, and then checks whether U C T.

In Curry and Feys’ system, C is the instantiation ordering: a type-scheme U is
an instance of a type-scheme T, or T is more general than U, written T C U, if
TO = U for some substitution 6. Huet (1976) proved that every non-empty set of
terms has a greatest lower bound wrt C. So, in particular, {T | '+t : T} has a
greatest lower bound if ¢ is typable in T'.

For computing the most general type, Hindley uses an algorithm based on
unification (Herbrand, 1930; Robinson, 1965). Unifying two terms T and U consists
in solving the equation T = U, that is, in finding a substitution 6 such that T8 = U#.
Huet (1976) proved that solving T = U is equivalent to finding an C-upper bound
to both T and U. He also showed that every non-empty bounded set of terms has
a least upper bound wrt C. Hence, every solvable unification problem has a most
general solution.

Hindley’s work was later extended in many directions by considering richer
types, more complex constructions or by improving the algorithm computing the
most general type-scheme. One of the most advanced generalizations seems to be
Sulzmann’s HM(X) system (Sulzmann, 2001), where the type variables of a type
scheme are required to satisfy a formula of an abstract constraint system X. For his
system, Sulzmann provides a generic constrained-type inference algorithm assuming
a procedure for solving constraints in X. It would be interesting to study whether
our framework can fit in this general setting. However, in this paper, we will simply
follow Hindley’s approach.

But, since we also have subtyping, we define C as follows:

Definition 20 (More general type) We say that an annotated type T is more general
than another annotated type U, written T C U, if there is a substitution 6 such that
T0 is a subtype of U, ie. TO < U.

One can easily check that C is a quasi-ordering.

Definition 21 (Subtyping problem) A subtyping problem P is either L or a finite set
of subtyping constraints, a subtyping constraint being a pair of types (7, U) written
T <’ U. It has a solution ¢ : V — & if P # 1, dom(¢) < Var(P) and, for all
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Ix:UH vtV

(inf-lam)
rHalvtu=v

(h,V=>V)eTUB h<pfV(hogfA|V|>q")
(VZ)F }_f wi T U,'
p1.-..,P, permutations on V (n = [V| = |w|)
(Vi) Var(U;p;) N Var(V = V) =0
(Vi)(¥))i £ j = Var(Uypy) N Var(U,p;) = @

n= mgs({Ulpl S? Vl-, cee 7Unpn SK] Vn})

(inf-app)
L awtvn

Fig. 5. Type inference algorithm.

T <'Ue€P, To<Ug. Let Solg(P) be the set of all the solutions of P. A solution
¢ 18 more general than another solution 1, written ¢ C 1, if there is 0 such that
@0 <{ y, ie. there is 0 such that, for all o, apd < ap. Finally, let = be the
equivalence relation C N 1.

Again, one can easily check that the ordering C on substitutions is a quasi-
ordering.

In order to compute the most general type of a term, we make the following
assumptions:

e Every solvable subtyping problem P has a most general solution mgs(P).
e There is an algorithm for deciding whether a subtyping problem is solvable
and, if so, computing its most general solution.

We will see in Section 9 that these assumptions are satisfied when types are
annotated in the successor algebra. On the other hand, they are not generally
satisfied in an algebra with addition.

Now, following Hindley (1969), the computation of the most general type is defined
by the rules of Figure 5 where I' ' ¢t 1 U means that, in the typing environment
I', the most general type of ¢ is U. In the case of an application hw, the algorithm
proceeds as follows:

1. Check that h is declared. Let T be its declared type.

2. Check that h can take n = |Ww| arguments, ie. T is of the form V = V with
V| =n.

3. If h is a function symbol equivalent to f, check that \f/\ > qh.

4. Try to infer the types of every w;.

5. If this succeeds with U; for the type of w;, then rename the variables of every
U; using a permutation p;, so that, for all i, U;p; has no variable in common
with T and, for all i # j, Uip; and U;p; have no variable in common.

6. Finally, try to compute the most general solution 1 of the problem {U;p; <’
Vi Uppn <7 V,} and return V7 in case of success.
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Example 9 To carry on with Example 3, let »r = s (div (sub x y) (s y)) be the
right-hand side of the last rule of Figure 1. We would like to infer the type of r in
I'=1[x:N,y :N] when s : N, = Ng,, sub : N, = N = N, and div : N, = N = N,.
Let = 9" and assume wlog that x is a constant of the successor algebra.

By (inf-app), we get (1) ' H x T Ny and (2) T+ y T N. From (1) and (2),
by (inf-app), we get (3) I' F sub x y T N, since, as we shall see in Section 9.2,
mgs{N, <’ N,,N <’ N} = {(a, x)}. From (2), by (inf-app), we get (4) ' s y 1 N since
mgs{N <’ N,} = {(z,00)}. From (3) and (4), we get (5) T - div (sub x y) (s y) T Ny
since mgs{N, <’ N,,N <’ N} = {(2,x)}. From (5), by (inf-app), we get I' - r T Ng,
since mgs{N, <’ N,} = {(2,x)}. [ |

We now prove that this algorithm is correct and complete wrt ', when the size
algebra is monotone and the algorithm is applied to an environment I" having no
size variables. To extend in the next section this result to i—;, we need to make
derivations explicit:

Definition 22 (Derivation) Derivations of T H ¢ : T are defined as follows:

o If (h,V ==V)e T U®O and, for all i, 7; is a derivation of I' ' w; : Vi, written
;> T F ow; : Vi, then a(T', hw, p, ) is the derivation of T' H h : Vi whose
last rule is (app).

o Ifn>T,x : UF v : V, then I(n) is the derivation of I' F /xVv : U = V whose
last rule is (lam).

e Ifr>TH t:U and U < V, then s(z, V) is the derivation of I' F ¢ : ¥V whose
last rule is (sub).

Simarly, derivations of I' - t T T are defined as follows:

o If (h, V=>V)eTU®, p are permutations satisfying the conditions of (inf-
app) and, for all i, 7y > T ' w; 1 U, then i(I',hWw,p,7) is the derivation of
' = hvo 1 Vi whose last rule is (inf-app).

e If n>T,x : UK v 1V, then I(n) is the derivation of T ' ixYv 1 U = V
whose last rule is (inf-lam).

Given a derivation © for n > T F ¢t : T, we write x > T I—ﬁp t : T if, at every
(app) node in 7, the decreasingness condition of (app-decr) is satisfied, that is, if
f .
Ik, t:T.
Note that I' - ¢ 1 T has at most one derivation.

Lemma 18 If x> T' H ¢ : T, then, for every size substitution ¢, nep > T 't : To.

Proof

Straightforward induction using the fact that <, and thus <” and < are stable by
substitution. In the case of (app), by induction hypothesis, we have T ' w; : Vi’
with ¢’ = . Therefore, by (app), To H' hv : Vy' = (Vy)e. O

Lemma 19 (Correctness wrt. ') If 7 > ' t 1 T and Var(I') = 0, then there is |r|
such that |z| > T F ¢ : T. In particular, for (inf-app), |i(T, h ', p, 7)| = a(T, h, 5, D),
where v; = s(|mi|pin, Vin).
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Proof

By induction on I' H' ¢ 1 T. We only detail the case (inf-app). By induction
hypothesis, I' ' w; : U;. By Lemma 18, I' ' w; : U;p;n since Var(I') = (. Since
Uipin < Vin, by (sub), T H w; : Vin. Therefore, by (app), T H hw : V. O

Lemma 20 If ¢ <{ v and, for all &, Pos(x, T) < Pos™(T), then T < T.

