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Abstract

Let X be alocally convex space. Kluvanek associated to each X -valued countably additive vector measure
a conical measure on X; this can also be done for finitely additive bounded vector measures. We prove
that every conical measure u on X, whose associated zonoform K|, is contained in X, is associated to
a bounded additive vector measure o («) defined on X, and satisfying o (u)(H) € H, for every finite
intersection H of closed half-spaces. When X is a complete weak space, we prove that o () is countably
additive. This allows us to recover two results of Kluvinek: for any X, every conical measure u on it
with K, € X is associated to a countably additive X -valued vector measure; and every conical measure
on a complete weak space is localizable. When X is a Banach space, we prove that o (1) is countably
additive if and only if u is the conical measure associated to a Pettis differentiable vector measure.

2000 Mathematics subject classification: primary 46G10, 28B0S, 47D50.
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Introduction

In [K1] Kluvéanek introduced the concept of the conical measure associated to a
countably additive vector measure to characterize the closed convex hull of its range.
Many properties of a vector measure can be determined from the corresponding
associated conical measure. For instance, in the framework of Banach spaces, having
finite variation, having o-finite variation, having a Bochner derivative, or having p-
summing integration operator are properties of a vector measure characterized in terms
of its associated conical measure (see {[RR], where these characterizations are used to
prove that these properties are determined by the range).
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Conversely, vector measures are used as a tool to study conical measures on a
locally convex space X; this is due to the fact, proved by Kluvédnek [K1], that every
conical measure u on X, whose associated zonoform K, (see definition in Section 1)
is contained in X, is the associated conical measure to an X -valued vector measure F.
We prove this fact in Corollary 2.4; Kluvanek’s proof is purely existential and does not
show any relationship between u and the vector measure F or the measurable space
where F is defined. Finding a more explicit construction of the vector measure F was
our first motivation for this work.

The most natural requirement for F is to define it on a o-algebra of subsets of X
containing the closed convex cones, and with the condition F(C) € C for every
closed convex cone C. This can be done in finite dimension, but it is not always
possible in general. Even if we consider the smaller o-algebra generated by the
closed half-spaces, we prove that there would exist only one way to construct such
an F (uniqueness in Theorem 1.2), and this way does not give countably additiveness in
general (Example 3.1). This is the reason why we consider finitely additive measures.

Using the same scheme as Kluvanek, we associate to every X-valued finitely
additive bounded measure F a conical measure A(F) on X with the property that the
closed convex hull of the range of F is the zonoform associated to A(F). This is
done in Section 1. The main effort in this section is devoted to obtaining a natural
converse of this result. In Theorem 1.2 we prove that, given a conical measure u on
X whose associated zonoform K, is contained in X, there exists a bounded finitely
additive measure o (u), defined on the algebra of subsets of X generated by the closed
half-spaces, such that o (u)(H) € H U {0}, for every finite intersection H of closed
or open half-spaces.

In Section 2 we deal with the case where X is a weak complete space. Then
for every conical measure u on X, K, C X, o(u) is defined, and moreover, o (1)
is countably additive (Theorem 2.3). This allows us to extend o (1) to a countably
additive measure on the o -algebra generated by the closed half-spaces. Corollary 2.4
is obtained considering, for any locally convex space, its weak completion. We finish
this section giving a new proof of another result of Kluvanek: every conical measure
on a weak complete space is localizable (Theorem 2.8).

In the last section we consider Banach spaces. We prove (Theorem 3.3) that, for
a Banach space X, o(u) is countably additive if and only if there exists a Pettis
differentiable X -valued measure F such that u is the conical measure associated to F.
An analogous condition (using the bidual X** of X) is obtained in Theorem 3.4 to
characterize when u is the conical measure associated to a vector measure with o -finite
variation.

Throughout the paper our locally convex space and measure theory terminology
follows [BB, C, DU]. We only consider real locally convex spaces. Let (2, #) be a
pair, where & is a field of subsets of a set 2. We denote by ba(£2, &) the space of all
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bounded additive real-valued measures on # and by ca(§2, X) the space of countably
additive real-valued measures on a o-field X. If u is a measure in one of these spaces,
w1 > 0 means that £(A) > O for every A € & (for every A € T). With this ordering
ba(2, #) and ca(f2, ¥) become vector lattices. In particular, the positive part of w,
u*, is given by

ut(A) =sup{u(B) : BC A,Be F} foreveryA € F
and the negative part = by
w (A)=—inf{u(B): BC A,B e #} foreveryA € F.

The variation of w1, denoted by |u|, is given by |u| = u* + p~.

Let X be a Hausdorff locally convex space, with the topological dual space X*.
For us a vector measure is an additive function F: & — X defined on the space
(R, F) with values in X. If E € &, the vector measure Fr: # — X is defined by
Fg(A) = F(ENA)forevery A € &.

The range of F is denoted by rg F, thatis, rg F = {F(A) : A € #}. We say thata
vector measure F is bounded if x* F € ba(2, #) for every x* € X*, that is, if rg F is
a bounded set in X, thanks to the Mackey theorem.

By a countably additive vector measure F on an algebra & we understand a vector
measure such that F({J2, A.) = Y oo, F(A,) for all sequences (A,) of pairwise
disjoint members of F such that | J-, A, € Z. This is equivalent to the following
condition: F is additive and if (4,) is a sequence of sets in & decreasing to the
empty set, then F(A,) converges to 0 in X. If in addition there exists a weakly
compact convex set W such that rg F € W, then F has a (unique) countably additive
extension to the o-algebra T generated by #. To show this fact, apply the Hahn
extension theorem to each scalar measure x* F and extended it to a countably additive
measure /... Thanks to the weak compactness, it is easy to see that forevery A €
there is x, € W such that x*(x,) = u,.(A), for every x* € X*. The mapping
A — x, is weakly countably additive and, by the Orlicz-Pettis theorem [KK, page 4],
it is countably additive (see also [DU, page 27] for the Banach space case).

If X is a Banach space, F is said to be strongly additive whenever given a sequence
(E,) of pairwise disjoint members of F, the series ) .., F(E,) converges in norm.
In this case, F is strongly additive if and only if co(rg F') is a weakly compact set in
X (see [DU, page 27]).

1. Conical measures and bounded vector measures

In [K1], Kluvanek introduced the conical measure associated to a countably additive
vector measure to study the closed convex hull of its range. We work in a wider context
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of vector measures which are bounded. Let us recall some basic facts and definitions
about conical measures.

Given a Hausdorff locally convex space X, h(X) stands for the smallest vector
lattice of functions on X with respect to the pointwise order and the linear operations
that contains X*. Every element of 2(X) can be written in the form

)] z——\/x—\/x

i=n+1

where x; € X* fori = 1,...,m, and Vv (A) denote the least upper (greatest lower)
bound in a lattice; which in this case is a pointwise maximum (minimum) of functions.

A conical measure on X is a positive linear functional on A(X). The set of all
conical measures over X is denoted M*(X). It is a complete lattice with respect
to the order v < u if v(z*) < u(z*), for every z* € h(X), z* = 0. We refer to
[C, Sections 38—40] for these and more facts about conical measures. In particular,
we have the Riesz decomposition [C, 10.5]: given u;, u, and v in M*(X) such that
v < u; + us, there exist v; and v, in MY (X) with v = v; + v, v; < u; and v, < u,.
On M*(X) we consider the topology of pointwise convergence, that is, a net (us);s in
M*(X) converges to u € M+ (X) if us(z*) converges to u(z*) for every z* € h(X).
For this topology, given u € M*(X),the set L = {v € M*(X) : 0 < v < u} is
compact.

In the sequel we also consider conical measures on the weak completion of X. This
weak completion, that we denote by X, turns out to be the algebraic dual of X*, that
is, X = f: X* > R f lmear} When considering the weak topology o(X,X"), X
is a dense subset of X and (X )* = X*, so we can identify (X ) and h(X ) and conical
measures are unaffected.

