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THE EFFECT OF ABSORBED SOLAR RADIATION ON THE 
THERMAL DIFFUSION IN ANTARCTIC 

FRESH-WATER ICE AND SEA ICE 

By G. W ELLER * 
(M eteorology Departmen t, University of M elbourne, Parkville, Victoria, Australia ) 

ABSTRACT. I ce tempera tures were measured on the ice pla tea u a t Mawson . Anta rctica, for one year 
down to depths of 1 1 m. and through a floating sea-ice cover for six months . The pla teau data were examined 
by harmonic analysis and the therma l diffusivity of the ice was obta ined from the classica l model of heat 
diffusion. An improved model of heat diffusion proposed by Lettau ( 1954) was a lso used to derive the 
diffusivity. The results show that absorbed radiation a ffects the computed diffusivity va lues down to 6- 8 m. 
depth a nd a model is pu t forward to explain these apparent changes with depth. Data on the ex tinction of 
radiation in the ice have been published elsewhere (Well er a nd Schwerdtfeger, in press) . The diffusivity of the 
ice is determined for periods with no radiation in winter and the va lue of o· Ot 1 cm.' sec.- ' agrees wel l with 
va lues at 8 m. depth where the effect of radia tion becomes negligible. 

H eat-flux p lates embedded in the ice were used to determine the diffusivity independently and a lso to 
give numerica l values of the heat flux at any moment. The geometry a nd cha racteristics of these flux p lates 
a re discussed elsewhere (Schwerdtfeger and W eller, 1967) . They a re a lso used to derive the diffusivity of 
sea ice a nd enable a deta iled ana lysis of the diurnal heat flux in such complex substances as sea ice to be 
made. 

R ESUME. L'e.ffet de la radiation solaire absorbie sur la diffusion thermique de la glace d'eau douce et de mer dallS 
l' Antarctique. L es temperatures de la glace ont ete mesurees sur le pla teau de g lace a la Station Mawson, 
Antarctique, p endant une an nee jusqu'a une profondeur de 1 1 m et a travers une couverture d e glace de 
mer f10ttante pendant six mois. Les donnees obtenues sur le plateau ont ete examinees par analyse harmonique 
e t la diffusivite obtenue par le modeIe c1assique de diffusion thermique. Un nouveau modeIe de diffusion 
thermique propose par Lettau ( 1954) a aussi e te u tilise pour en deduire la diffusivite. Les resulta ts montrent 
que la radia tion absorbee a ffecte la diffusivite jusqu 'a une profondeur de 6 a 8 m. 11 est propose un modele 
pour expliquer ces changements avec la profondeur. Les donnees sur I'extinct ion de la radiation dans la 
glace ont ete publiees autre part (Well er et Schwerdtfeger, in press) . La diffusivite de la glace a e te deter
minee dans les conditions de non radiation en hiver et la va leur de 0 ,01 I cm' s- ' s'accord e bien avec les 
valeurs a 8 m de profondeur ou l 'effet de radiation devient negligeable. 

Des plaques placees d ans la glace pour la mesure du flux de cha leur ont aussi ete u tilisees pour en deduire 
independamment la diffusivite et a ussi pour obtenir les valeurs du flux d e cha leur a chaque moment. La 
geometrie e t les caracteristiques de ces plaques ont e te d iscutees autre part (Schwerdtfeger et Well er, 
1967). Elles on t aussi ete u ti lisees pour obtenir la diffusivite de la glace d e mer et e1 les ont permis une 
ana lyse detaillee du flux de cha leur diurne. 

Z USAMMENFASSUNG. Der Einjluss absorbierter SOlllIenstrahlllllg my die thermische Diffusion VOII antarktischem 
Siisswasser- und Meereis. Eistemperaturen wurden ein Jahr lang a uf dem Eisplateau bei Mawson, Antarktika, 
bis zu einer Tiefe von 1 I m und liber 6 Monate durch eine schwimmende Meereisdecke gemessen . Die 
Pla tea uwerte wurden harmonisch ana lysiert ; ihre Durchlassigkeit wurde nach dem klassischen M odell 
der W armediffusion bestimmt. Daneben wurde ein verbesser tes M odell d el' W a rmediffusion n ach Lettau 
( 1954) zur Ableitung d er Durchlassigkei t benutzt. Die Ergebnisse zeigten , dass absorbierte Strahlung die 
Durchlassigkeitswerte bis zu 6- 8 m Tiefe beeinflusst. Zur Erklarung diesel' Tiefena bhangigkeit wird ein 
Modell entwickelt. Beobachtungen zur St rahlungsex tinktion in Eis wurden a nderwarts veroffent li cht 
(Well er und Schwerdtfeger , in press) . Die Durchlassigkeit des Eises wurde flir strah lungslose Verhaltnisse 
im Winter bes timmt und der W en von 0 , 0 11 cm's- ' stimmt gu t mit Werten in 8 m Tiefe liberein , wo 
der Strah lungseinfluss vernachlassigbar wird . 

Ins Eis eingelassene Warmelei tplatten wurden zur una bha ngigen Bestimmung del' Durchlassigkeit und 
zur Ermittlung von Za hlenwerten des Warmeflusses in jedem Zeitpunkt benutzt. D ie Gesta lt und die 
K ennwerte diesel' W armeleitpla tten wurden a nderwarts erla utert (Schwerdtfeger und Well er , 1967). 
Sie wurdeJl a uch zu r Bestimmung der Durchlassigkeit von Meere is herangezogen Llnd ermoglich ten eine 
Analyse des taglichen Warmeflusses in so komplexen Subs tanzen wie },I{erreis. 