Proof

We say that T € T,UA is § € {4+, —} if, for all o, Pos(a, T) < Pos®(T). We first prove
that (*) if a is & then ap(<Y)’ayp where, for any relation R, R* = R and R~ = R™.
We proceed by induction on a:

e a is a variable o. Then, 6 =+ and o < ay since ¢ < .
e a=fay...a, Letie {1,...,n}. If i € Mon®(£) (cf. Definition 13), then a; is d¢
and, by induction hypothesis, a;p(<y)%ap. If i ¢ Mon™(f) U Mon™ (£f) then
a; contains no variable and a;¢ = a;ip. Therefore, by monotony of f in every
i € Mon™(f), anti-monotony of f in every i € Mon™ (f) and transitivity, we get
ap(<y) ap.
We now prove that, if T is J, then T <° Ty, by induction on T.

e T =U = V. Then, U is —6 and V is 6. So, by induction hypothesis,
Up <° Uy and V¢ < Vip. Therefore, by (prod), (U — V)o <? (U = V).
T

= B,. Then, a is ¢ and, by (*), ap < ayp. Therefore, by (size), To < Ty.
O

Lemma 21 (Completeness wrt ') In monotone algebras, if z >T ' ¢t : T and
Var(I')=0, then there are U and n 1 such that t 1 >IC H t 1 U and U C T. In
particular, a(I', hw,p, )T = i(I', hw, p, = ) where p are permutations satisfying the
conditions of rule (inf-app).

Proof

We proceed by induction on I' F' ¢ : T. We only detail the case (app) when h € CUFF.
By induction hypothesis, I' ' w; 1 U; and there is ; such that U;y; < Vip. Wlog. we
can assume that dom(y;) < Var(U;). Let now py,...,p, be permutations satisfying
the conditions of (inf-app), and ¢ = {(w o) | « € Var(V = V)} U {(wap; ' 1) |
o € Var(Uip;),1 < i < n}. Then, for all i, Uip;é = Uy < Vip = ViE. Therefore,
P = {Up1 <" Vi,...,Usp, <' V,} is solvable, n = mgs(P) exists and there is y
such that ny < ¢. Hence, by (inf-app), I H* h 1 V5. By the monotony condition,
variables occur only positively in V. Therefore, by Lemma 20, Viy < VE = V.
Hence, Vi E V. O

7.2 Decidability of -,

We now prove that, when the size algebra is monotone, for checking I I—Ep t: T,
it is sufficient to check whether there are U and y such that T H t 1 U, Uy < T
and also that, if one denotes by v the (unique) derivation of T ' ¢ 1 U, then
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poly>T Hp t : Uy, that is, at every (app) node in |v|y, the decreasingness condition
is satisfied.

Lemma 22 In monotone algebras, if n>T' F ¢ : T, 7' >T H, ¢t : T¢ and & <P &,
then né>T H ¢ : TE

Proof

By induction on = > T F ¢ : T, we only detail the case (app) when h ~p f. We have
hV=V)e® m>TF w: V,wp, mé > T How; Vitpéf’ and 3"y’ <M 3. By
induction hypothesis, ;¢ > T’ I— : Viwé. Since é ¥ ¢ and the size algebra is

monotone, we have pé& < p¢&'. Slnce (<P)prodo <A = <ﬁf (cf. Definition 17), we

have 3"p¢& <M & ¢. Therefore, n& >T HL hw s Ve, O

Lemma 23 (Completeness wrt I—L,) Let A be a monotone algebra. Assume that 7 >
[ Ht: T and Var(T') = 0. By lemma 21, there are U and y such that 7 1 T H' ¢ 1 U
and Uy <T.Then, |zt |y>TH,t:Uy

Proof
We prove that if 7 > T F ¢t : T, Var(l) = 0, a1t > T+ ¢ 1 U and Uy < T, then
s(|n 1y, T)>T +, t : T, by induction on > T |, ¢ : T. We only detail the case
(app-decr) when t = hw, (b V = V)€ O, T = Vy, &”w <M & and U = Vi where
n is given by the rule (inf-app). We have n = a(I',hw,yp, %), n1 = (I, hw,p, 7 1),
|71 = a(l', hw,n,0) where v; = s(|m; Tlpin, Vin), Im Ty = a(l', hw,ny, dy) and, for all
i, > T Fowi Vg, ;1 > T F w1 U; and Uiy < Viy for some y;. By induction
hypothesis, s(|7; [y, Viy) > T F, w; : Vip. In particular, |71y > T F, w;i @ Uiy,
that is, |m;f|pié > T I—; w; @ U;p;&, where & is defined in the proof of Lemma
21. Since ny <°AC &, by Lemma 22, we get | Tpiny > T I—f Wl : Ulplz'];( Hence,
vy > F I— : Viny. Moreover, since &'y <¥ a"é = a'yp and &My <A &, we get

>h

&'y < A by assumption on <A . Therefore, s(|n 1|y, T)>TH, ¢ : T. O

The previous lemmas assume that there are no size variables in I". So, to use these
lemmas, we need to be able to replace size variables by constants (aka eigenvariables).
Under this assumption, we can conclude:

Theorem 2 (Decidability of l—’(p) Assume that A is an algebra such that

A is monotone;

A contains an infinite set of constants C such that, if a <, b (a <g‘f b resp.)
then, for all c € C and e € A, ad <, bo (ad <§’f bs resp.), where o replaces
every c by e;

e < is decidable and, for all g ~ f, <?\’f is decidable;

e the satisfiability of a subtyping problem is decidable;

e cvery satisfiable problem P has a most general solution mgs(P) that is
computable.

Given I', t and T, one can decide whether I I—fp t : T by using the algorithm of
Figure 6.
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Proof

e Correctness. Assume that the algorithm succeeds. Then, I'y l—ﬁm, t : Uy and
Uy < Ty. By (sub), Ty ¢ : Ty. Then, by applying 6 = y~', we get
CH ¢ T.

e Completeness. Assume that the algorithm fails in step 1 or 2 then, by Lemma
21, t is not typable in I'y. Therefore, it is not typable in I' either. Finally, if
the algorithm fails in step 3 then, by Lemma 23, there is no derivation of
Iy H,, t : Ty. Therefore, there is no derivation of I' |, ¢ : T either.

O

1. Check whether there is U such that Ty Ff # 1 U, where v is an injection from the set
of size variables of I', T and ¢ to the set of constants C not occurring in I', 7 and ¢.
If it fails, then 7 is not typable in I'.

2. If it succeeds, try to compute y = mgs{U <’ Ty}. If it fails, I' =  : T does not hold.

3. If it succeeds, then check whether |v|x > Ty Fioy t : Uy where v is the unique
derivation of Ty ¢ 1 U.
If it succeeds, then I }—‘;, t : T holds. Otherwise, I }—‘;, t : T does not hold.

Fig. 6. Algorithm for deciding whether T’ I—Iﬂ t:T.

That the successor algebra satisfies the first two conditions follows from Lemma
25.

Example 10 To carry on with Example 9, we now would like to check whether
[ Fr Ny where - = F9¥ and ¢ = {(2,sx)}. We have seen that I' F4" r 1 Ng.
Hence, y is the identity and we are left to check that, in every (app) node with
h ~ div, the decreasingness condition is satisfied. Here, it amounts to check that, in
the (app) node for (div (sub x y) (s y)), the size annotation for the type of sub x y,
that is x, is smaller than ag@ = s x, which is indeed the case. [ |

8 Reducing subtyping problems to size problems

For the type inference algorithm we just saw, we assumed the existence of an
algorithm to compute the most general solution of a subtyping problem. In this
section, we show how a subtyping problem can be reduced to solving constraints
in A. As subtyping is not syntax directed, we first prove that it is equivalent to
a syntax-directed relation. To this end, we prove that the rules (refl) and (trans)
are redundant, that is, they can be eliminated, following a proof technique used by
Curien & Ghelli (1992):

Theorem 3 T < U iff T <, U, where <, is defined by the rules (size) and (prod)
only.
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Proof
We first prove that (refl) can be eliminated, hence that < = < where <’ is the
relation defined by (size), (prod) and (trans) only. Indeed, using the reflexivity of
<Y, one can easily prove that T <, T, by induction on T.

We now prove that, in turn, (trans) can be eliminated, hence that < = <,. More
precisely, we prove that, if « is a derivation of 4 <’ B of height n, then 4 <, B, by
induction on n. We proceed by case on the last rule:

(size) Immediate.