The resultant of a conical measure u is defined as the vector r(x) in X satlsfymg
ux*) = x (r(u)) for all x* € X*. The zonoform assomated to u is the set in X
K,={r(v) : ve M*(X),0 < v < u}. By considering X the existence of r(v) is
always ensured.

Let us suppose now that F: (2, #) — X is a bounded vector measure. It defines
a linear map from X* to ba(£2, %) sending each x* to x* F. This map can be extended
to a lattice homomorphism @ 5 from h(X) to ba(€2, #), such that for every z* € h(X)
of the form (1),

<Dp(z)—\/x F - \/xF

i=n+1

The conical measure A(F) associated to F is defined by

A(F)(Z") = ®p(2*)(Q), forevery z* € h(X).
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In this case, r(A(F)) = F(S2). The original definition of Kluvanek in [K1] used the
lattice structure of ca(§2, X) for countably additive vector measures, instead of that of
ba(R2, #).

Let us observe first that if F is a bounded vector measure with values in a locally
convex space X, if v € M*(X), 0 < v < A(F), then the resultant of v always exists
as an element of X**, the topological bidual of X. To show this, observe that for every
x* e X*,

G < v +v(()7) < AFIGDN) + AF(x)7)
= ("F)" () + (" F)7(2) < 2sup{lx*(x)| : x e rg F}.

This implies, since rg F is a bounded set, that r(v) is continuous for the topology
B(X*, X)in X*, that is, r(v) € X**. This means that K, r, is contained in X** in this
case. It is not a general fact for a conical measure u that r(1) € X** (see [C, vol. 3,
page 41).

Kluvének identified in [K1] the closed convex hull of the range of F with the zono-
form associated to A(F) when F is countably additive. We show the corresponding
fact in the following result. We denote by 7 the weak topology o(X,X*)on X.

THEOREM 1.1. If F: &# — X is a bounded vector measure with values in a locally
convex space X and A(F) is its associated conical measure, then €o" (1g F) = Kar).
In addition, Ky S X if and only if €0(rg F) is weakly compact in X if and only if
there exists a weakly compact convex set W in X such thattg F C W.

PROOF. Let Z = Co'(rg F). Take A € #. Then the vector measure F, :
(2, F) - X satisfies v = A(F,) < A(F) and F(A) = r(v). So, F(A) € Ka). If
L={veM*(X):0<v < A(F)}, then L is a compact convex set and the resultant
map r: MY(X) — X is linear and continuous when X is endowed with the weak
topology T (see [C, vol. 3, page 6]); so we get that K is a T-compact convex set

and therefore Z C K (r).
Conversely, consider v € M+ (X), v < A(F). Then for every x* € X*, we have

v(x*) < v((x*)*) < A(F)((x*)*) = sup x*(F(A)) = supx*(x),
AeF

x€Z

and an application of the Hahn-Banach theorem for the topology t yields Ky € Z.

Last assertion in the theorem follows easily since the weak topology in X is the
restriction to X of the r-topology and €o° (rg F) is T-compact due to the fact thatrg F
is bounded. (X, 7) is isomorphic to R for certain set / and then every closed bounded
set is compact. a

As a consequence of the last theorem, if X is a Banach space, Ky € X if and
only if F is strongly additive.
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A result also due to Kluvdnek asserts that every zonoform is the closed convex
hull of the range of a vector measure; that is, given a conical measure u in a locally
convex space X whose associated zonoform K|, is contained in X, we can find an
X -valued countably additive vector measure F such that u = A(F) and, in particular,
K, = co(rg F). The proof of Kluvanek is purely existential and does not show any
relationship between u and F. Theorem 1.2 is devoted to give a new proof of this fact
in the context of bounded measures. Our proof differs in some interesting details from
the one in [K1] and [K2]; in particular, the measure F is defined on a very natural
algebra of sets of X which only depends on X and not on the conical measure u.

Let X be a Hausdorff locally convex space. We define for every x* € X*, the cones

Ar={xeX:x*x)>0} and C,.={xe€ X :x*(x) >0}

Let € = {A, : x* € X*}U{C,. : x* € X*} and &€ (X) be the algebra generated by
the sets in €. Then every element in &% (X) can be written as

2) A=|JH,

jed

where J is a finite set and H; is a finite intersection of elements in €’; that is,

) B=(Nac)n(Ne)

x*el; x*ek;

for I; and K| finite sets in X*. The sets in (3) are called elementary cones, that is, an
elementary cone is a finite intersection of closed and open halfspaces. In addition, the
sets H; in (2) can be chosen pairwise disjoint.

If Z is now a linear subspace of X*, we denote by &/ € (X, Z) the algebra of subsets
of X generated by the family {A,. : x* € Z}. &€ (X, Z) is a subalgebra of /€ (X),
and with this notation &€ (X) = &€ (X, X*). The elements of A€ (X, Z) are
described in the same way as the elements of &€ (X) replacing X* by Z.

Our next aim is to define a finitely additive vector measure on &% (X) whose
associated conical measure is u.

THEOREM 1.2. Let X be a Hausdorff locally convex space. If u is a conical measure
on X suchthat K, C X, then there is a unique finitely additive bounded vector measure
o(u) : A€(X) —> X satisfying:

(a) The conical measure associated to o (u) is u.

(b) o(w)(H) € H U {0} for every elementary cone H.

(c) For every finite dimensional subspace Z of X*, the restriction of o(u) to
HC (X, Z) is countably additive.
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To prove this theorem, we use several lemmas.

LEMMA 1.3. Let u be a conical measure on X such that K, € X. Consider for
every x; € X* the sets A = {x € X : xj(x) > O}and C = {x € X : x5(x) < O}
Then there exists a unique decomposition of u in the form u = uy + uc, where u, and
uc are conical measures such that ifv e MT(X) and v < u,, r(v) € AU{0}; and if
v < uc, r(v) € C. Inaddition, if v < us and r(v) =0, then v =0.

PROOF. For every z* € h*(X) and every u € M*(X) we define u,(z*) and uc(z*)
as

ua(2®) = limu((nxg A 2*);
uc(z®) = (u — uy) (") = li’{n u(z* — (nxg A z")+).

It is easy to prove that u, and uc defined as above and linearly extended to h(X) are
conical measures. For example, the additivity of u, on A*(X) can be deduced from
the following fact: if z}, z; € h*(X), for every positive integer n we have

(nxi A (@ +2)) < (xg Az 4+ g Azt < Qg A+ D))

which is easy to prove for real numbers and, consequently, for pointwise order of
functions.

Observe first that v < uc implies r(v) € C. Indeed, x;(r(v)) = v(x}) =
v((x3)™) — v((x3)7). Then it is enough to show that v((x§)*) = 0. Since 0 <
v((x3)) < uc((xy)*), we only have to show that uc((x3)*) = 0. This is obvious
since (nxj A (x) M) = (xg)* and uc((x5)*) = lim, u((x§)* — (nxg A (x3)*)*) = 0.

A similar argument shows that if v < u,, then x;(r(v)) > 0. We prove that, if
in addition x;(r(v)) = 0, then v = 0 and consequently, r(v) = 0. This means that
r(v) € AU {0} for v < uy,.

We prove first that if v < u,, then v = v,. Itis easy to prove that (#,)4 = u,. Let
Z* € h*(X), then

(a)a(z") = limuy ((mxg A 2)*)

= lim lim u((nxg A (mxg A z29%)7) = limu((mx} A 29)7),

since (nx(’; A (mx; A z*)+)+ = (mx} A z*)* for every n > m. One must also observe
that (us — v)4 < us — v, and v4 < v; but these inequalities must be equalities since
Up = (Ua)a = ((Ua — V) + V)4 = (Ug — V)4 + Vs < us — v+ v=u,u Wededuce
that v = v,.