SYMBOLS 

t = time, sec., 
.t = depth below the surface, cm., 
T = temperature, °c., 

* Al1la rcti c Division, D epartment of External Aft-a irs, Austra lia , a ttached to the Meteorology Depa rtment, 
Un iversity of Melbourne. 
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B = vertical heat flux conducted in the z direction, ca!. cm. _ 2 sec. - ' , 
k = hea t conductivity at depth z, ca!. cm. -'sec.- ' deg.- ' , 
G = heat capacity per unit volume at depth z, ca!. cm. -3 deg. - ' , 
c = heat capacity per unit mass at depth z, ca!. g. - , deg. - ' , 

K = k(G = thermal diffusivity at depth z, cm. 2 sec. - t, 
Q, = heat flu x at depth z, ca!. cm. _2, 
(I = W / 21T = frequency of temperature or heat flux waves, sec. - ', 

A , an, bn = amplitudes, 
€ , IXn, fJn, Yn = phase angles, 

n = order of harmonic, 
the prime (') denotes partial differential with respect to z, 

(" ) denotes partial differentiation with respect to t. 

I . INTRODUCTION 

Problems of the conduction of heat in solids with periodic surface temperature are of great 
practical importance. One of these is the study of the fluctuations in temperature of the surface 
layer of the Earth due to the periodic heating by the sun. In the following study this periodicity 
due to solar hea ting will be examined in three types of ice bodies: (a ) homogeneous ice of 
semi-infinite thickness, (b) inhomogeneous ice of semi-infinite thickness, and (c) inhomo
geneous ice of finite thickness. 

If the surface temperature in the semi-infinite homogeneous solid at z > 0 is given by 

T = A cos (wt - €) (1.1 ) 

and the initial temperature is zero , then the temperature at depth z is given by the Fourier 
solution (Carslaw and Jaeger, 1959) as 

T = A exp[ - z (w/2K)i] cos [wt -z(w/2K)!- €]. ( 1.2 ) 

The amplitude of the temperature oscillation decreases as 

exp[ -z(w/2K)!] 

and thus falls off more rapidly for large w. Also there is a progressive lag 

z (w/2K)! 

in the phase of the temperature wave. This lag increases with w. 
A m easurement of either the amplitude or phase at depth z is thus sufficient to determine 

the diffusivity K. A third method of determining the diffusivity is applicable when the vertical 
flux of heat B is considered at the surface, 

B = _k(OT) = (~) t kA cos(wt - €+ :::) (1.5) 
OZ z~o 1l. 4 

and the amplitudes of temperature and heat flux fluctuations are known. 
In the inhomogeneous case of hea t conduction, i. e. when the heat conductivity and capacity 

of the m edium are functions of depth, the above solutions are no longer applicable. Lettau 
(1954) has derived an exact solution of this case, where the thermal diffusivity is obtained on 
the basis of Fourier coefficients of the periodic fluctuations of temperature and heat flux at 
various depths. The procedure is described and applied in section 4 of this paper. 

The last case of interest is that of a solid bounded by two parallel planes. A slab 0 ~ z ~ l 
is considered which has zero initial temperature and has the planes z = 0 and z = l kept 
at temperatures zero and sin (wt + €) respectively. A Fourier solution of the diffusion equation 
exists for these boundary conditions and the amplitudes and phases are given by expressions 
which are discussed and applied to sea ice in section 11. 

All these solutions apply strictly only to conditions of pure heat conduction resulting from 
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temperature changes at the boundaries and are not applicable when othel' forms of enel'gy 
transfer take place in the bodies considered, In transparent media such as ice and snow, the 
above conditions are however not fulfill ed since large amounts of energy may be tl'a nsferred 
into the m edium by radiation. In the following study the effects of absorbed radiation on the 
thermal diffusion in fresh-water ice and sea ice will be inves tigated. The radiation ex tinction 
coefficients of these two types of ice were 0·007 cm. _ I and 0 ·0 I I cm. _ I respec tively (W eller 
a nd Schwerdtfeger, in press) . 

2. TEMPERATURE PATTERNS IN THE PLATEAU ICE- DESCRIPTIVE ANALYSIS 

Ice temperatures were m easured on the coastal ice slopes near Mawson at 150 m. a ltitude 
during 1965. Copper-constantan thermocouples shielded with chromium plated copper tubes 
6 mm. in diameter and c. 20 mm. long were used. The thermocouples were sealed in a length 
of polye thylene tubing and installed in a bore hole which was refilled with a snow- water 
mixture. The reference junction was immersed in a well insulated ice- water bath which was 
frequently renewed,and recording was by m eans ofa multirange 12-channel Siemens potentio
metric recorder which was housed in a heated caravan. Power to drive the recorder was 
provided by a wind generator, and periods of calms when no recording was made require a 
certain amount of interpolation of the data. 

The daily midnight temperatures observed in the plateau ice at I , 2, 4 and 8 m. depth 
a re shown in Figure I. On I December the temperature readings were discontinued and 
started at a new site approximately 100 m. lower on the plateau. The temperature difference 
at 8 m. depth can be seen to be I deg. which corresponds to the dry adiabatic lapse rate. All 
subseq uent temperature m easurem ents at all levels were corrected to the initial temperature 
se t by subtracting I deg. 