(prod) Assume that U = V <’ U’ = V' ends with (prod). By induction hypothesis,
U <, Uand V <, V. Hence, by (prod), U=V <, U = V.

(trans) Assume that T <' U and U <’ V. By induction hypothesis, T <, U and
U< V. If T <, U ends with (size), then T = B,, U = B, and a < b.
Therefore, U <, V ends with (size) too, V = B, and b <{ c. Hence, by
transitivity of <, T <, V. Similarly, if U <, V ends with (size), then
T <, U ends with (size) and T <, V. So, we are left with the case where
both T <, U and U <, V ends with (prod):

11 T2 o1 (%))
A<, A B<B A"<, A B <, B’
; — (prod) ; ; - — (prod)
A=B <, A =B A =B <, A" =B
(trans)
A= B </ AN - BH
But A = B <’ A” = B” can also be proved as follows:
21 1 T2 V%))
A"<, 4 A< A4 B<,B© B <, B’
(trans) (trans)
A// </ A B </ B//
(prod)

A = B S’ A// = B//
The derivation heights of 4” <’ A and B <’ B” are strictly smaller than the

derivation height of A = B < A” == B”. Therefore, by induction hypothesis,
A" <, A and B <, B”. Hence, by (prod), A = B <, A" = B”.

O

As a consequence, we can prove that a subtyping problem can be reduced to an
equivalent size problem as follows:

Definition 23 (Size problem) A size constraint is a pair of size expressions (a,b),
written a <’ b. A size problem P is either L or a finite set of size constraints. It has
a solution ¢ : V— K if P # 1, dom(¢) < Var(P) and, for alla <’ b € P, ap < be.
A solution ¢ is finite if ¢ : V. — A. Let Solg(P) (Soly(P) resp.) be the set of the (finite
resp.) solutions of P.

We define the size problem associated to a subtyping problem as follows:

. 0] =0,
e [PUQ|=|P|UQ|if |P| # L and Q] # L,
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o [{Ba<' By}l = {a <" b},
c [(U=V < U=Vi=|{U< UV V]
e |P| = 1 otherwise.

Lemma 24 Sol(P) = Solg(|P]).

Proof
We proceed by induction on P. We only detail the case where P = {T <’ T'}:

e Let ¢ € Sol(P). Then, To <, T'p. If T = By, then T' = B, and ¢ €
Solg({a <’ b}) = Solg(|P|). Otherwise, T = U = V, T' = U’ = V' and
¢ € Sol({U’" <’ U,V <’ V'}). By induction hypothesis, ¢ € Solz(|U" <’
U)NSolg(|V <" V') = Solg(|P)).

e Let ¢ € Solg(|P|). If T = B,, then T’ = B, and ¢ € Sol(P). Otherwise,
T=U=V, T =U =V, ¢c Solg(|U <" U)nSolg(|]V <’ V'|). By
induction hypothesis, ¢ € Sol(U’ <’ U) N Sol(V <’ V') = Sol(P). -

To go further, we need to make more assumptions on the size algebra.

9 Solving size problems in the successor algebra

We have seen in the previous section that solving a subtyping problem can be
reduced to solving inequalities in A. In this section, we consider a specific size
algebra A, the successor algebra, and prove that, in this algebra, the solvability of a
size problem is decidable in polynomial time, and that solvable size problems have
a most general solution that can be computed in polynomial time too.

The relations <, and <, of the successor algebra (Definition 12) are equivalently
defined by the rules of Figure 7. We start by proving basic properties of <,, the
quasi-ordering T and its associated equivalence relation = on size substitutions
introduced in Definition 21.

a<Ab a<Ab b<AC

a<,a a<,b a<,sa a<,c

Fig. 7. Ordering in the successor algebra.

Lemma 25

e a <, b(a<,b resp.) iff there is k > 0 (k > 0 resp.) such that b = s*a.
e sa<,shiff a<,b.

Proof
e One can easily check a <, sfa by induction on k > 0. We have a <, a by
definition. Assume now that a <, s*a. Since ska <, s**'a holds by definition,
we get a <, skt!a by transitivity.
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Similarly, once can easily check a <, ska by induction on k > 1. We have
a <, sa by definition. Assume now that a <, s¥a. Since ska <, s*'a by
definition, we get a <, s*T'a by transitivity.
We now prove that, if a <, b, then there is b’ such that b = sb’ and a <, b, by
induction on the derivation height of a <, b. If b = sa, then this is immediate.
Otherwise, there is ¢ such that a <, ¢ and ¢ <, b. By induction hypothesis,
there is b’ such that b = sb’ and ¢ <, b'. Therefore, a <, b’ since <, is the
reflexive closure of <, and <, is transitive.
We finally prove that there is k = 0 whenever a <, b, by induction on b. If
a = b, this is immediate. If a <, b, then there is b’ such that b = sb’ and a <, b'.
By induction hypothesis, b’ = s¥a for some k > 0. Therefore, b = s"*'a.

e If sa <, sb, then sh = s"*!sa for some k. Therefore, b = s**'a. Conversely, if
a <, b, then b = skt for some k. Therefore, sh = sk*lsa.

O

It follows that the successor algebra is monotone and also that <, and <} are
orderings, as well as their pointwise extensions to substitutions.

Definition 24 (Successor and head parts of a substitution) To a substitution ¢ : V —
A, we associate two unique maps ¢, : V— N and ¢, : V—> VUCU {co} such that,
for all o, ap = s*? o), with aps = 0 if ap, = oo

Lemma 26 ¢ C p iff there is p : V— VU CU {c0} such that ¢p <¥ .

Proof

The “if” part is immediate. We now prove the “only if” part. Assume that there is 6
such that @0 < . Let p = Op|var(y,), Where Var(q,) = [J{Var(ae;) | o € dom(gy)}.
We now check that gpp <{ w. If agp, ¢ V, then app = apd < op. Otherwise,
app = s apply g s* 000 = apl <P ap. O

Lemma 27 Let V be a set, and V; and V, be subsets of V. If p; : V1 — V, and
p2 : Vo — Vi are injections, then there is a permutation ¢ : V' — V such that

€|V1 = p1.

Proof

By Cantor—Bernstein theorem, V; and V, are equipotent. Hence, V; — V, and
V, — V; are equipotent as well. Let v be any bijection from V, — V; to Vi — V>, and
&= {(oapr) |« € Vi} U{(a,av) | « € Vo2 — V1}. The function ¢ is a bijection on
ViUV, and &y, = p1. O

Lemma 28 ¢, = ¢ iff ¢, = ¢ for some permutation & : V — V.

Proof

If “if” part is immediate. We now prove the “only if” part. Huet (1976) proved
this result when <3 is the equality. His proof can be adapted to our more general
situation since a <y f iff « = . By assumption and Lemma 26, there are py, ps :
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V — VUCU {00} such that ¢1p; <P @2 and @02 <{ ¢@1. By stability, we have
p1p1p2 <§ p2p2. Hence, by transitivity, ¢1p1p2 < ¢1. Similarly, p2p201 <[ 2.

We now prove that p; is an injection from V; to V,, where V; = (J{Var(B¢;) |
B €V} and V = dom(¢;) Udom(e,). Let o € Vy. Then, there is f € V such that
« € Var(Bo;). Hence, fo; = ska for some k € N. Since @ip1ps <P @1, we have
Boipipr = skapipy <¢ Po1 = s¥o. Therefore, apips = o and p; is an injection on V7.
We now prove that y = ap; € V5. Since @1p; < @2, we have fo1p; = sy <P Bo,.
We now prove (*) for all 6 € V, if d¢; #* oo, then ¢, # co. Indeed, if dp, = oo then,
since @02 <Y @1, we have dpapr, = 00 < d¢1 which is not possible since ¢ # oo.
Applying (*) with § = 8, we get B, = sty for some [, and y € V>.