By the definition of u,, we have u,((x;)™) = 0; therefore, v((x;)”) = 0, and
0 = xj(r(v)) = v(xg) = v((x$)*). Thus v(|xf]) = v((x))* + (x$)”) = 0. This

https://doi.org/10.1017/51446788700002251 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002251

(8] Conical measures and vector measures 17

implies that v = v, = 0, since (nxj A z*)* < n|x}| for z* € h*(X), and we have
v4(z*) = 0. This implies that v, = 0, and v = 0. This finishes the proof of the
existence of u, and uc as in the statement of this lemma.

To finish the proof of Lemma 1.3, let us prove the uniqueness of u, and uc.
Suppose there exist two decompositions u = us + uc and u = u), + u, satisfying
K., CAU{0}, K, € AU{0}, K, € Cand K, C C. Consider the conical measure
w = usVu,—us Au,. Observethat K, C K,,vv, € Ky, 4u, € (AU{0)+(AU{0}) =
A U {0}. On the other hand, as w = uc V u; — uc A ug, we deduce in the same
way that K, € C. So, we have that K,, = {0}. We are going to prove that
this condition implies w = 0. For every x* € X*, as r(w,.) = 0, we have that
w((x*)*) = wy,, (x*) = x*(r(wa,.)) = 0. Using the same argument with —x*, we

conclude that w(jx*|) = 0. If z* € A*(X) canbe written as z* = \/}_, x* = \/|_,,, x!
and we have |z*| < > i, |x}|, then w(z*) = 0. Consequently, w = 0. Then
us vV u, = us A u, and this means that uy = u),, uc = u. O

REMARK. It can be proved that uc coincides with the conical measure introduced
in [C, Volume II, page 194] for every closed cone C and defined for z* € h*(X) by

uc(z*) = inf {u(w*) : w* € ¥ (X), w* > z* in C}.
We do not make use of this fact, so we do not include its proof.

LEMMA 1.4. Let u be a conical measure on X such that K, € X. For every
elementary cone H there exists a unique conical measure uy which satisfies

(@ uy <u

(®) K., S HU{0);

(c) for every conical measure v withv < uand K, € H U (0}, we have v < uy.
If0 ¢ H, we also have that v < uy and r(v) = 0 impliesv = 0. If H = |J}_, Hy is
a partition of H into elementary cones, then uy =Y &_ uy,.

PROOF. The uniqueness of uy is obvious from condition (c). Every elementary
cone is the intersection of a finite family of closed or open halfspaces; that is, for
certain finite family {x}, ..., x;}in X* and certainn € {0, 1, ... , m} we can write

H = ﬁ{x :x;(x) <0InN ﬁ {x :x;(x) >0} = h C_,; N ﬁ Ax;.
j=1

j=1 j=n+1 j=n+1

In order to simplify the notation, we write C;" = Agand C; = C_pe. Ife € {+, —}"
we denote by H, = ()_, C/'. Then H = H, for certain £ € {+,—]". Using
Lemma 1.3, we define

u, = ((uqn)qz )Cf.."‘ .
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By the same lemma, we have that Ze u, = u. Also, since v < u this implies v¢ < uc,
vs < u4, and we always have us < u, uc < u; we deduce that u, < u for every
j =1,...,m. We have then K,,  H, U {0} for every . If 0 ¢ H,, for some j,
g; = + and Cj’ = A is open. We have that if v < uy, r(v) = O that v < u, and
r(v) =0; by Lemma 1.3, v = 0.

If H = Ho and uy = uyw, let us prove that uy satisfies (c). Let v < u be such
that K, € H U {0}. Using the Riesz decomposition, we have v = )__ v, with v, < u,
for every ¢. If € # £°, since K,, C K,, we have K,, C H U {0}. On the other hand,
v, < u, and then X,, € H, U {0}. Since H N H, = @, we have K,, = {0}; which
implies (see the proof of Lemma 1.3) that v, = 0. We conclude that v = ve < ugy.

To finish the proof, if H = | J;_, H; is a partition of H into disjoint elementary
cones, we can choose a certain finite family {x},...,xx} in X* (the functionals
defining H and every H,) such that if, like before, we put Cj+ =Ay, G =Cand
C, = ﬂ;":l C;’ for every € € {4, —}" we have

H=|Jc: H=|JC k=1..,p

C.CH CeCH,

Following the argument to prove that uy satisfies (c), one can see that the conical
measure ) _ . -, Uc, alsosatisfies (a), (b) and (¢); 50, 4y = } . ., Uc, and analogously
Un, = D c.cp, ¥ fork=1,..., p. From this fact we deduce that uy = 3 7_, uy,.

O

REMARK. Suppose there exist a subset S of X, a o-algebra X on S, and a positive
measure u in X such that, for every z* € h(X), its restriction to S is measurable and
w-integrable. Then u(z*) = f s 2" du, for every z* € h(X), defines a conical measure
on X. It is easy to see that for this conical measure and for every elementary cone H,
the conical measure uy is given by

uy(z*) = f Zdu.
SNH

For, by the definition of uy made in the proof of Lemma 1.4, one is reduced to the
case where H is a closed or open halfspace. For a halfspace H the above identity is
an easy application of the dominated convergence theorem to the definitions given at
the beginning of the proof of Lemma 1.3.

LEMMA 1.5. Suppose that H is an elementary cone and z{,z; € h(X) satisfy
2t =z on H. Then uy(z}) = up(23).

PROOF. We can assume that z; < zj since zf Az; < zf <zf vz fori =1,2and
all of them coincide on H. Then we only have to prove that uy(z*) = 0if z* > O and
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2 =0onH. If H#@and H = {x : xf(x) < O} Ny fx : x(x) <0},
then H = (,_,{x : x;(x) < 0}. If we prove our assertion for H, it will also be true
for H since ug > uy.

So we assume that H = ﬂ:=1 Ci, where C, = {x : x;(x) < 0}. We prove that
under this condition, if z* € A(X) and z* < 0 on H, then there exists a constant ¢ > O
such that
4 ) < aZ(x,:‘)+(x), for every x € X.

k=1
Once (4) is proved, if z* = 0 on H and z* > 0, we would have

0<un@) <ay un((&)*) <o) ug (') =0
k=1 k=1
and the proof would be finished.
To prove (4), suppose that z* = \/I_, a’ — \/f=1 b?,

and I, J are positive integers. Then

where each a; € X*, b} € X*

J

Z*zi\;/l<a:‘—}\/b;) =\I/(/J\(a:—b;)) =i\;/lz:.

=1 i=1 “j=1

Ifz* <0Oon H, theneach z} = /\f=1 (af — b;) < Oon H and it is enough to prove (4)
for z¥. So we may assume without loss of generality that z* = /\jj=1 y; with y* € X*.

We assume that the following claim is true and we postpone its proof.

CLAM. If H = [,_,{x : x}(x) <0} and H C {x € X : y*(x) < O} for some
y* € X*, then y* € L, where L is the set defined by

5) L=[Zakx,f:ak20, k=1,...,n}.
k=1

The fact that z* = /\jj=l y; < 0on H means that H N G = @, where G is the open
cone G = ﬂ;=|{x 1 ¥/ (x) > 0}. If G = @, there is nothing to prove. Otherwise,
G is a non-empty open cone disjoint from H. Then, by the Hahn-Banach theorem,
thereis y* € X*suchthat G C{x € X : y*(x) > 0}and H € {x € X : y*(x) < O}
Therefore, by application of our claim let us find o, > 0 with y* = Y, | a4x} and
B = 0 with y* = Zle Bjy;. Since y* # 0, there exists jo such that g;, > 0. Put
a = (max; <, ax)/Bj,- Then, if x € X satisfies z*(x) < 0, there is nothing to prove
in (4); if z*(x) > 0, then yj(x) > Oforeveryj =1,...,nand

J J n n
* * * l * 1 * *
@ = A\y@ @<= By =Y axi®) ey @)
j=l ﬁlo j=l ﬂ]o k=1 k=1
This concludes the proof of (4) and the proof of Lemma 1.5. O
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PROOF OF THE CLAIM. We first observe that y* € C, where C is the o(X*, X)-
closed cone generated by x;, k = 1,...,n. If this is not true, an application of
the Hahn-Banach theorem, let us find an element x, € X such that y*(x,) > 0 and
x;(xg) <0fork=1,...,n Soxp € Hbutxy ¢ {x € X : y*(x) < 0} and this
contradicts our hypothesis. This shows that y* € C.