Half-monthly running means are shown in Figure 2. The rIm. temperatures were largely 
extrapolated from readings in December, January and February at the n ew site . Temperature 
isopleths in a depth- time coordinate system are shown in Figure 3. The penetration of the 
annual temperature wave is clearly shown in this diagram. Finally tautochrones showing 
temperature vs . depth for monthly intervals are shown in Figure 4. 
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Fig. I. Daily midnight ice temperatures in the plateau ice at Mawson at depths of I, 2, 4, and 8 m. 
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TeiTl9tnture · c. 
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Fig_ 2_ Half-monthly running meaTlS of daily midnight ice temperatures at Mawson at various depths 

Fig_ 3- T emperature isoplelhs at Mawsoll_ Temperatures are marked in cc. 
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EFFECT OF RADIATION ON THERMAL D I FFUSION IN ICE 

__ ___ ANNUAL MEAN TEMPERATLRE GRADI ENT 
- - SURFACE TEMPERATURE GRADIENT 
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Fig. 4. Temperature profiles in the pla/eall ice at Mawson at monthly intervals 

3. FOURIER ANALYSIS OF THE PLATEAU ICE TEMPERATURES 

It is possible to express the temporal variation of ice temperature at any depth by the 
Fourier series 

11 = 1, 2,3 ... 
n 

where JI is the frequency, 11 the order of harmonic, a the amplitude, IX the phase angle, and 
Tm the mean temperature. 

Fourier coefficients for the first twelve harmonics were calculated from the half-monthly 
running means of temperatures at I, 2, 4 and 8 m. depth using an IBM 7044 computer. The 
coefficients for the first three harmonics are shown in Table 1. 

TABLE 1. FOU RIER COEFFICIENTS FOR THE ANNUAL ICE TEMPERATURE WAVE AT MAWSON 

<: Tm a, a, a3 a, a, a l 
m. ac. deg. deg. deg. rad . rad. rad . 

I - 12'48 10'34 1'50 0'48 2'70 3' 14 0 ' 71 
2 - 11 '92 7. 69 0'7 1 0'48 2'43 2·69 0'08 
4 - 11'78 4 ' 30 0 '1 6 0'37 I' 78 2'27 - 1' 17 
8 - 11'37 1'94 o · 10 0'18 0 · 60 - 2'49 - 1·g8 

It is in teresting to observe the decrease of the annual mean temperature towards the 
surface. Budd (in press) has solved the diffusion equation containing radiation as an additional 
heat-flux term in the ice to explain this change of temperature with depth and has used the 
above resu lts to verify his solution. The annual mean temperature profile can be explained 
satisfactorily in terms of absorbed radiation . 

4. THERMAL DIFFUSIVITY OF THE ICE 

A method of ice temperature ana lysis was selected which is the same as that used by 
Dalrymple and others ( 1963) for snow temperature data from the South Pole station and is 
based on the model by Lettau (1954) for an inhomogeneous body. The two fundamental 
equations on which it is based are the equation of heat conduction 

B = - kT' (4.1 ) 
and the equation of heat continuity 

B' = - CT (4.2) 
where B is the vertical heat flux, k the hea t conductivity at depth z, C the heat capacity p er 
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unit volume at depth z, and T the ice temperature. The prime (' ) denotes partial differentia
tion with respect to z ; (") d enotes partial differentiation with respect to time t. 

From the Fourier series of the ice temperature given in Equation (3. I ) it is assumed that 
the d ependent variable B follows from a Fourier series similar to that of T , i.e. tha t 

B = Bm + tBrit + ~ bn cos (nvt - fJ n) n = 1,2,3, .. . . (4·3) 
n 

By differentiation with respect to z of both (3. I) and (4.3) and introducing 

Yn = Cln - fJ n 
i. e. the phase difference between T' and T waves where , 

Cl n 
tan Yn = - (In A )h,' 

it can be shown (Lettau, 1954) that the thermal diffusivity 

K = ! = nv sin 2Yn 
C 2Cl h, fJ !n 

The bar (-) indicates that the values are independent of time. 
Equation (4.6) gives a solution for K, where K can vary in any manner with d epth. It is 

thus suitable for inhomogeneous m edia. The same value of K should be obtained for each 
harmonic n, Lettau has however found that in soil the higher harmonics give different results. 

Figure 5 shows coeffi cients Cl , fJ and In A of the first harmonic as a function of depth z. 
Smoothed curves are drawn through the calculated points and Cl' , fJ ' and (In A)' a re obtained 
by drawing tangents to the curves at the points required . 

The values of the thermal diffusivity obtained using Equation (4.6) are shown in Table lI . 
The amplitude of subsequent harmonics is too small compared with errors in ice tempera

ture m easurem ents to give significant results. The results of the analysis of the first harmonic 

T ABLE n. 
Z 

m . 
1 
2 
4 
8 

F OURIER COEFFICIENTS AND DI FFUSIVITY F ROM THE FIRST HARMONIC OF I CE T E MPERATURES 

ln A - (ln A)' a a 
, 

y ~ W 
rad . rad . m. - 1 deg. rad . rad. m.- 1 

2 ' 34 0 '36 2' 70 0 '30 39 .8 2 ·00 0' 42 
2 ' 04 0 ' 30 2 '43 0'30 45'0 1 ·64 0'40 
1 ' 46 0'23 I· 78 0'30 52 '5 0· 86 0'35 
0 ·66 o· 16 0·60 0'30 57 ' , - 0'41 0' 28 

· ·*,----~--~----~~~---------.'2 ---------.~,--~.~-(-,,~+ 
'0' 