Similarly, p; is an injection from V; to V. So, by Lemma 27, there is a permutation
&V — V with &|y, = p1. We now prove that, for all o, ap& = ap,. If o ¢ V, this
is immediate. Otherwise, we proceed by case on o@;:

® o = 0. Since aip; <y apa, we have ap€ = agpr = oo.

e ap, = skB. Then, B € V| and ap ¢ = skBp;. Since @1p1 <T @i, we have
skBp1 <¥ apy. By (*), we have o, # oo since ag; # oo. So, ag, = s+ fp; for
some . Since @,p1 <¥ @1, we have apapy = s¥'Bpi1ps <¢ s¥B. Thus, | = 0
and ap¢ = o@,.

e a¢p; = skc. Since p1p; <¥ @2, we have skc <P ag,. By (*), we have o, # oo
since a¢p; # oo. Hence, ap, = s*'c for some I. Since ¢1p> <P @1, we have
sktlc <§ skc. Therefore, [ = 0 and «p (& = ap,.

O

9.1 Satisfiability

To check whether a problem is satisfiable, we are going to introduce a terminating
rewrite system that will put the problem into some normal form whose satisfiability
is easy to establish. To do so, we first need to extend the successor algebra as follows:

Definition 25 (Successor—iterator algebra) Let B be the following multi-sorted
algebra:

e Sorts: A interpreted by h, and N interpreted by w.

e Function symbols: 0 : N interpreted by 0, sy : N — N and s : A — A interpreted
by the successor function, ¢ : A forevery c € C, s : NxA — A, with s(a, b) written
s, interpreted as the iteration of the successor function: (s*b)u = bu + au.

e Variables: the variables o, ,... € V are of sort A. In addition, we assume given
a set Vy, disjoint from V U C, of variables x,y,... of sort N, and an injection
X:V— Vy.

o <p=<,.

o <3 = <, U~ where ~, is the smallest congruence satisfying the following
semantically valid equations on terms of sort A:

s~y o
sy~ s(s*a)
s¥(sa) =~y s(s¥0)
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In the top-extension of B, B, the symbol co is of sort A. Let Vary(a) be the variables
of sort s occurring in a. A problem is constant-free if it contains no constants ¢ € C.

Note that, in a multi-sorted algebra, substitutions map a variable of sort s to a
term of sort s (hence a substitution cannot map a variable of sort N to o0), and
constraints are pairs of terms of the same sort. A problem is of sort s if all its
constraints are of sort s.

One can easily check that, when oriented from left to right, the equations defining
~, form a confluent and terminating rewrite system. Hence, every term has a unique
normal form and two equivalent terms have the same normal form. So, wlog, we
can always assume that terms are in normal form, in which case ~, is the equality
and <g is <,.

In the following, we use the letters ¢ and f (k and [ resp.) to denote arbitrary
(closed resp.) terms of sort N. Closed terms of sort N are isomorphic to natural
numbers. Hence, we identify sy...sy0 (k times sy) with k, denote sy...syx (k times
sy) by x +k, and call a problem of sort N an integer problem. However, s*o will not
denote sV (k times sy) but its normal form s...so (k times s).

Given a problem P in A, since Solg(P) may contain solutions not expressible in A,
we consider the following subset instead:

Definition 26 (N-closed solutions) A term a € B is N-closed if Vary(a) = (. A solution
to a problem P is N-closed if it maps every o € Var(P) to an N-closed term. Let
Sol(P) (Solf(P) resp.) be the set of all the N-closed (finite resp.) solutions of P.

Lemma 29

e A term of sort A belongs to A iff it is N-closed.
e Given a problem P in A, Solg(P) = Solg(P).

Proof
e This is immediate if a = co. Otherwise, a = s...ss™ ...8%b with b € VUC. If
a € A, then n = 0 and a is N-closed. Conversely, if a is N-closed, then n = 0 and
acAh
e Immediate consequence of the previous property. O

Note that a N-closed solution maps every variable of sort N to an integer. Hence,
for an integer problem P, Solg(P) = Solg(P) (solutions to integer problems are

always finite) and, given ¢,y € Solg(P), ¢ C y iff ¢ <N v, ie. for all x € Var(P),
XQ <N XP.
Now, to a problem in B, we associate a graph as follows:

Definition 27 (Graph associated to a problem in B) Let H=VUVyUCU {0}. To a
problem P in B, we associate a directed graph G(P) on HU {oo} with the following
labeled edges:

o X Lt y for each constraint x + k <’ y +1 € P with x,y € Vy U {0}.
e 0 2, y for each variable y € Vary(P).
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Mt [3 for each constraint s <’ s/ € P.
e o~ oo for each o € Var,(P).

e 0 2 B for each constraint oo <’ s/ € P.
<

0 L,
e ¢ —> f for each constraint s°c <’ s/ € P.

The weight of a path a; L k—> any1 18 X k;, where k + oo = oo. A cycle (ie.
when a,1 = ay) is positive if its weight is > 0.

Let <p be the smallest quasi-ordering on H (we exclude oo) such that a <p b iff
there is a path from a to b in G(P).

A triple (o, c,d) such that ¢ <p o, d <p o and ¢ # 4, is called incompatible.

For instance, the graph of the problem P = {c <’ a,sa <’ B, <" o} is

If we replace « by x, € Vy, f by xg € Vy and c by 0, we get the integer problem
I(P)={0<"x,,xy + 1 <" x4, x5 <" x,,} Whose graph is

Following Pratt (1977), an integer problem P has an integer solution iff G(P) has
no positive cycles, which can be decided in polynomial time “e.g. by forming the
max/+ transitive closure of the graph and searching for a self-edge with a positive
label.”

In the graph of I(P), the cycle x, N Xp 5 X, has weight 1 and thus is positive.
So, I(P) has no integer solution. On the other hand, P can be solved by taking
o=p = o0

Next, we introduce a data structure used to transform an arbitrary problem into
a problem in normal form using the rules of Figure §:

Definition 28 (Conﬁguration) A term is admissible if it contains at most one variable.
A constraint a <’ b is admissible if both a and b are admissible.
A configuration C is L or a tuple (Cy, Cy, Cs, C3, C4) with

e ChcV,

Ccv,

C, is a finite map from V to C,

Cs is a set of admissible constraints of sort N,

C4 is a set of admissible constraints of sort A,

Cy, Ci, dom(C3) and Var(Cy) are pairwise disjoint,
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e Vary(C3) = {x, | & € dom(C»)},
e Vary(Cy) S {x, | & € dom(C3)}.

Let Sol’(C

5(C
7(Co,. .. ,C4

) = Solq)( (C)) and Var(C) = Var(n(C)), where n(L) = L and
) is the union of

9

o {0 < 00| ae Gy,
o (< u|ue Cyl,
o {a<"s¥c| ()€ ClU{s¥c < a| (oc) € Co},

e C3U Cy.

C is normal if there is no D such that C ~» D where ~» is defined in Figure 8.
Finally, given C and y, let

e ao(C,yp) = {(o o) | & € Co},

e 51(C) = {(o,00) | « € Cy},

e 02(C,p) = {(o,s™c) | (o, c) € Ca},

e 34(C,p) = {(, o) | & € Var(C3 U Cy)},
o au(C,p) = {(o, o) | & € Vary(Cy)j.

Cy records the variables with no constraints, C; records the variables that must
be set of oo, C, records the variables that must be set to a value of the form
skc, C3 contains the constraints on integer variables, and C4 contains all the other
constraints.

Note that Figure 8 describes an infinite set of rules since a stands for an arbitrary
size expression of sort A, e and f for arbitrary size expressions of sort N, k for an
arbitrary natural number, o for an arbitrary size variable of sort A, ¢ and d for
arbitrary constants, and P W Q for an arbitrary set with two disjoint parts, P and Q.

(_oo) removes the constraints of the form a <’ oo that are always satisfied, and
records in Cy variables not occurring elsewhere.

(oow1) detects variables that must be set to co because they belong to a positive
cycle.