We next observe that L is a closed set for o (X*, X). This fact can be easily proved
by induction on n. For n = 1, it is obvious. Assuming this is true for n — 1, we prove
that L, defined as in (5), is closed. Fors € {1, ... , n} fixed, we define the set L by

Ls={zakx;:ak20, j=1,--'9n;as=0}'

k=1

So, each set L, is closed by our induction hypothesis. Let K be the convex hull of

the set {x},... ,x2}. If 0 € K, then 0 = Y ;_, ayx} where ) ,_, & = 1 and each
o, > 0. Ifx = Z:=1 Bix; is an element of L with every ¢ > 0, then either there
exists s € {1,...,n} with 8, =0 and x € L, or we have §; > 0, for each k. In this

latter case, taking A small enough, we obtain that x = Y_,_,(Bx — Aay)x; where for
each k, 8y — Aa, > 0 and for some s, 8; — Aa;, = 0. Then x € L; in this case, too.
So,if 0 € K, L = |J]_, L, which proves that L is closed in this case.

If 0 ¢ K, we observe first that the closed linear span of L is finite dimensional, so
we can choose a norm in this space to define its topology. So there exists € > 0 such
that the ball B(0, £) for this norm does not intersect the compact set K. Let w* € L
and (w; )» be a sequence contained in L converging to w*, with w; = ZL, Ay pXis
oy, > 0. Then there exists a constant M > 0O such that (w;),, C B(0, M¢e). Assume
that there exists p such thaty = > ;_, ax, > M, then wy/y € KNB(0,¢), which is
a contradiction. So ) ;_, o, < M, for every p, and this implies, by a compactness
argument, that w* = Y _;_| axx}, with a, > 0, and, in particular, w* € L. This shows
that L is closed, L = C and the claim follows. O

The proof of Lemma 1.5 could have been given using localization of conical
measures in finite dimension and observing that, in this case, if @ is a localization
of u, the restriction of u to H is a localization of uy.

PROOF OF THEOREM 1.2. Let u be a conical measure on X such that K, € X. We
define for every elementary cone H in X, o (u)(H) = r(uy). The additivity of the
resultant and Lemma 1.4 let us extend o (1) to &€ (X), the algebra generated by the
elementary cones. Then o(u) is a finitely additive vector measure whose range is
contained in K, and such that o (u)(H) € H U {0} for every elementary cone H.

Let u be the conical measure associated to o (#). We have to show that u = u.
Let z* € h(X), 2* = \/;’=l x?. There exists a partition of X into elementary cones
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X =\Jj_, H insucha way that z* = x} in H; forj = 1,... , n. Itis enough to take
H={xeX:x—x)x)=0, forj <k, (x; —x)(x) >0, fork < j}.

By the definition of o (u), we have for every A € € (X) with A C H;, o(u)(A) €
H; U {0}. This tells us that for k£ # j, the measure (x; — xp) o o (u) is positive on the
sets of &€ (X) contained in H;. Therefore, ®,,(z*)(A) = x} (o (u)(A)) for every

(2" = Do) (X) = ) Doy@)(H;) = Y x] (0 (W)(H)))
j=1 j=1

=3 % (r(un)) = 2w (&) = 3 un, (2 = u(@,
j=1 j=1

j=l

last two equalities thanks to Lemma 1.5 and Lemma 1.4, respectively.

We postpone the proof that o (1) satisfies the condition (c) of the statement of this
theorem to the next section. In fact, we prove there that, when X is a complete weak
space, then o () is countably additive on the whole algebra &€ (X). We deduce
the condition (c) from this fact in Corollary 2.5 in order to avoid repeating the same
arguments in both sections.

In order to prove the uniqueness of o (1), suppose that F: € (X) — X isafinitely
additive bounded vector measure satisfying the same conditions. We are going to see
that then, for every elementary cone H, the conical measure A(Fy) associated to Fiy
is the conical measure uy (remember that Fy is defined by Fy(A) = F(A N H) for
every A € € (X)). Then we have, by the definition of o (1),

ou)(H) = r(uy) = r(A(Fy)) = Fy(X) = F(H),

and therefore F = o (u).

It is enough to prove A(Fy) < uy for every elementary cone H. For given H, we
can construct a finite partition { Ho, H;, ... , H,} of X into elementary cones such that
H = H,. Then we would have

A(Fu)+ Y A(Fy)=AF)=u=uy+ ) uy,
j=1 j=1
thus we get the other inequality since

A(Fy) = un+ Y (g, — A(Fy)) > up.

j=l

Using Lemma 1.4, being A(Fy) < u, we only have to prove that the zonoform
K a(r,) = Co(rg Fy) is contained in H U {0} to get A(Fy) < uy. It suffices to prove
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co(rg Fy) ¢ H U {0} when H is a halfspace, since every elementary cone is a finite
intersection of halfspaces. The condition F(H) € H U {0}, for every elementary
cone H, easily implies that rg(Fy) C H U {0} for every elementary cone H, and that
co(rg Fy) C H when H is closed.

The problem is reduced to proving co(rg F4) C A U {0} when A is the open
halfspace A = {x € X : x*(x) > 0}, for certain x* € X*. Suppose y € co(rg F,),
y # 0, and x*(y) < 0. Clearly we have x*(y) = 0, and there exists y* € X* such
that y*(y) = 1. Foreveryn e N,lety; = y* —nx*, E, = {x € A : y}(x) > 0}, and
C,={x € A:yix) <0). The sets E, and C, belong to &€ (X, Z) where Z is
the vector space spanned by x* and y*; as (), E, = @ we have lim, y*(F(E,)) = 0.
We can choose m such that y*(F(E,)) < 1/2. Observe that y* o F and x* o F are
positive measures inside E,, and y* o F is negative inside C,. Then we have, for
every M € o4 €(X),

1/2 > y*(F(En) =z y"(F(E, N M)) > y, (F(E. N M))
= Y (F(En NM)) + y,(F(Ca N M) =y, (F(ANM)),

which is a contradiction since y € To(rg Fy), y,(y) = 1 and y (x) < 1/2, for every
x € rg F,. This concludes the proof of Theorem 1.2. a

We have used condition (c) in order to obtain the uniqueness of o (u). This is
necessary, even for a finite dimensional space X, as the following example shows.

EXAMPLE 1.6. There exist two finitely additive bounded measures F and G defined
on &€ (R?) with values in R? such that F(H), G(H) € H U {0} for every elementary
cone H, A(F) = A(G),but F # G.

PROOF. Let e be the vector in R?, e = (1, 0). For A € &% (R?), define F;(A) = e,
ife e A, and Fi(A) = 0, if e ¢ A; and define G|(A) = e, if e is an accumulation
point of A N {(x, y) € R? : y > 0}, and G,(A) = 0, if not. Observe that, being the
elements of &% (R?) finite unions of angles, G;(A) = e if and only if A contain some
open angle determined by the positive x-axis and a half-line contained in the upper
half-space {(x, y) € R? : y > 0}. Then it is easy to see that G, and F, are bounded
vector measures having the same associated conical measure. Fj is countably additive,
but G, is not.

G, satisfies G1(H) € H U {0} for every closed elementary cone H, but not for
every elementary cone. In order to achieve this condition we have to perturb G,. We
will make the same perturbation to F;. Let C be the unit circle C = {(x,y) € R? :
x? 4+ y? = 1} and consider there the arc-length measure m. Define

FO(A)=/ (x,y)dm(x,y), A € A€ (R?).
ANC
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Observe that Fo(H) € H for every open elementary cone H. Then it is easy to see
that F = Fy + Fy, and G = Fy + G, satisfy the required properties. In particular the
conical measure u associated to them is given by u(z*) = f c 2" dm + 7" (e), for every
z* € h(R?). O

To finish this section, we collect some properties of the conical measure uc to be
used later.