K 
cm.l sec.- 1 

0 ' 0078 
0 ' 0083 
0'0092 
0 ' 0 107 

Fig. 5. Coefficients of the first harmonic in the Fourier analysis of temperatures and heat flu x at Mawson 
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however show the interesting fact that the thermal diffusivity decreases as the ice- air interface 
is approached. Since density measurements of the ice show no variation in the upper metres a 
genuine change in thermal diffusivity of ice seems unlikely. The apparent change in thermal 
diffusivity must result from shortcomings of the model used, particularly the assumption that 
there are no energy sinks or sources within the ice. Ice is in fact quite transparent to short-wave 
visible radiation (Weller and Schwerdtfeger, in press) and the distribution of the absorbed 
radiation follows an exponential extinction law from the surface. The least affected value of the 
thermal diffusivity should be at the 8 m. level where the available energy due to absorbed 
radiation is negligible. Calculating the thermal conductivity from the diffusivity value at 
8 m. d epth using the m easured ice density p of 0·88 g. cm. -3 and specific heat capacity 
o' 48 ca!. g. _ I deg. _ I , the conductivity is 

k = Kpc = 4' 5 X 10- 3 ca!. sec. - ' cm. - ' deg.- I
• 

This value compares favourably with values m easured elsewhere and the theoretical value of 
4.85 x 10- 3 ca!. sec.- ' cm. - ' deg. - I derived by Schwerdtfeger (1963). 

To explain in greater detail the change of diffusivity with d epth, the values of diffusivity 
calculated from phase and amplitude changes of the annual temperature wave will be given 
now (Table Ill ) . They are computed for the first harmonic from Equations (1.4) and (1. 3) 
respectively, taking the data from Table 11. 

TABLE Ill. THERMAL DIFFUSIVITY OF PLATEAU I CE 
Depth Method of calculation Diffusivity 

m . cm .1 sec. - I 

I Amplitude change with depth 0'0077 
2 Amplitude change with depth 0·0 111 
4 Ampli tude cha nge with depth 0'0 188 
8 Amplitude change with depth o· 0390 
I Phase change with depth o· 0 I I I 
2 Phase cha nge with depth 0·0 1 I I 
4 Phase cha nge wi th depth 0·0 I I I 
8 Phase cha nge with depth 0·0 1 I I 

Thus the radiation effect on the phase change with d epth is zero in contrast to a large 
effect on the amplitude. The absorbed radiation reaches the lower depths as a heat flux only, 
causing a smaller decrease of the amplitude with depth than expected and corresponding 
increases in K as seen above (Table Ill ) . Since only night values of temperature are considered 
in the initial data the direct effect of radiation is zero. If direct radiation effects (due to 
imperfect reflectivity of thermocouples) had to be considered then in the upper layers in the 
ice the direct radiation would give increased amplitudes. In the lower layers amplitude 
changes would be zero so that one should expect higher K values towards the surface. 

The effect of direct radiation thus gives rise to an apparent diffusivity decrease with d epth 
and the effect of heat flux resulting from a bsorbed radiation gives rise to an apparent diffusivity 
increase with depth. If radiation is present in ice temperature da ta which was obtained using 
non-reflecting thermal sensors then these data may give fa irly uniform diffusivity values with 
d epth but these values will be too high. 

Considering phase changes now : since there is no phase change with d epth of the radiation 
flux (which is in phase with the tempera ture at the surface) it will be in phase with the heat 
flux at som e particular depth after one eighth of a period or 6· 5 weeks for an annual wave. 
Since the velocity of propagation into the ice is given by classica l theory as (2K w): it can be 
calculated that annual temperature waves penetrate 2·6 m. into the ice in 6 · 5 weeks. An 
interesting independent check on this is obtained from Figure 3 which gives approximately 
2' 5 m. and could thus be used for another diffusivity d etermination. 

At this depth then hea t a nd radiation flux es are in phase and the phase difference between 
tempera ture and heat-flux waves should be 45 deg. From Table 11 'Y = 45 deg. indeed at 
2 m. d epth. The increasing values of'Y below 2 m. depth are due to increasing phase difference 
between the heat and radiation fluxes. 
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A graphical analysis of the phase and amplitude relationship of radiation and heat flux 
is given later for sea ice. 

5. HEAT- FLUX MEASUREMENTS BY FLUX PLATES 

The introduction of heat-flux plates or similar devices into snow or ice for the purpose of 
heat-flux measurements results in a number of difficulties. First the plates cannot be made 
perfectly reflecting so that radiation errors in tI"ansparent media must be expected and all day 
readings must be radiation-corrected. The most severe limitation of the flux plate however 
lies in the fact that unless it is perfectly matched in conductivity to the surrounding medium, 
the temperature regime in its vicinity will be disturbed, which results in different amounts of 
heat passing through unit cross-section per unit time for flux plate and medium. 

Simple analogue experiments using electrically conducting paper across which different 
potentials could be applied showed these errors well and will be described elsewhere 
(Schwerdtfeger, unpublished). They basically showed that the flux through a plate is smaller 
if its conductivity is less than that of the surrounding medium and vice versa. The heat-flux 
distortion is controlled by the ratio of the conductivities of flux plate and medium and the 
thickness to diameter ratio of the flux plates. 

Heat-flux plates were installed in vertical bore holes at depths of I , 2 and 4 m . in the 
plateau ice. These flux plates (Schwerdtfeger and Weller, 1967) were essentially highly 
sensitive thermopile ribbon instruments with approximately 600 pairs of thermo-junctions 
each. The elements were 14 mm. thick and 38 mm. in diameter and were enclosed in a 
perspex ring 14 mm. thick and 76 mm. in diameter. The bore holes were filled with snow 
and refrozen with melt water. 