(ooap) detects variables o that must be set to co because some constraints imply
that it should otherwise be set to a term of the form s¥c and some other
constraints that it should be set to a term of the form s'd with ¢ # d.

(0oc) detects an unsatisfiable constraint of the form oo <’ s‘c.

(cd) detects an unsatisfiable constraint of the form s®c <’ s/d with ¢ # d.

(cc) replaces a constraint of the form s¢c <’ s/c by the integer constraint e <’ f.

(xc) replaces a constraint of the form s« <’ s’c by recording in C, that o must
be set to a term of the form s*c, propagating it in other constraints and
recording in integer constraints the fact that x, + k <’ e.

The rule (coo) is not necessary for deciding the satisfiability of a problem. It is
included here because it is useful to compute a most general solution in next section.
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(_o0) Co,C1,C2,C3,Ca 8 {a <" w0} ~» CoU(Vary(a) — Var(Cy)),C1,C2,C3,Cy
(co0ty) Co,C1,C2,C3,C4 0 Q ~ Cp,C1U Var(Q),C,

C3,Cuf (@) | o € Var(Q))

if Q is constant-free and G(Q) is a positive cycle
(c00t) Co,C1,C2,C3,C4 ~ Cp,CrU{a},Cr,C3,Ca{(0t,0)}
ifc <¢, o,d <c, a,c #d

(eoc)  C0,C1,C2,C3,Ca{o0 <" s} ~» L
(cd) Cp,C1,Cr,C3,Cw{sc <’ s/d} ~ L ifc#d
(cc) Cp,C1,Cr,C3,Caw{sc <" s/c} ~ Cy,C1,Cr,C3U{e <7 f},Cy
(ac) Co,Cy,Cr,C3,Ca W {SkOt <’ sc} ~ Co,C1,CU{(a,c)},

C3U{xq+k<"e},Ci{(a,s*c)}

Fig. 8. Rules for computing the normal form of a problem.

Lemma 30

1. Sold(C)={a0(C, 9) U a1(C) U c2(C,p)Us34(C, ) | ¢ N-closed, p € Sol%(C3UCy)}.

2. For all problems P in A, (0,0,0,0,P) is a configuration and Solg(P) =
S01%(0,0,0,0, P).

3. In a configuration, every term of sort A is of the form oo, s or sc.

4. If C is a configuration and C ~» D, then

a. D is a configuration.

b. If D & L, then Var(C) < Var(D).

c. Correctness: if ¢ € Solg(D), then @|var(c) € Solg(C).

d. Completeness: if p € Sol%(C), then v = @|varc) for some ¢ € Solg(D).

5. The relation ~ terminates.
6. If (0,0,0,0,P) ~"* C # L, then Var(C) = Var(P) U Var(Cs).

Proof

1. Let S(C)={00(C, ¢)Ua1(C)Us(C,1)Us34(C,p)| ¢ N-closed, p € Sol2(CLICy)}.
One can easily check that S(C) < Solg(C). Assume now that ¢ € Solg(C). Then,
¢ = 0ao(C, ) Uai(C)UaaC,p) Uasa(C,yp) where vy = @lvarcyuc,)- Indeed, if
o € Cy, then oo <’ o € n(C). Hence, ap = o0. Now, if(x, c) € C,, then 7(C)
contains « <’ s™c and s™c <’ «. Hence, ap = s™?c and x,¢ = X, since
{xy | & € dom(C,)} = Vary(Cs).

2. One can easily check that (0,0, 0,0, P) is a configuration. The fact that Solg(P) =
Solg((b, 0,0,0, P) directly follows from the previous property.

3. Straightforward.

4. a. One can easily check that all the conditions defining what is a configuration
are preserved by each rule. In particular, (xc) replaces « by s**c, hence every
term of D is admissible if every term of C so is.

b. Straightforward.
. Straightforward.
d. We only detail the following cases:

o

e Rule (xc). We have (ska)y <¥ (s°c)p = s®c. So, ap # oo and (ska)y =
sk(ap) <u s®c. By Lemma 25, there is | such that s%c = s'sk(ayp).
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Hence, there is m such that oy = s™c and ey = [ + k 4+ m. Let now
@ =y U{(xy,m)}. We have ap = ap = s"c = (s*c)p and (x, + k) =
m+k <1+ k+m=eyp = ep. Therefore, ¢ € Sol%(D) and ¢|varc) = ¥.

. k kn . .
e Rule (cooq). We first prove that, if o S oy+1 1S a path in

G(Q), p € Sol%(Q) and k = X} k; >0 (k < 0 resp.), then s*ayyp <F tyr1y
(a1 <¥ s o, 1 resp.) (*), by induction on n. If n = 1, this is immediate.
We now prove it for n+ 1.
— Case k > 0. By induction hypothesis, s¥o;yp <§ o, 1.
— Case kyy1 > 0. Then, sk 1o, 1y <P .
- Case k + ky+1 = 0. By monotony and transitivity, s¥*thm1gyp <P
Op2p.

- Case k + ky+1 < 0. Impossible.

k

— Case kn+1 < 0. Then, o1 <P s ™o, and, by transitivity,

shony <P s7F1a,00.

- Case k + k41 = 0. Since —k, 11 <k, s"htop <P o, 0.

- Case k + k41 < 0. Since k < —ky 11, opp <L s~ g, o,
— Case k < 0. Symmetric to previous case.

Assume now that Q is constant-free and G(Q) is a positive cycle. If

G(Q) contains oo, then oy = oo for all « € Var(Q). Otherwise, G(Q) is

kq ky .
o —> ... —> a4 = oq. Hence, sfoayp <§ oy with k = =8 k; > 0.

Therefore, o1y = o0 and oy = oo for all o € Var(Q).

e Rule (ocoap). We first prove that (a) for any problem P, if f <p o by a
path of length n, ¢ € Solg(P) and f¢ = oo, then ap = oo, by induction
on n. If n = 0, this is immediate. Otherwise, there is s”f <’ s9y € P with
y <p a by a path of length n— 1. Since ¢ € Solg(P) and f¢ = oo, we have
oo <Y s?y@. Therefore, y¢p = co and, by induction hypothesis, ap = oo.
We now prove that (b) if f <p o by a path of length n, ¢ € Solg(P)
and B¢ = skc for some k, then either ap = oo or ap = s’c for some
i, by induction on n. If n = 0, this is immediate. Otherwise, there is
sPp <’ sy € P with y <p a by a path of length n — 1. Since ¢ € Solg(P)
and B¢ = s*c, we have st c <§ s%y¢. If yp = oo, then, by (a), ap = 0.
Otherwise, yp = s'c for some | and, by induction hypothesis, either
ap = oo or g = s'c for some i.

Hence, if (o, c,d) is incompatible in C4 and ¢ € Solg(C4), then ap = co.
5. Every rule decreases the number of constraints in C4 except rule (cooy). In
(o0ap), this number is unchanged but the number of variables decreases. Since
the number of variables in C4 never increases, the system terminates.
6. Straightforward.
]

The properties 4(c) and 4(d) give Solg(C) = {@lvaric) | @ € Solg(D)} whenever
C~ D.
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Definition 29 (Affine problem) A constraint is affine if it is of sort N, of the form
ska <7 s!B or of the form s°c <’ s/f. A problem is affine if all its constraints are
affine.

Lemma 31 In any normal configuration C # L, C4 is an affine problem with no
positive cycles and no incompatible triples.

Proof
By Lemma 30, every term of sort A occurring in C is of the form oo, s
Now, C4 cannot contain a constraint of the form:

ko or stc.

e a <’ oo because of rule (_o0),

o <’ s'B because of rule (ooxy),
o <’ s/d because of rule (coc),
ska <’ s/d because of rule (ac),

e sc <’ sfd because of rules (cc) and (cd).