PROPOSITION 1.7. Let u, v be conical measures on X such that K,, K, € X and
let C, C' be elementary cones. Then

(@) (u+v)c=uc+vc

) (uAV)c=Uc AV =uc AV

©) ucAuc = (uc)c = ucnc-

(d) IfT is a subset of M* (X), such that K, C X forevery u € T and infT = v,
then ve = inf{uc : u € T}

PROOF. (a) easily follows from the definition of uc and ve. To prove (b), let
w=ucAv. Asw < uc, we have w = w¢ since K, C CU{0}. As w < u and
w<v,wegetw < (uAv)andw = w¢c < (uAV)c. Onthe other hand, (uA V)¢ < uc
and (u A v)¢ < v, therefore (u A V) < w.

As a consequence of (b), with v = uc, we have uc A uc = (U A uc)c = (Ue)c.
The second equality of (c) follows easily from the definition in the proof of Lemma 1.4.
Let us show (d) now. If w = inf{uc : u € T}, then w < u for every u € I'. So,
w<v. Sincew < ucforsomeu e€l',w =wec <ve. Asv < uforeveryu €T,
ve <ucforeveryuel'. Sove < w. O

2. Conical measures on complete weak spaces

The bounded vector measure o (1) associated in Theorem 1.2 to the conical measure
u is not necessarily countably additive (see Section 3 for examples in the Banach space
setting). However, in this section we prove that if X is a complete weak space, o (u) is
always countably additive. This allows us to obtain a new proof of two results due to
Kluvanek: Corollary 2.4 and Theorem 2.8, and to complete the proof of Theorem 1.2
in Corollary 2.5.

If X is a complete weak space then there exists a set  such that, up to a topological
vector isomorphism, X = R’. For every @ € I, let ¢’ be the projection of X onto
its ar-th coordinate; that is, €}((x;);c;) = X, for every (x,)ie; € X. Every x* € X*
is then a (finite) linear combination of the ¢€}’s, and so, every z* € h(X), and every
A € &€ (X) depends upon a finite number of coordinates. Let us suppose that [ is
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the disjoint union of N and another set I’. Then we can write X = R/ = RN x R”.
With this notation, we can prove the following lemma.

LEMMA 2.1. Let u be a conical measureon X = R' = RN x R, Ife > 0, ¢* € X*
and C = {x € X : e*(x) > 0}, there exists a sequence of positive numbers {M;};en
with the following property: for every A € &€ (X) such that e*(c (W) (AN C)) > ¢
we have AN CN K # @ where K = ﬂ;‘;l{x €X :le()| < Me ()}

PROOF. Letus remark that, inside C, e* oo (u) is a finitely additive positive measure.
We prove first that if e* (0 (#)(C)) > o for some o € R, then there exists M; such that
o)y CNix e X : |e;‘(x)| < M;e*(x)})) > «. This will be clear once we have
proved that, for every conical measure u and j fixed,

lim ¢*(c(1)(CN{x € X : |e](x)] < ke*(x))) = € (0 (W)(C)).

Let G, =f{x € X 1 lef(x)| ke’ )}, xx =0 ()(CN{x € X : ] (x) > ke*(x)}) and
y=0@(CN{x € X :ex) < —ke'(x)}). Since e*(o(u)(C)) = e*(a(u)(CN
Ck)) + e*(x;) + €*(yi), it is enough to show that ¢*(x;) — 0 and e*(y,) — O as
k — oo. If e*(x;) does not converges to 0 as k — 00, there exists § > 0 such that
e*(x;) = 8 > 0, for any k. By the properties of 6(u), x, € CN{x € X : e;(x) >
ke*(x)}, so ef (xy) > k§ which implies that e] is not bounded on K, a contradiction.
In the same way we can prove that e*(y;) — O as kK — o0.

Now we prove, by induction on j, that for any ¢ > 0O there exists a sequence of
positive numbers {M;}; such that

i
e*(a(u)(cm (ﬂ{x €X :le)] < Mke*(x)}») > e* (o (u)(C)) —¢
k=1
for every j € N. Assume that we have chosen M, ..., M;. An application of
the result of the previous paragraph to uy,, where H; = M fx € X @ letx)] <
My e*(x)}, lets us find a positive number M, ,, such that the condition

j+1
e (o(u)(Cﬂ (ﬂ{x €X:legx) < Mke*}>)) > " (o (u)(C)) —¢
k=1
is still satisfied. Observe that we have used that o (u4)(B) = o (u)(A N B) for A and
B elementary cones.

Let K be the set K = ﬂf’;l{x € X :lef(x)| < Mje*(x)} = (2, H;. Suppose
that A € &€ (X) satisfies e*(a(u)(A N C)) > g. Then e*(a(u)(A N H; )) > 0 for
every j. We choose j, large enough such that A N C is independent of the coordinates
J > jo.j € N. There is a point a € AN CN H;,. Taking a point b such that
e(a) = e; (b) for j < jo, e (b) = Oforj > jo,j e Nandef(a) = e(b)fori eI,
wehavebe ANCNKandANCNK #4@. O
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LEMMA 2.2. Let X be a locally convex Hausdorff space and u a conical measure
on X such that K, C X. Ife >0, ¢ € X", C={x € X : e(x) > 0}, and
A € AE(X), then there exists A’ € A€ (X), A’ closed, suchthat CNA’ C CNA
and € + e*(c (W)(CN A")) > e* (o (u)(C N A)).

PROOF. Let y* € X*and H = {x € X : e*(x) > 0,y*(x) > 0}. If r > O we
take H, = H,(y") = {x € X : e*(x) > 0,y*(x) > 0, y*(x) < re*(x)}. We prove
that e* (o (w)(H,)) — 0 as r — 0*. If this is not true, there exists ¢ > 0 such that
e*(o(u)(H,)) > ¢,forr > 0. Then y, = o (u)(H,) € K,, < K,, which is a weakly
compact set. Let y be any weak accumulation point of the net (y,),. Therefore,
e*(y) = ¢ > 0. On the other hand, y*(y,) < re*(y,) < rsup,, e*(x) and this
implies that y*(y,) > Oasr — 0*. Theny € x € X : y*(x) =0} N K,, = {0}, a
contradiction since e*(y) # 0.

Next we observe that it is enough to prove this lemma for A an elementary cone
since an arbitrary A € &% (X) is a disjoint union of a finite family of elementary
cones. So we may assume that

A=[x:xx) >0 N[|{x:x}(x) =0},
jel jed
where I and J are finite sets. Taking
A =[x :x;@) = re' )} N[ )lx : x](x) > 0}
jel jelJ
for r > 0 small enough, we obtain

¢+ e'(0(u)(CNAY) = e'(a(u)(CNA))
since (AN C)\ (A'N C) € U, Hox)). O

THEOREM 2.3. Let X be a complete weak space. If u is a conical measure on X
then o (u) : AC(X) — X is countably additive.

PROOF. First of all, observe that if X is a complete weak space, the condition
in Theorem 1.2 is fulfilled, that is, K, € X. We only have to show that given a
sequence {A,} of sets in &€ (X) that decreases to the empty set, then o (1)(A,)
converges to 0. Keep in mind that every complete weak space X is isomorphic to
R! for some set I. We proceed by a way of contradiction. If o(u)(A,) does not
converges to 0, there is a coordinate functional e* such that e*(o (u)(A,)) = ua,(e*)
does not converges to 0. Then either u, ((€*)*) does not converge to 0 or 1, ((€*))
does not converge to 0. We can assume that u,, ((e*)*) = e*(o (u)(A, N C)) does not
converge to 0, where C = {x € X : e*(x) > 0}. Then there is a number € > 0 such
that e*(o (u)(A, N C)) > ¢ for every n.
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Let us suppose that A, = | J,.x, Ci where each C, is an elementary cone and K, is
a finite set for every n. If C, = ﬂje,‘{x 1x;(x) > 0N ﬂjeh{x :x}(x) > 0}, where
I, and J; are finite sets, the collection {xj:j€ I, U Ji, k € N} U {e*} is countable, so
it spans a countable dimensioned subspace of X*. Then we can write R’ = RN x R”
where each €*, x7 € (RN) . So, we can consider that each A, is independent of the
second variable.