To determine the distortion errors of the set of flux plates used in plateau ice and sea ice 
their output e.m.f. was compared with that expected from temperature gradient measure
ments in the ice at the same time. About 100 values were analysed as shown in Figure 6. Only 
night values were used to avoid radiation errors. The scatter is high due to inaccuracies in the 
graphical method of determining the temperature gradient at a point. The grouped means 
however show the flux-plate errors for both types of ice. The fact that for a given temperature 
gradient the flux-plate temperature gradient, given as an e.m.f. reading, is higher than that 
of the surrounding, means that less flux is passing through the plate than through the sur
rounding ice. 

In the case of sea ice with a thermal conductivity of 4" 3 X 10- 3 cal. cm. _ I deg. - l sec. - ] 
at the flux-plate depth, compared with plateau ice of conductivity 5' 3 X 10- 3 ca\. cm. - I 

deg. _ I sec. - ] the heat-flux distortion is considerably larger instead of being smaller. This 
initially somewhat unexpected result is undoubtedly due to heat-flux focussing by the wide 
perspex ring surrounding the flux-plate element. Correction factors which have to be applied 
to determine the temperature gradient in the undisturbed ice from flux-plate readings are 
o· 75 for plateau ice and 0 · 60 for sea ice. Table IV gives conversion figures to obtain the heat 
flux in both typ es of ice. 

T ABLE IV. CONVE RSION T A BLE TO O BT AIN I CE HEAT FLUXES 

M easured flux plate e.lIl .J. Sea ice heat flux Plateau ice heat flu x 
mV. X 104 ca!. cm. - , sec.- ' X 10' ca!. cm.- ' sec. - ' 

I 1' 30 1·67 
2 2 ·60 3 '34 
3 3 '90 5 '00 
4 5'20 6· 67 
5 6' 50 8 '34 
6 7. 80 10'00 
7 9' 10 11 ·67 
8 10 '40 13 '34 
9 11' 70 15'00 

10 13 ' 00 16·67 
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(I. 

EXPECTED FUJXPL ATE EMF FOR ZERO 
HEAT FLl:X DISTORTION 

,." 

Fig. 6. Heat-fllIx distortion around a flllx Illate embedded in ice. The numbers ill brackets indicate the nllmber of observations 
in the plotted group mean 

6. H EAT-FLUX M EASUREMENTS IN PLATEAU I CE 

The output of the flux plates m easured in millivo lts was recorded a utomatica lly. FigUl-e 7 
shows a n exampl e for the variation of heat flu x at various depths. Fluctuations of heat flux 
have been smoothed out considerably by the time the 4 m. level is reached. At that level the 
heat flux changes sign at the beginning or Apri l from downward to upwa rd flux towards the 
surface, as the temperature gradient becomes nega ti ve due to surface cooling. 

m Y. 

- I 

10. IS. 

r'-\'-,--/\.\ ,/,/~ - - -, 
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F-4m. 

Hut 111,1 1 positive low.u ds surl ilc e 

20 
"ARCH 

IS. 30. 1. .. '10. 
APR. 

11. 20 . 

Fig. 7. H eat flll xes at NlawsolI at t , 2 and 4 m. depth 
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l 
10. 1. 
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The penetration of the temperature waves can again be seen to be preceded by approxi
mately one eighth of a period by the change in heat flux: Figure 7 may be compared with 
Figure I; a particular example is presented later (Fig. g) when the phase and amplitude 
relationship between heat flux and temperature is used to derive the diffusivity of the ice. 

The heat flux can also be determined without the aid of flux plates by considering the 
rate of change of heat content of the ice. The heat flux through the surface can be computed 
by determining the total heat gained by the ice by a change of temperature profile with 
depth I:!. T (z) : 

00 

Q. = pc J I:!.T(z) dz 
o 

where p the density and c the specific heat of the ice are known. Using the temperature- depth 
relationship shown in Figure 4 monthly changes in the heat content of the ice can be computed 
down to I I m. Changes in heat content below I I m. are neglected. The results are shown in 
Table V. 

Jan. 

+ 10 
Feb. 

+4 

TABLE v. MEAN DAILY ICE S U RFACE HEAT FLUX (ca!. cm.- 2 day- f) 

Mar. Apr. May Jun. Jul. Aug. Sep. Oct. 

- 2 6 - 20 - 7 - 23 - 20 - I + 2 + 20 

+ ve sign = heat flux downward - ve sign = hea t flux upward 

Nov. 

+ 36 

Figure 8 shows the monthly means of the surface temperature and surface heat flux . The 
phase difference can be numerically determined to be 52 days. The amplitudes of the annual 
temperature wave A and heat-flux wave B at the surface are approximately 1 I deg. and 
30 cal. cm. -> day- I. From Equation (1.5) a value of the conductivity is obtained and using 
p = 0·88 g. cm. -3 and c = 0.48 ca!. g. _ I deg. _ I the diffusivity can be computed. The 
values obtained are k = 0·0118 ca!. cm. - I deg. - I sec. - I and K = 0·028 cm.> sec. - I

• These 
values are more than twice as high as the expected values for ice of density 0 · 88 g. cm. - 3. 

From previous considerations this is not surprising: the heat flux at the surface is not solely due 
to the surface temperature wave but also due to an additional conducted heat flux due to 
absorbed radia tion. A simple calculation can now show the effect of radiation on the heat flux. 

From radiation data at Mawson in 1965 the mean annual amplitude of the short-wave 
flux directed downward into the ice through the surface is go ca!. cm. - > day-'. Some of this 

10 T 

o 

NOV. DEC. JAN . FEB. MAR.APR , MAY JUN . JUL . AUG. SEP. OCT. NOV. DEC. JAN. 

al.cm:·day: 1 

'0 

20 

10 

'0 

Fig. 8. Monthly means of surface temperature T and suiface heat flux B at Mawson 
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absorbed radiation is stored in the ice, some is lost by conduction to the surface. The radiation 
effect on the heat storage will be considered first. 