Therefore, a constraint in C4 can only be either of the form sfu <’ s'f or of the
form s¢c <’ s'B. Moreover, G(C4) cannot have positive cycles because of rule (cca;),
and cannot have incompatible triples because of rule (coc;). O

Since affine problems of sort A are always satisfiable (by setting their variables to
o0), we can conclude:

1. Compute a normal form C of (0,0,0,0, P) wrt the rules of Figure 8.
2. If C = 1, then P is not satisfiable. Otherwise, C = (Cy,C},C>,C3,Cy).
3. If Gz has a positive cycle, then P is not satisfiable. Otherwise, P is satisfiable.

Fig. 9. Algorithm for deciding the satisfiability of a problem P in the successor algebra.

Theorem 4 (Satisfiability) The satisfiability of a size problem in the successor algebra
is decidable in polynomial time wrt the number of symbols by the algorithm of
Figure 9.

Proof

Let |P| be the number of symbols in P. Constructing G(P) requires at most
fVar(P) + £P steps, where £X is the cardinal of X. But Var(P) < 24P since there
are at most two variables per constraint, and 2%P < |P]| since every constraint is of
size 2 at least. Therefore, constructing G(P) requires at most 3|P|/2 steps.

Whether there is a positive cycle in a graph is decidable in polynomial time (Pratt,
1977). Whether there is an incompatible triple in a graph can be done in polynomial
time too. Hence, whether a rule can be applied is decidable in polynomial time.
Now, since ~» terminates, the algorithm describes a computable function.

We now prove that it is correct and complete. If C = L, then, by completeness,
P is unsatisfiable. Otherwise, C = (Cy, C1, C,, C3, Cy4). If G(C3) has a positive cycle
then, by completeness, P is unsatisfiable. Otherwise, let ¢3 € Solg(C3). Then, one
can easily check that ¢ = @3 U {(2,0) | o € Var(Cy)U Var(Cq)} U {(o, s*?c) | (o, ¢) €
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G} € Sol%(C). Therefore, by correctness, @|varp) € Solg(P) = Solg(P) and P is
satisfiable.

Finally, to prove that the complexity for computing C is polynomial, it suffices
to show that the number of rewrite steps and the size |C| = |n(C)| of intermediate
configurations C are polynomially bounded by |P|.

By definition of ~», Var(C) < Var(P) U {x, | « € Var(P)} and #Var(C) <
2#Var(P) < 2|P|. So, after the termination proof, the number of rewrite steps
is <#P x 2|P| < |P|%.

Let |C|, be the maximum size of a constraint in n(C). No rule but (xc) can
make || C| increase. |C|, can be increased by at most 2 for each replacement of
a variable o by s*c. However, there cannot be more than two such replacements
in a constraint since, after two such replacements, there is no variable of sort A
anymore. Therefore, |Cl, < [Pl +4 < |P| + 4. Now, #n(C) < 5P < 5|P|/2
since £Cy + #C; + £C, < 2#Var(P) < 44P and #Cs + 2C4 < #P. Therefore, |C| <
ICllee x #C < (|P|+4) x 5[P|/2. O

Our procedure can be related to the one described in Barthe et al. (2005) where,
like many works on type inference, the authors consider constrained types. But they
do not bring out the properties of the size algebra and, in particular that, in the
successor algebra, satisfiable sets of constraints have a most general solution as we
shall see in next section.

Example 11 Let P = {c <’ o,s0 <’ B, <’ o,d <* B}. We have (,0,0,0,P)

~ (0, {a}, 0,0, {c <" 00,00 <" B, B <" 00,d <" B}), by (0002) since ¢ <p xand d <p a;
~ (0, {e, B},0,0, {c <* 00,00 <" d}), by (00e) since oo A B 5 oo is positive;

~» L, by (c0c). |

Example 12 Let P = {0 <’ sc, 8 <’ «}. We have (0,0,0,0, P)

o (0,0, (0, )}, {x <7 1}, 1B < s™c)), by (xc);

~ (0,0, {( ), (B, )}, {x2 <7 1,x5 <7 x4},0), by (2c) again. This is a normal form
and the graph of {x, <’ 1,x3 <’ x,} has no positive cycle, so it is satisfiable (the
solutions for (x4, x4) are (0,0), (1,0) and (1, 1)). |

9.2 Computing the most general solution

We now turn to the problem of whether, in the successor algebra A, a satisfiable
problem P has a most general solution and, if so, how to compute it.

Let mgsg(P) (mgs,(P) resp.) be the set of most general (finite resp.) solutions of
P, and mgsg(C) (mgsd(C) resp.) be the set of most general (finite resp.) N-closed
solutions of C.

We first prove a refinement of Lemma 26 to N-closed solutions of a configuration:

Lemma 32 Given ¢,y € Solg(C), ¢ C y iff there is p : V- VU CU {00} such that
dom(p) < Var,(C) and, for all « € Co U Var(Cs) U Vary(Cy), app <{ oyp.
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Proof

= By Lemma 26, there is p : VU Vy — VU Vy UCU {0,00} such that pp < .
Since ¢ and y are N-closed, we also have ¢(ply) <[ . Indeed, if o € Vy, then
ap(ply) = ap = app < ap. Let now o ¢ Var(C). Then, a(ply) = ap(ply) <y
o = o. Therefore, a(ply) = o and dom(p|y) S Vary(C).

< After Lemma 26, it is enough to prove that, for all « € VU Vy, app <P ap. By
assumption, the property holds if o € Cy U Var(C;) U Var,(Cy). If o € Cy, then
ap = oo = oy and app < ap. If (a,c) € Cy, then ap = s*?c, ap = s™¥c.
Since x, € Var(Cs) and ¢ is N-closed, we have x,¢ = x,0p < x,p. Therefore,
app <P op. Since Vary(Cs) S Var(Cs), we are left with the case where
o ¢ Var(C). But, in this case, ap = apy = ap = a since dom(¢p), dom(yp)
and dom(p) are all included in Var(C). O

We now prove that the most general solutions of a problem P in A can be obtained
from the most general N-closed solutions of the normal form of (0,0, 0,0, P).

Lemma 33 Assume that (0,0,0,0, P) ~* C.

e Correctness: if ¢ € mgsg(C), then ¢|varp) € mgsg(P).
e Completeness: if p € mgsg(P), then there is ¢ € mgsg(C) such that ¢|varp) = w.

Proof
Note that Var(C) = Var(P) U Var(Cs).

o letp e mgsg(C). By correctness of ~, ¢|varp) € Solg(P). Let now v € Solg(P).
By completeness of ~», there is ¢’ € Solg(C) such that v = ¢'|varp). Since
¢ =mgs(C), ¢ C ¢'. By Lemma 32, pp <{° ¢’ for some p : V. — VUCU{o0} such
that dom(p) = Var,(C) = Var(P). Therefore, for all & € VU Vy, a@|var(p)p <5

%@’ |varpy and @lvarp) E @'[var(p) = .

e Let p € mgsz(P). By completeness of ~», there is ¢ € Sol%(C) such that y =
@|var(p). Assume now that there is ¢’ € Solg(C ) such that ¢ [Z ¢’. By correctness
of ~, @'lvarp) € Solg(P). Since p = mgs(P), Y = @lvarp) E @'[var(p) that is,
there is p such that, ¢|varp)p <P @'|varp). Since ¢ £ ¢’, there is x such that
xpp £y x¢'. Since @|vaxp)p <y @'lvarp), X = x for some f € Var(P). By
definition of Solg(C ), there is ¢ such that fo = s*°c and f¢’ = s*?'c. Hence,
s¥c <¢ 5% c and x¢ &7 x¢'. Contradiction. 0

We now prove that the most general N-closed solutions of (Cy, Cy, C,, C3, C4) can
be obtained from the most general N-closed solutions of C3 U Cy.

Lemma 34 Let C = (Cy, Cy, C,, C3,Cy4) be a configuration.

e Correctness: if p € rngsg(C3UC4) and, for all « € Vary(Cy), Var(ep)NCo = 0,1°
then 61(C) U 02(C, 1) U 034(C, ) € mesp(C).
e Completeness: if ¢ € mgsg(C), then @|var(c,ucy) € mgsg(Cg U Cy).