We apply Lemma 2.2 to each A, and obtain A, € € (X), A, closed, A, N C C
A, N C and e*(c(u)(A, N C)) + g/2"! > e*(o(u)(A, N C)) for every n. Let
B, = AN ---NA. Then e*(c(u)(B, N C)) > &/2 for every n. An application
of Lemma 2.1 lets us find a sequence of positive numbers {M;}; with the following
property: foreveryn, B,NCNK # @ where K = ﬂ;”;,{x €X: le;(x)l < M;e(x)}.
This impliesthat K, = B,NKN{x € X : ¢*(x) = 1}is not empty. Observe that K, is
of the form K, = L, x R! fora compact set L, in RN, Since {K,}, is decreasing, there
is a point x € (), K, € (), An, a contradiction. This shows that o (u) is countably
additive. O

In the light of Theorem 2.3, if u is a conical measure on a complete weak space
X, one can consider the o-algebra generated by &/ € (X) which will be denoted by
2 C(X). Since o(u) is weakly countably additive and has relatively weakly compact
range, it has a unique extension to a countably additive vector measure on X C(X),
which we denote by & (1) and still satisfies A(o (1)) = u.

If X is not weakly complete, the measure o (u) is not necessarily countably additive
even if u = A(F) for F a countably additive vector measure (see Section 3). Never-
theless, if u is a conical measure on any locally convex space X such that K, € X,
as explained in Section 1, # can also be viewed as a conical measure on X, the weak
completion of X. In this setting we can consider the o-algebra . C (f ) on which & (u)
is countably additive and has range inside K, € X. So, if (A, .#) = (X, TC(X))
we get

COROLLARY 2.4. Let X be a Hausdorff locally convex space. There exists a mea-
surable space (A, #) with the following property: if u is a conical measure on X
such that K, C X, then there is a countably additive vector measure F : M — X
whose associated conical measure is u.

This corollary contains the result of Kluvdnek [K1, Theorem 5] which states that
every conical measure u such that K, € X is the conical measure associated to a
countably additive measure defined on a o -algebra. The improvement here is that the
measurable space is the same for every conical measure.

Using the same ideas we can finish the proof of Theorem 1.2. There is a natural 1den—
tification between &/%(X) and # € (X) given by the Boolean isomorphism M M
defined by the property that, for every x* € X*, we have Ax. ={x € X: x*(x) > 0},
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if A, = {x € X : x*(x) > 0}. When considering a conical measure ¥ on X such
that K, C X, if we call & the conical measure u viewed on X , this identification
respects the construction of the measures associated to « in Theorem 1.2 in the sense
that o () (M) = o (u)(M), for every M € H€(X).

Despite o (&) being countably additive, o (1) may not be so; the reason for this
is that there can exist a decreasing sequence (4,) in &% (X) such that (), A, = 9,
but ), Z,, # 0. This is impossible if the sequence (A,) is contained in € (X, Z)
for some finite dimensional subspace Z of X*; since if x: X* — R is a linear
function, there exists x € X such that x*(x) = x(x*) for every x* € Z, thus, if x
belongs to ), ;f,,, we have x € [, A,. Therefore, since o (&) is countably additive
in d‘f(f, Z), we obtain

COROLLARY 2.5. Let X be a Hausdorff locally convex space. If u is a conical
measure on X such that K, C X, and o (u) is the measure constructed in the proof of
Theorem 1.2, then, for every finite dimensional subspace Z of X*, the restriction of
o(u) to A6 (X, Z) is countably additive.

The last aim of this section is to give a new proof of a localization theorem for
conical measures in complete weak spaces due to Kluvdnek [K2]. We say that a
conical measure on X is localizable if there exist a subset S of X, a o-algebra X on
S, and a positive measure i on ¥ such that, for every z* € h(X), its restriction to S is
u-integrable, and u(z*) = f ¢ 2" du. In this case we say that u is localized on (S, ¥),
and u is a localization of u.

We use the following proposition about localization of u in a general locally convex
space X when o (u) is countably additive. In this case, o (u) can be extended as a
countably additive measure & () to the o -algebra X C(X) generated by &€ (X). If
x; € X*and I1 = {x € X : xj(x) = 1}, the o-algebra in I1 generated by the sets
{ANTlI: A e Y X)}is Ty ={CNII: C e XC(X)}, and coincides with the
o-algebra generated in I1 by the elements of X* (or £(X)). Observe that, if x* € X*,
anda € R;then{x e [T:x*(x) > a}=TN{x € X : (x* —axy)(x) > 0}. We have

PROPOSITION 2.6. Let X be a Hausdorff locally convex space and u € M*(X)
such that K, € X and o (u) is countably additive. For x; € X*, let A be the cone
A={xe X :xj(x)>0}landIl = {x € X : x5(x) = 1}. There exists a positive
finite countably additive measure |1 on L such that z* € L'(u) and

6) us(z*) = / *du, forevery z* € h(X).
n
In this case, we have, for every x* € X*, and every C € £C(X),
@) x*oew)(CNA) = / x*du.
cnn
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PROOF. Observe that the sets in X C(X) are also cones, and therefore C;, N I1 =
G NIifandonly if C;NA = G, NA,for C), C, € TC(X). This allows us to define
w(C NI = x5(6(u)(C N A)), forevery C € TC(X). It is easy to check that i is a
positive finite countably additive measure on Xp.

If z* € h(X), then the restriction of z* to ITis £;-measurable. Let us observe that it
is enough to prove (6) for z* € h*(X). Moreover, thanks to the monotone convergence
theorem, we can assume that z* is bounded on I1, since, for every z* € h*(X),

ua(z*) = limu((nxg A z2)%) = limu, ((nxg A z*)+) ,

and 0 < ((nx} A z*)*) < n on I1. For this z*, there exists {C;};e, a finite partition
of X into elementary cones, such that z* coincides with some y; € X* in ;. Since
Uy = Zj(u,,)c]. = Zj Uang, » it is enough to prove

® _/ yidu = uc(y*)
nnc

for every elementary cone C C A, and every y* € X* which is bounded on C N IT.
To show this fact, remember that uc(y*) = y*(r(uc)) = y*(o (w)(C)). So, (8) holds
for y* = x;, since, for C C A,

) f x;dp = / dp = x3(0 (W)(C)) = uc(xy).
nnc nnc

If C C A and y* is bounded on C N I1, take £ > 0 and consider, for every j € Z,
the elementary cone

C=CNxeX:(—Dexg(x) <y () <jexg@)).
The family {C;}; ¢z is a partition of C. The boundedness of y* on C N IT implies that

only finitely many C;’s are not empty, and we have uc-(y*) = Zj ug (y*). On G, we
have jex} — y* = |jex] — y*|, and, by Lemma 1.5 and (9),

uq(y*)sjeuq(x5)=jsf xéduff y*d,u.+s/ xpdu.
nng; nne; nng;

Analogously one can prove

uc,.(y*)z/ y*du—E/ xodu.
ang; nng;

Summing up for j € Z, we obtain

luc()’*)—/ y*du‘ 58/ xgdu =eu(IINC),
nnc nnc
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and (8) is proved since £ was arbitrary.