Anticipating the resul ts shown below of a diffusivity determination during a radiationless 
period, namely K = o' 0 [ I8 cm.2 sec. _I, and using the annual surface temperature amplitude 
A of I I deg., from Equation (1.5) an annual amplitude of the hea t flux B of only 19 ' 5 cal. cm .- 2 

day- I is computed. Since the m easured heat flux has an amplitude of approximately 30 cal. 
cm. -2 day- I, the absorbed radiation must nearly double the heat storage in the ice and the 
resulting conducted heat flux, giving high amplitudes of B and hence high values of con
ductivity and diffusivity. The value of A is not affected by absorbed radiation since it is 
extrapolated from ventilated air temperature sensors. 

The heat loss of the ice by conduction due to the presence of an annual m ean temperature 
gradient set up by absorbed radiation wi ll be considered next. This gradient is shown in 
Table 1. The surface temperature was extrapolated by considering the mean of the measured 
air temperatures at I and 4 m. height above the ice for the year to obey a logarithmic profile 
law and the ice surface temperature to be equal to the air temperature at the height of the 
m ean roughness parameter Zo = o' 23 cm. 

At the surface of the ice the temperature gradient is 15 deg. m. _I, the temperature 
- I4·5°C. This leads to a heat loss through the surface by conduction of 

aT 
Q, = k az t = 25' 0 kcal. cm. _ 2 year- I 

or approximately 6g cal. cm. _ 2 day- I. This figure should be compared with the go cal. cm. - 2 

day- I of absorbed radiation. For a balanced energy budget of the ice other forms of energy 
transfer could play a role such as internal m elting in the ice, the water vapour reaching the 
surface of the ice through melted cavities. It seems likely however that the observed difference 
between heat gain by absorbed radiation and heat loss by conduction is due to the inac
curacy of determining the ice temperature gradient at the surface. 

To d etermine the diffusivity of the ice when there is no radiation present, an isolated 
sinusoidal temperature pulse and resulting heat-flux wave were taken from the recorded data 
at I m. d epth in the plateau ice. The period of the temperature and flux pulses was 7 days, 
masking a ny diurnal radiation pattern. Moreover the data were taken from the August 
records when the incoming radiation is still very low. Flux and temperature pulses are shown 
in Figure g. 

·25 

-24 

' T' 
.~ 

-21 

\0 '8 
JULY AUGUST 

Fig. 9. Waves of heat flux B and temjJerature T at a depth of I m. A selected example 

https://doi.org/10.3189/S0022143000020165 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000020165


JOURNAL OF G L AC I OLOGY 

The phase difference between temperature a nd heat-flux waves IS approximately one 
eighth of a period as expected . Ampli tudes are I ' 4 deg. and I' 3 m V . respectively, the latter 
fi gure is converted by m eans of Table IV to 2' 15 X 10- 4 cal. cm. _ 2 sec. _ I . From these ampli
tudes the conductivity and diffusivity can be calculated again using Equation ( 1.5) and are 
k = 5' 3 X 10- 3 ca!. cm. - ' deg.- ' sec. - , a nd K = 0 '0 11 8 cm .2 sec. - ' . 

They agree very well with accepted figures for ice a nd show again tha t radiation effects 
must be eliminated when the diffusivity of tra nsparent m edia is to be computed. 

7. SUMMARY OF DIFF USIVITY D ETERMINATIONS IN PLATEAU I CE 

The resu lts of a ll plateau ice diffusivity determinations are summarized in Table VI. 

D epth 
m. 

° 

2 

4 

8 

I 
2 
4 
8 

2 

4 
8 

TABLE VI. SUMMARY OF PLATEAU I CE DIFFUSIVITY DETER~nNATIONs 

Method of Period of 
computation waves 

Ampli tude of T and B I year 

Amplitude a nd phase of T I year 
(Lettau's method ) 
Ampli tude and phase of T I year 
( Lettau's method) 
Ampli tude and phase of T I year 
(Letta u 's method ) 
Ampli t.ude and phase of T I year 
(Lettau 's method) 
Ampli tude (If T I year 
Ampli tude of T I year 
Ampli tude of T I yea r 
Ampli tude of T I year 
Phase of T , yea r 
Phase of T , year 
Phase of T I year 
Phase of T I yea r 
Ampl itude of T and B 7 days 

D iffllsivity 
c ln.~ sec.- r 

0' 0247 

°'°°78 

0 ' 0083 

0'0°92 

0 ' 0'07 

0'°°77 
0'0 1 I I 

0'0 188 
0'039° 
0'0 1 I I 

0-0 1 I I 

0-0 1 I I 

0 · 0 111 

0'0 11 8 

Remarks 

High due to large amount of heat transmitted by 
radia tion 
Not a true variation of K with depth, b ut caused 
by the effect of radia tion penetration on the 
amplitude- depth profi le 

Not true va lues due to the penetration of 
radiation. The value at 2 m. is close to the true 
va lue since radiation and condut;t ion are approxi
mate ly in phase here 
Close to true va lue because the rad iation on ly 
has slight effect on va ri a tion of phase with depth 
> 1 m. 