10 Thanks to Lemma 28, this condition can always be satisfied by applying some permutation to .
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Proof

o Let v = 61(C) U aa(C,p) U a34(C,p) and ¢ € Sol%(C). We have ¢34 =
¢lvar(crucy) € Sol(C3 U Cy). Since 1 € mgsy(C3 U Cy), 1 T @34. By applying
Lemma 32 on (0,0,0, C3, Cy), there is p : V— VU CU {00} such that dom(p) =
Var,(Cy) and, for all o € Var(Cs) U Vary(Cs), app <y a@s4. Then, let p' =
{(ot,00) | o € Co} U {(2r,p) | o« € Vary(C4)}. We prove that v’ C ¢ by using
Lemma 32. We have dom(p’) = Var,(C) by definition. If o € Cy, then ay'p’ =
ap’ = ag by definition. If « € Var(Cs), then ay'p’ = ayp’ = ayp because p is
N-closed, and app <P a@s3a = a@. If o € Vary(Cy), then ayp’p’ = app’ = aypp
since Var(op) N Cop = @ by assumption, and aypp <F o34 = 0.

e We first check that ¢|c, maps variables to variables and is injective. Let
o € Co and @' = @|varc)—(«)- Then, ¢" € Solg(C) too since, by definition of
configuration, o ¢ Var(C;) for every i > 0. Hence, ¢ C ¢/, that is, there is p
such that app <P a@’ = a. Therefore, ae is a variable y. Assume now that
7 = Bo for some f € Co. Then, ¢" = @lvarc)-ip; € Solg(C) too. Hence,
@ C ¢, that is, there is p’ such that yp' <P a¢’ = o and yp' < ¢’ = p.
Therefore, o = yp’ = f.

So, by taking in Lemma 27 V =V, V; = Co, V2 = ¢(Co), p1 = {(2,a¢p) | o« € Co}
and p, = {(ap, ) | « € Cp} (the inverse of p;), there is a permutation & : V— V
such that &|c, = @|c,. By Lemma 28, p¢~! is a mgs of C too. So, wlog, we can
assume that ¢|c, is the identity.
We now prove that ¢34 = ¢|varc,uc,) € mgsg(C3 U Cy). Let p € Solg(C3 U Cy).
By Lemma 30 (1), ' = 64(C) Uaa(C,p) Uasa(C,p) € Sol%(C). Hence, ¢ C vp'.
By Lemma 32, there is p : V. — VU CU {co} such that dom(p) = Var,(Cs4) and,
for all o € CoUVar(C3)UVary(Cy), app <y a’. For all o € Var(C;3)U Vary(Cy),
ap3ap = opp <y oy’ = ayp. Therefore, by Lemma 32, ¢34 C .

]

Next, we prove that, for all affine problems P with no incompatible triples (like
C3; U C4 in a normal configuration C), the set of finite N-closed solutions of P is in
bijection with the set of finite N-closed solutions of:

Definition 30 (Integer problem associated to an affine problem) Given an affine
problem P, let I(P) be the integer problem obtained by replacing in P every
constraint sfa <’ s'f by x, + k <’ x5 + [, and every constraint s‘c <’ s'f by

eS?X,B—I-l.

Lemma 35 If P is an affine problem with no incompatible triples, then

there is a strictly monotone map p — ¢ from (Solg(I(P)), C) to (Solg(P), C);
there is a monotone map ¢ — ¢ from (Solg(P), C) to (Solg(I(P)), 0);

for all y € Sold(I(P)), p = v;

for all ¢ € Sold(P), there is p : V— VUC such that ¢ = @p, hence ¢ C ¢;
correctness: if p € mgsg(I(P)), then p € mgsg(P);

completeness: if ¢ € mgsg(P), then ¢ € mgsg(I(P)).

A
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Proof
Let ~p be the symmetric and transitive closure of <p and 5 : H/~p — H be any
function such that, for all equivalence classes X, #(X) € X (H and <p are introduced
in Definition 27). Such a function always exists because equivalence classes are
non-empty. Because P has no incompatible triples, an equivalence class modulo ~p
cannot contain two different constants. Hence, we can assume that 5(X) = c iff
ceX.

Given yp € 501“,3(1(13)), let p = {(x,xy) | x € Vary(P)} U {(or, s*¥a") | o« € Var(P)}
where o = n([o]p) and [o]p is the equivalence class of o modulo ~p.

Given ¢ € Sol}(P), let ¢ = {(x,x¢) | x € Vary(P)} U {(x,, a;) | & € Vary(P)} (s
is introduced in Definition 24).

1. We first check that p € 5012(1)) whenever y € 501';3(1)), that is, ¢ satisfies every
constraint of P. This is immediate for constraints of sort N. Otherwise, since P
is affine, there are two cases. If sko <’ s'f € P, then o* = * and x,p + k <,
xpp + 1. Hence, (sha)p = sk¥va” <, sV B = (sla)ip. If s°c <" s/ € P, then
B* = c and ey <, xpy + I. Therefore, (s¢c)p = s¥c <, sPYHB* = (')
Next, one can easily check that y — v is injective (yp; = y, whenever y; = ;)
and monotone wrt <, (¢ <, P whenever ¢ <, ) and thus wrt C. Therefore,
p +— 1 is strictly monotone wrt. C.

2. We first check that ¢ € Solg(I(P)) whenever ¢ € Solg(P). If sk <’ s'p e P,
then (ska)p = s*>Hag, <4 (s'f)e = P> By, So, ap, = Py, and x,p+k <,
Xp¢ + I. Assume now that s°c <’ s/ € P. Then, (s*x)p = s°%c <, (s'f)p =
S'B%Hﬁ(ph. So, ¢ = o, and e <y xp + 1.

We now check that ¢ — ¢ is monotone. Let ¢, ¢, € 3012(13) such that
@1 C ;. Hence, there is p : V. — CUV such that pp <, p. Therefore, ¢ <, .

3. Immediate.

4. Let p the map from V to VU C such that, if «* € V, then a'p = a@y. The
map p is well-defined since ¢, is invariant by ~p: if « ~p f, then a@, = ;.
Now, one can easily check that ¢ = @p. If «* = c, then there is a constraint

lu € P. Since ¢ € Sold(P), apy = ¢ and ap = s™o'p = aep.
Otherwise, 0gp = s™o’p = s™ 0@, = 0.

5. Let ¢ € Sold(P). By 2, ¢ € Sold(I(P)) and y C ¢. By 1, ) . By 4, 9 C o.
Therefore, p C ¢.

6. Let p € Sol3(I(P)). By 1, % € Sol%(P) and ¢ C . By 2, ¢ C . By 3, {p = .
Therefore, ¢ C .

skc <? s

O

Lemma 36 Every satisfiable integer problem has a smallest N-closed solution that
can be computed in polynomial time.

Proof
Let P be a satisfiable integer problem whose variables are xi,...,x,. We first prove
=N XN

that P is equivalent to a problem in the dioid (Z,,,,, ®, ®) where Zyax = Z U {+o0},
@® = max and ® = + both applied component wise (Baccelli et al., 1992).
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Wlog. we can assume that P contains no constraints of the form 0+k < 0 (since P
is satisfiable, these constraints are always satisfied and thus can be removed). Hence,
P contains only constraints of the form x; +k <’ x;, 0+k <’ x; or x; +k <’ 0, that
is, in the syntax of (Zmax, ®, ®), k ® x; < x;, k < x;j or x; < —k.

Given a problem P, let a;; = sup{k € Zmax | x;+k <’ x; € P}, b;j = sup({0} U {k €
Zpax | 04+ k <* x; € P}) (we add 0 because solutions must be non-negative) and
cij = inf{—k € Zmax|xi + k <’ 0 € P} with, as usual, supf) = —oo and inf @ = +oo.
Note that, in b and ¢, every column is the same (b;; and ¢;; do not depend on j).