Let us prove the last assertion in the statement. Observe that both terms in equality
(7) define real measures on X C(X), so it is enough to prove (7) for C in /€ (X), an
algebra generating X C(X). Moreover, it suffices to consider that C is an elementary
cone. Thenx*(6 (1)(CNA)) =x*(0(w)(CNA)) = ucna(x*) = (#4)c(x*). Finally,
applying the remark after Lemma 1.4 to identity (6), we know that (u4)c(x*) =
Jenn X* du, and the proof of (7) is finished. O

If E is a linear subspace of the locally convex space X, it is clear that, for every
7* € h(X), the restriction z*|¢ belongs to h(E). Conversely, as a consequence of the
Hahn-Banach theorem, every f € h(E) can be extended to X as an element of h(X).
In this way M*(E) can be viewed as a subset of M*(X). In the following lemma,
whose easy proof is left to the reader, this situation is explained.

LEMMA 2.7. Let X be a locally convex space, and E a linear subspace of X. Given
a conical measure v € M*(E) and defining u(z*) = v(z*|g) for every z* € h(X), we
obtain a conical measure u €¢ M+(X).

Conversely, if u € M*(X) has the property that u(z*) = 0, for every z* € h(X)
such that z*|g = O, then there exists an unique conical measure @ € M* (E) such that
u(z*) = u(z*|g), for every z* € h(X). Moreover, for every elementary cone A in X
we have Uy = Uang.

We can now give our proof of the next theorem due to Kluvdnek [K2]. We are
going to use the same measure space as Kluvanek uses to localize conical measures
on R’: the disjoint union 2 of certain measure spaces {£2,},. We decompose first the
conical measure as a sum of conical measures u, such that each u, can be localized on
each Q,. Here is the difference with Kluvanek’s method: he first extends the conical
measure as a Daniell integral, then he decomposes this Daniell integral and localizes
each component on the spaces £2,. The decomposition of the conical measure is easier
since it is a functional acting on a smaller space of functions. The decomposition of
the Daniell integral is not so clear and the inductive arguments do not appear to be
completely correct in Kluvédnek’s paper.

Another proof of this result was given by Becker [B, Theorem 21]. We are indebted
to the referee for pointing out this reference to us.

THEOREM 2.8. Let X be a complete weak space. There exist a set @ C X, and a
o-algebra T on Q2 such that every conical measure on X can be localized in (2, ).

PROOF. If X is a complete weak space then there exists an index set / such that,
up to topological vector isomorphism, X = R’. Without loss of generality, we can
assume that / is a closed interval of ordinal numbers with O as the least element, and
y as the greatest one; that is, / = {« ordinal: 0 < @ < y}.
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For every a € I, let ¢}, be the a-th coordinate functional on X; thatis, e} ((x)ier) =
X,, for every (x;)ic; € X. We consider, for every a € I, the following subsets of X:

Co={xeX:ex)=0}, Al={e;>0}, A; ={e <0},
Mr={e =1}, I, ={e=-1},
E, = ﬂ Cs=1{x= )it € X :x; =0, forevery i < a},

Bel . B<a
(where we understand E, = X, and we also use E, ;; = {0}),
Qr=nnkE,, Q. =I,NE,, and Q,=Q'UQ;.

On each 2, we consider the o-algebra £, generated by X* (or by h(X), which is
the same); the least o-algebra on 2, for which, the restriction to £, of every x* € X*
is measurable. Observe that the sets €2,’s are pairwise disjoint. Finally consider
Q = |J,e; Q> and the o-algebra T = {B C Q: BN, € I,, forevery a € I}
defined on Q.

We are going to prove that, given a conical measure u on X, there exists a family

{uq : @ € I} of conical measures such that,

(10) u(@') =Y ul(z"), foreveryz* € h(X);

ael

and, for every a € I, there exists a finite positive measure i, on (£2,, X,) such that
an U, (z*) = / Zdp,, forevery z* € h(X).

Once this is done, we can define (B) = ), na (BN ,) for B € I, and it is clear,
since the series in (10) converges absolutely, that :

u(z®) = / z*du, forevery z* € h(X).
Q
Let us define first the conical measure w,, for o > 0, as the infimum in M*(X)

Wy = inf{ucﬂln...ncﬂn ne N, ﬁl, ,ﬂ,, < a},

and wy = u. Observe that, as the set where we are taking infimum is directed, we
have for every z* € h*(X),

we(z") = influc, n.nc, 2*) :n €N, By,..., B, <a}.
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Finally, we define the conical measure
Uy = (wa)A: + (wa)A;-

Inorder to prove (11), let us see that w, (z*) = 0,if z*(x) = Oforeveryx € E,. Pick
Z* € h*(X); z* depends on a finite number of coordinates 8y, . .. , B, that we suppose
orderedsothat B, < -+ < B, <o < Byt <+ < Bu. Takex € C5, N--- N Cg,,
and define y = (yp)p € X by yg = x4,if B > @, and y5 = 0, if B < a. We have
y € E,, 50 z*(y) = 0, but we also have xg, = yg, forevery j = 1, ..., m, therefore
Z*(x) = z*(y) = 0. We have proved that z* = 0 on the elementary cone Cg N---NC,,
which implies Ucy, n-nc, (%) = 0 and therefore w,(z*) = 0.

We are then in a position to apply Lemma 2.7: there exists a conical measure
w, € M*(E,), such that w,(z*) = W,(z*|g,). Observe that E, is a closed subspace,
so it is also a weak complete space and, by Theorem 2.3, o (,) is countably additive.
We can use Proposition 2.6 for x; = € and x5 = —e, to obtain a measure (i, on Z,
such that

(W)arne, (f) = | fdu,, foreveryf € h(E,);

QF

and the same with ;. By Lemma 2.7 we also know that

(Wa)az (2") = Wa)azne, (2°1E,) =/ z"du,, forevery z* € h(X),

af
which yields (11).
An application of Proposition 1.7 (d) gives (wy )¢, = Way4; for every o € I. Thus
we deduce
(12) Wo = Uy + Wet1.

Let us prove, by transfinite induction, that foreverya <y + 1,

(13) (@) = Z ug(z*) + we(z*), forevery z* € h*(X).

B<a

If « is an ordinal limit, (13) is a consequence of w, = inf{wg : B < «a} and the
inductive hypothesis. If @ = o’ + 1, (13) is a consequence of (12) and the inductive
hypothesis.

To obtain (10) it remains to prove that w,,; = 0, since (13) applies fora = y + 1.
If z* € h*(X) it depends on a finite number of coordinates, this implies that there exist
Bi, ..., Bm € I such that z*(x) =O,ife;;j(x) =0,forj =1,... ,n. Thenz*=0o0n
Cs,N---NCg, and, as By, ... , B, are admissible in the infimum defining w,,, we
have w,11(z*) < u¢, n-nc,, (2*) = 0. O
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3. Conical measures on Banach spaces

In the rest of this paper we restrict ourselves to the case when X is a Banach space.
By By we denote the unit ball of X, If X is infinite dimensional, X does not coincide
with X and, in general, for a conical measure « on X, o (u) is not countably additive.
In fact, we prove that this latter condition is equivalent to being the conical measure
associated to a Pettis differentiable measure (see Theorem 3.3).

In the following example we show a situation where o (1) is not countably additive.
Assume that the conical measure u is the conical measure associated to a countably
additive vector measure F : (2, £) — X. Let A be a control measure for F (thatis, a
positive finite measure such that A(A) = 0 implies F(A) = 0 [DU, page 14]) and, for
x* e X*, let f,. = d(x*F)/dx be the Radon-Nikodym derivative of the real measure
x* o F withrespect to A. If H = (,,,{x] > 0} N (N, {x} = 0}) is an elementary
cone, let H € X be the set

H= (ﬂtf,; > 0}) n (ﬂm, > 0})

iel iek
Then it is easy to show that uy = A(Fg) and o (w)(H) = F(ﬁ).

EXAMPLE 3.1. A ¢-valued countably additive vector measure F with bounded
variation such that o (A(F)) defined on &% (cy) is not countably additive.