C lose to true va lue because only conductive hea t 
transfer present (no rad iation ) 

S. TEMPERATURE PATTERN IN SEA I CE- DESCRIPTIVE ANALYSIS 

In the sea ice, as well as in the p lateau ice, the tempera tures were measured by thermo
couples frozen into the ice at 0, 15, 30, 45, 60, So and 100 cm. dep th. All readings were taken 
at midnigh t to reduce radiation errors. A thermocouple at 2 m . d epth was a lways in the 
sea-water since the m aximum ice thickness reached near the thermocouple probe was only 
135 cm . Figure 10 shows half-monthly means for a ll levels. Curves for all levels were extra
polated to - I ' SoC., the fl"eezing temperature of 33%0 salini ty sea-water, at the date at which 
freezing began at that level. Two warm temperature periods, one in early July, the other in 
late August can be traced throughout the sea-ice cove r. In November sea-ice temperature 
m easurements were di scontinued ; the ice became unsafe to walk on and broke out late in 
D ecember. 

F igure I I shows tautochrones of sea-ice temperature against dep th for half-monthly 
intervals. Temperature gradients in the early periods of winter are steep and d ecrease slowly 
towards the summer months when the g reater amounts of absorbed radiation again cause 
deviation from a linear temperature gradient in the top layer. 

g. HEAT - FLUX MEASUREMENTS IN S EA I CE 

H eat-flux plates were insta lled in the sea ice a t depths of 30 and 60 cm . Sea-water was 
a llowed to refreeze the bore holes which had been fi lled with sea ice shavings after installation 
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Fig. J o. Half-month ly means of daily midnight sea-ice temperatllres at Mawson at various depths marked ill cm. 

of the flux p lates. The flux plate at 60 cm. d epth gave inconsistent readings shortly after 
installation , pl-esumably the plate was not hermetically sealed and electrolytic e_m .f.'s were 
set up. The flux p late at 30 cm. depth performed well throughout. 

One important consequence of heat flux through the sea-ice cover is its effect on the ice 
growth rate at the ice- water interface. This is shown in F igure 12 where the heat flux at 
30 cm. depth is plotted together with the ice growth rate on the same time scale. The phase 
and amplitude relationship between heat flux and rate of ice growth is obvious. The phase 
difference is approximately 4 to 5 days depending on the frequency of the heat-flux wave, 
with the heat flux leading the waves of rate of ice growth. Schwerdtfeger ( 1966) has used 
similar data to derive a lag coeffi cient for sea ice which is of interest in ice growth forecasts. 
The lag coefficient is inversely proportional to the thermal diffusivity, the proportionality 

-" ·c. 

20 

40 

" 

" 

lOO, 

" 

"0. l-

Fig. I I. T emperature profiles in Ihe sea ice at M awson at half-monthly intervals. Plotted vallles are means of daily midnight 
values for the half month 
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2. 

lSofii 20·6 1-7 5-7 10'7 1~ ' 7 20.1 25-' 5-' 10-8 
o A. T E 

Fig. [2. Heat flux at 30 cm. depth in sea ice and ice growth rate at the ice-water interface. Arrows indicate corresponding 
peaks 

constant being derived empirically. For the above data the constant derived was identical with 
Schwerdtfeger's. 

Sea-ice thickness m easurements were carried out fully automatically every six hours 
through a series of operations where an electric current was passed through a wire loop through 
the sea ice to heat it, a weight attached to the wire was wound up by an electric motor to the 
underside of the sea ice and the number of turns of the motor counted and printed. The 
design of the machine is due to Schwerdtfeger. 

With the aid of the flux plates some of the more detailed aspects of heat flux in sea ice such 
as the diurnal heat flux could be investigated. Figure 13 shows the diurnal variation in heat 
flux for October. The amplitude of the diurnal variation is remarkable, a change in sign of 
heat flux occurring quite frequently. It will have to be examined now whether this is a genuine 
heat flux or whether other effects such as radiation contribute. 

. . ~ . . i i ~ ~ 

'520+~'~~2S~_'~~JO~_'~II~D~5-_1D~~I~'I~D~-'-"-D~~20~1D~~2S~1D----3-"-D-----5.n--~,~D~11~~~~ 
OCTOBER NO't'EtrolBER 

Fig. [3. Diurnal variation of the heat flux at 30 cm. depth in sea ice 
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10 . THE RMAL DIFFUSIV ITY OF S EA I CE 

Figure 14 shows the diurnal var-ia tion of hea t flux and tempera ture a t the 30 cm . d epth in 
sea ice. The curves are based on m ean values for the month of O ctober ca lculated fo r hourl y 
intervals. It is apparent tha t the temperature curve is no t a sine wave: the time difference 
between minimum and maximum temperature is onl y 9 instead of 12 hours and there is a 
hump in the curve a t approximately 19 hours. The hea t-flux curve also shows some d ev iation 
from the expec ted sine-wave shape. 

- 12 

-'+----,----~---,----,----rlO ----r12 --~IC' --~I~' --~,~" --~'CO --~,C, --~,~, --~ 
SOLAR TI ME I hour$ l 

Fig. J 4. H eat flux alld temperatllre at 30 cm. del)th in sea ice; monthly mea liS for October. The dashed lilles are Cllrves derived 
by a trial-alld-error method 

If the distortion of the curves is ascribed to radia tion penetra ting into the sea ice then by 
superimposing a diurna l radia tion pa ttern on assumed perfec t sinusoida l tempera ture a nd 
heat-flux waves one should be a ble to sepa rate the relative amplitudes a nd phases of these 
la tter by a tria l-a nd-error' m ethod by cha nging the phases a nd a mplitudes of radia tion, 
tempera.ture a nd heat-flux waves u ntil the results actua ll y m easured a re ob tained . 