We now prove that, if p € Solg(P), then there is x € anxaz such that (a® x) @b <
x < ¢ and, for all j, x;; = xjp (the columns of x are equal). For all i and j, the
set of inequations {k ® x; < x; | x; + k <’ x; € P} is equivalent to a;; ® x; < X;
since k < aj; and (—o0) ® x; = —oo < x;. Hence, {a;; ® x; < x; | i € {1,...,n}}
is equivalent to @), a;; ® x; < x;. By taking x; = x; for all I, we therefore get
(a® x); < xj. Similarly, for all j and [, {k < x; | 0+k <" x; € P} U{0 < x;}
(implicit in P) is equivalent to bj; < xj. Therefore, (a ® x) ® b < x. Finally, for all i,
{x; < —k|x;i+k<"0€ P} is equivalent to x; < ¢; for all I, that is, x < c.

Because we proceeded by equivalence, we also have the converse: if (a ® x) @ b <
x <c theny; € Solg(P) where y; is the substitution such that x;p; = x; (Ith column

of x).
By Theorem 4.75 in Baccelli et al. (1992), (a ® x) ® b < x has a" ® b as smallest
solution, where a* = @,y @, @*! = ¢ ® a and @ is the matrix with 0 on the

diagonal and —oo everywhere else. Since P is satisfiable, G(P) has no positive cycles.
Hence, a* = @,_, a* (Cuninghame-Green, 1979) (Theorem 3.20 in Baccelli et al.
(1992)). Therefore, yp € Solg(P) iff a* ® b < ¢, and the smallest solution of P is the
function y such that x;p = @,_, aj, ® byy, which can be computed in polynomial
time. ]

Therefore, we can now conclude:

1. Apply the algorithm of Figure 9.

2. Compute the most general N-closed solution ¥ of C3 UI(Cy4) using Lemma 36.
3. Compute ¥ defined in Lemma 35.

4. Return 01(C)U 02 (C, ) Ucua(C, ).

Fig. 10. Algorithm computing a most general solution in the successor algebra.

Theorem 5 In the successor algebra, any satisfiable size problem has a most general
solution that can be computed in polynomial time following the algorithm of
Figure 10.

Proof
Correctness. By Lemma 36, p € mgsg(I(C3 U Cy)). By Lemma 35 (5), p € mgsg(C3 U
Cy) S mgs%(Cg UC4). By Lemma 34 (1), ¢ = 61(C)Ua2(C,p)Ua34(C,p) € mgsg(C).
By Lemma 33 (1), @|varp) = 01(C) U 62(C, ) U aaa(C,1p) € mgsg(P).

Complexity. After Theorem 4, C3 U Cy4 is of polynomial size wrt the size of P.
The computation of I(C3; U Cy4) is linear. After Lemma 36, the computation of y is
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polynomial. After Lemma 35 (1), the computation of 1 is polynomial. Therefore,
the algorithm of Figure 10 is polynomial. O

Example 13 In Example 12, we have seen that the normal form of (), 0, ¢, 0, P) where
P ={a<"sc,p < a}is (0,0,{(xc),(B,c)},C3,0) with C3 = {x, <’ Lxg <’ x,}.
Following Lemma 36, by taking x; = x, and x, = xg, the corresponding max-linear
system is (a ® x) ® b < x < ¢ where ay; = sup{k | x, +k <’ x, € C3} =sup0 = —oo,
ap = sup{xs + k <’ x, € C3} = sup{0} =0, ayy = sup{k | x, +k <’ x5 € C3} =
sup@ = —o0, axp = supl{k | x5 +k <’ x5 € C3} = sup® = —oo, by = sup({0} U {k |
k <" x, € C3}) = sup{0} = 0, by = sup({0} U {k | k <’ x, € C3}) = sup{0} = 0,
¢ =inf{k | x, <’k € C3} = inf{l} =1 and ¢, = inflk | x4 <* k € C3} =
inf @ = 4-00. To summarize, we have a = ( % _(lo ), b= ( 8 ) and ¢ = ( ! )

0 +oo
Xp

(a®x)®b < x < cisequivalent to x3 ®0 < x, < 1 and 0 < xg < +o0, which is Cs.
Now,aO=<70 70”“‘)and012=(7°C 7°°).Hence,a*=a°®a=< 0 8)

0 —00 —00 —0o0

One can easily check that, if x = ( X ), then (a®@ x)® b = ( x/f(?o ), hence that

and " ® b = ( 8 ) So, the smallest solution of Cj is { = {(X,,0),(x4,0)} and the
smallest solution of P is ¢1(C) U 62(C, %) U a4x(C, ) = {(2, c), (B, c)}. |

10 Conclusion

We have presented a general and modular termination criterion for the combination
of f-reduction and user-defined rewrite rules, based on the use of type-checking
with size-annotated types approximating a semantic notion of size defined by the
annotations given to constructor symbols. This extends to rewriting-based function
definitions and more general notions of size, an approach initiated by Hughes, Pareto
and Sabry for function definitions based on a fixpoint combinator and case analysis
(Hughes et al., 1996).

First, we have shown that these termination conditions can be reduced to solving
problems in the quasi-ordered algebra used for size annotations. Then, we have
shown that the successor algebra (successor symbol with arbitrary constants) enjoys
nice properties: decidability of the satisfiability of sets of inequalities (in polynomial
time), and existence and computability of a most general solution for satisfiable
problems (in polynomial time too). As a consequence, we have a complete algorithm
for checking the termination conditions in the successor algebra.

We have implemented a simple heuristic that turns this termination criterion into
a fully automated termination prover for higher order rewriting called HOT (2012),
which tries to detect size-preserving functions and, following Abel & Altenkirch
(2002), to find a lexicographic ordering on arguments. Combined with other
(non-)termination techniques (Jouannaud & Okada, 1991; Blanqui, 2000; Blanqui
et al., 2002), HOT won the 2012 international competition of termination provers
(Termination competition, 2017) for higher order rewriting against THOR (2014)
and Wanda (2015). It could be improved by replacing the lexicographic ordering
by the size-change principle (Lee et al., 2001; Hyvernat, 2014), and using abstract

https://doi.org/10.1017/50956796818000072 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796818000072

Size-based termination 67

interpretation techniques for annotating function symbols (Telford & Turner, 2000;
Chin & Khoo, 2001). A more complete (and perhaps more efficient) implementation
would be obtained by encoding constraints into a SAT problem and send it to
state-of-art SAT solvers (Fuhs et al, 2007; Ben-Amram & Codish, 2008; Codish
et al., 2011).

A natural following is to study other size algebras like the max-successor algebra
(i.e. the successor algebra extended with a max operator), the plus algebra (ie.
the successor algebra extended with addition) or their combination, the max-plus
algebra. Indeed, the richer the size algebra is, the more precise the typing of function
symbols is, and the more functions can be proved terminating.

Following Blanqui & Riba (2006), it is also possible to consider full Presburger
arithmetic (Presburger, 1929) and handle conditional rewrite rules, by extending the
system with explicit quantifiers and constraints on size variables, in the spirit of
HM(X) (Sulzmann, 2001). Simplification of constraints is then an important issue
in practice (Pottier, 2001).

We have presented this criterion in Church’ simply typed A-terms but, following
Blanqui (2005b), it should be possible to extend it to richer type systems with
polymorphic and dependent types. Similarly, we considered matching modulo o-
congruence only but, following Blanqui (2016), it should be possible to extend it to
rewriting modulo some equational theory and to rewriting on f-normal forms with
matching modulo f# as used in Klop’s combinatory reduction systems (Klop et al.,
1993) or Nipkow’s higher order rewrite systems (Mayr & Nipkow, 1998).

Another interesting extension would be to consider size-annotated types in the
computability path ordering Blanqui et al. (2015), following Kamin and Lévy’s
extension of DershowitzZ RPO (Dershowitz, 1979b; Kamin & Lévy, 1980) and
Borralleras and Rubio’s extension of Jouannaud and Okada’s higher order RPO
(Jouannaud & Rubio, 1999; Borralleras & Rubio, 2001).
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