PROOF. Let m be the Lebesgue measure on [0, 1] and {r,}, the sequence of
Rademacher functions. Let {s,}, be the sequence of functions s;, = 1 and s,,, = r,,
for n > 1. We define the vector measure F on the o -algebra of Lebesgue measurable

sets of [0, 1] by
F(A) = (f 5.(1) dm(t)) .
A n

We consider, for every integer n > 2, the set C, € &/ % (cy) defined by
Cn = {(xn)n €C:ix > Oa |x2| ZXpy ey lxni > xl}-

It is easy to show that [),., C, = @ but E,, = [0, 1], for every n, since s; = 1 and

n>2 “—n
[s¢| = 1 for every k, m-almost everywhere. Then o (A(F))(C,) does not converges
to 0 and o (A(F)) is not countably additive. O

LEMMA 3.2. Let X be a Banach space and u € M*(X) satisfying K, € X. Then
there exists x; € X* such that uc = 0 where C = {x € X : xj(x) = 0}.
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PROOF. Let F: (2, £) — X beacountably additive vector measure on a o -algebra
¥ such that u = A(F) and X a control measure for F. For this vector measure, there
exists a Rybakov functional x; € X* (see [DU, page 268]); that is, F is absolutely
continuous with respect to [xgF|. If A = {w € Q : (d(xjF)/dA)(w) = 0}, then
F, = 0. But it is easy to show that uc = A(F,),s0 uc = 0. [

THEOREM 3.3. Let X be a Banach space and u € M+ (X) satisfying K, € X. The
Sfollowing properties are equivalent:
(a) o (u) is countably additive.
(b) x* o o (u) is countably additive for every x* € X*.
(c) There exists a measure space (2, X, u) and g: 2 — X Pettis integrable such
that if G is the indefinite integral with respect to g, then A(G) = u.

In particular, any of the above conditions implies that 6 (u) has o -finite variation.

PROOF. As explained in the introduction, the equivalence of (a) and (b) is due to
the Orlicz-Pettis theorem and the fact that K, is a weakly compact set.

To show that (a) implies (c), we first recall that o (#) has a countably additive exten-
sion & (u) to EC(X). Take x; as in previous lemma. If A* = {x € X : xJ(x) > 0},
A-={x e X :xj(x) <0land C = {x € X : xj(x) = 0}, then u = us+ + uu-.
LetMMt={x e X:xj(x) =1}, 1T ={x e X : xj(x) = -1}, A=AYUA" and
O=n"ull". If u(CNII) = |x§ o 6 (W|(C N A) for every C € LC(X), using
Proposition 2.6, we get that for every z* € h(X),

u(z') = ua+(2*) + ua-(2°) = f tdu
n

and that for every x* € X* and every C € £ C(X),

x* (o (u)(C)) = / x*du.
cnil

If @ =TI, X is the g-algebra £ = {CNII: C € TC(X)} and G is the vector
measure on X defined by G(CNII) = o (u)(CNA) =6w)(C), theng(x) =xisa
Pettis derivative of G with respect to i and A(G) = u.

Let us suppose now that (c) holds. In this case, it is easy to show that A(G)(z*) =
[ 2* o gdu for every z* € h(X) and that (A(G))c = A(G lig-1cy) for every C €
&€ (X). This implies that o (4)(C) = G(g~!(C)). Soif C, is a sequence in ¥ (X)
decreasing to the empty set, g~'(C,) also decreases to the empty set and o (u)(C,)
converges to 0. This shows (a).

To prove the last assertion of this theorem, remember that every Pettis differentiable
vector measure has o -finite variation (see [M]). Then the vector measure defined in (c)
has o-finite variation. This shows that any other countably additive vector measure
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F satisfying A(F) = u, has o-finite variation (see [RR}). In particular, 6 («) has
o -finite variation. |

If (X, || - ||) is a Banach space with bidual X**, X is a dense subset of X** when
considering the weak* topology w* = o(X**, X*), so we can identify A(X, || - |
with A(X**, w*). Let u be a conical measure on X such that K, € X. The same
construction of Theorem 1.2 is valid taking (X**, w*) instead of (X, || - |]). If we take
t(u)(A) = r(u,) for every A € € (X*, w*), then t(u) defines a finitely additive
vector measure with values in X. We prove in Theorem 3.4 that t(u) is countably
additive if and only if u is the conical measure associated to a countably additive
vector measure F on a o -algebra with o-finite variation.

Whenever 7(u) is countably additive, we denote by T(u) the countably additive
extension of t(u) defined on the o-algebra ¥ C(X**, w*). There are examples of
countably additive vector measures F: # — X on a field & which do not have o-
finite variation, but having an extension to the o -algebra generated by # with o -finite
variation (see [R]). This is the reason why we consider the vector measure 7 («) in the
following lemma instead of 7 (u).

Following the same line as Theorem 3.3 with t(«) instead of o (u), we get the
following theorem.

THEOREM 3.4. Let X be a Banach space and u € M*(X) satisfying K, C X. The
following properties are equivalent:

(a) t(u) is countably additive.

(b) t(u) is countably additive and T (u) has o -finite variation.

(c) Every countably additive vector measure F on a o-algebra such that u = A(F)
has o -finite variation.

(c') There exists a countably additive vector measure F on a o-algebra such that
u = A(F) has o-finite variation.

(d) There exists a finite measure space (2, X, 1), a countably additive vector mea-
sure F on (2, X) with A(F) = uand f : Q2 — X** weak* integrable such that

(x*, F(A)) = /x* o f du for every x* € X*,
A

PROOF. Let us suppose that (a) holds and that F : (2, £) — X is a countably
additive vector measure with non o -finite variation such that u = A(F). Let A =
|xs o F| be a control measure for it (where x} is a Rybakov functional) and g,. =
d(x*F)/d) for x* € X*. We recall that a vector measure in those conditions has
o -finite variation if and only if the lattice supremum sup,.. , 18| exists in LO(3).
Since F does not have o -finite variation, there exists aset A € £ with A(A) > O such
that, taking supremum in the lattice L°(X), sup,.. By. |8x+] = +00 0n A.
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Then there is a sequence {x}},>; S Bx. such that sup, ., |g.:(x)| = +00 A-almost
everywhere on A. We set g, = g.., for n > 0. There exists an increasing sequence
of positive integers (n.), such that if B, = {w € Q : sup,_,, lgi(w)| = k} and
B = (4o Bi then 0 < A(B) = |x} o F|(B). We can assume that (x} o F)*(B) > 0
(if not, consider —x; instead of x;). Taking

De = {x € X : x5(x) > 0, sup{|x; (x)}, [x; ()], ..., Ix, ()]} = kxg(x)},

each Dy belongs to the algebra generated by the elementary cones and C, = ﬂle D,
is a decreasing sequence in that algebra with ("), G, = @and (), G, = ([N, Bi)N{w €
Q : (dx§ F/dA)(w) > 0} which implies

Jim x5 (z(A(F))(C)) = (x5 0 F)T(B) > 0.

We deduce that T(A(F)) = t(u) is not countably additive, a contradiction. This
shows that (a) implies (c).

Since (a) implies (c), we have that (a) implies (b), and it is clear that (b) implies (a).

It is obvious that (c) implies (c') using Corollary 2.4.

We show now that (c’) implies (d). Suppose that there exists a countably additive
vector measure F: (€2, ¥) — X such that u = A(F) and F has o-finite variation.
Let 1 be a finite control measure for F. Without loss of generality we can assume that
(2, X, 1) is a complete measure space. A result due to Rybakov in [Ry] (see also
[M, Theorem 0]) lets us find a weak* integrable function f : @ — X** such that

(x*, F(A)) = /x* of du forevery x* € X*.
A
This proves (d).
To show that (d) implies (a), we follow the same ideas as in Theorem 3.3. (]

Since on every infinite dimensional Banach space there is a vector measure with
non o-finite variation (see {JK]), we get that in every infinite dimensional Banach
space there is a conical measure u such that 7 (1) is not countably additive.
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