The sha pe of the radi a tion curve for O ctober has been obta in ed from W el ler (unpublished) . 
Its phase is fi xed in rela tion to sola r noon. Us ing a tria l-and-er ro r m ethod to cha nge i ts 
ampli tude a nd the phase a nd a mplitude of a n ass umed sinusoida l tempera ture wave, a curve 
can be obtained by addi tion of the two components (Fig. 15) which closely resembles the 
mean tempera tUl-e curve in F igure 14. The immensely strong effect of radiation both on the 
phase a nd ampli tude of the tempera ture cu rve is immedia tely a ppa rent. 

Simila rl y the heat-flux curve can be obta ined (Fig. [6) . The effect of radia tion on the heat
flux m easurements is less severe, since the hea t-flux pla tes a re onl y a ffected by the ne t 
(downward minus upwa rd ) radia tion a t a ny leve l in contras t to the thermocouples which a re 
a ffected by the total (upward plus downwa rd ) radiation. 

I t should be poin ted ou t that the " radiation" curve in both cases ind icates the a mplitude 
of the tota l radia tion effect, i. e. the effect of direct radi a tion on the imperfectly reflecting 
thermocouples a nd flux plates as well as the effect of absorbed radia tion on the tempel-ature 
rise and heat flu x a t 30 cm. depth. Stri ctl y there is a slight phase shift between the direct 
radiation effec t and the tempera ture rise and hea t flux at 30 cm . depth resulting from radia -
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tempe ra t ... r 

+ 
r.1. d l il lon 

10 12 16 " 20 22 24 

SOLAR T:ME { hours I 

Fig. [5. Trial-and-error determination of the eilect of radiation on the diurnal temperature curve at 30 cm. dejJth 

tion absorption in the top 30 cm. For K = 0 · 0 [ cm. 2 sec. _ 1 the depth of penetration is 
'5 cm. in one hour for an amplitude reduction of 1 / 100. Also the direct radiation effect is 
large in the top layers compared with the heat-flux effect due to absorbed radiation. The 
small phase sh ifts involved are therefore ignored. 

Drawing the radiation-corrected waves of temperature and heat flux together now 
(Fig. 17) there appears the correct phase relationship between heat flux and temperature with 
the heat flux leading the temperature wave by one eighth of a period. 

From the amplitudes obtained, namely 0 · 6 deg. and 2·60 X [0- 4 ca!. cm. _ 2 sec. - I (the 
peaks of hea t flux are 7· I X [0- 4 and 1·9 X [0 - 4 ca!. cm. _2 sec. _I), the thermal conductivity 
can now be derived. Some uncertainty is introduced when values of the density and specific 
heat must be chosen, neither of which were m easured . From Schwerdtfeger ( 1963) the specific 

HE.AT FLUX 

1 
RAD I ATIO N 

I' " I l m V, A 

...L 

10 12 " ,', 16 10 ,', " S OLAR TIME ( houn) 

Fig. [6. Trial-and-error determination of the eifect of radiation on the diurnal heat,f/ux curve at 30 cm. depth 
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Fig. ' 7. Radiati,n-corrected curves of diurnal temperature al/d heat .flux at 30 cm. del)th in sea ice at illawson in October 
' 9 65 

heat of sea ice of density o·g g. cm .- 3, salinity 6%0 and temperature - 12°C. (these latter 
two va lues are average conditions m easured for O ctober for the top 30 cm. of sea ice) is 
0·67 ca!. g. - ' d eg. - ' . Again k = (B(A )' (wpc from Equation ( 1.5), from which k = 4.30 X 10- 3 

ca!. cm. _ l deg. _ l sec. -, and the diffusivity K = 0.0072 cm.' sec. _ l . (The classical solution 
for semi-infinite thickness can be used here since the depth of penetration fOl- K = 0·007 
cm" sec. - ' is 65 cm. for an amplitude reduction of 1( 100 and the sea-ice thickness is 135 cm.) 
T he value of conductivity given by Schwerdtfeger for ice of the same specification is 4· 6g X 10- 3 

ca!. cm . - , deg. - , sec. - , or K = 0.0078 cm." sec. _ l. 

D espite uncerta inties in the values assumed for p and c the value obtained for the thermal 
conductivity is close to the expected va lue. Radiation effects seem therefore to have been 
successfu lly eliminated a nd the above curves (F igs. 15- 17) a re essentially correc t. 

The fluctuations of hea t flux hown in Figure 13 are then basicall y quite realistic, a lthough 
the amplitudes should be reduced slightl y. They demonstrate the powerful effect of the 
diurnal surface temperature pattern on the sea ice a nd the direct contribution of solar radia
tion to its final summer m elting and break-up. 

I I. DIFFUS IVITY PROFILE I N SEA I CE 

An attempt will now be made to determine the change of therma l diffusivity with depth 
in sea ice. As has been shown above on ly data co ll ected during a rad ia tionless period can be 
used for this purpose. From the half-monthl y sea-ice temperatures a 50-day period warm wave 
through the sea ice was obtained (Fig . 18) . This wave occurred in August when radiation 

·20 

I I 

T.,~'I 
\ I 

T-4S /~\\J/0 

T."~ 
T- 90 

·5 

JUL . AUG. SEP. 

Fig. 18. Am/)litllde and phase changes ~f a 50-day period warm wave travelling through the sea ice at j\;fawson; depths are 
indicated in Clll . 
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effects are still quite small and can be neglected. (The average value of daily insolation in 
August is 30 cal. cm.- 2 day- ' compared with 750 cal. cm.- 2 day- ' in December ; also during 
August there is 4- 5 cm. constant snow cover on the sea ice.) 

Small changes of sea-ice thickness due to ice growth were neglected and an average 
thickness of 125 cm. was taken. Salinity profiles were measured and are shown in Table VII 
together with the average ice temperature a t that level for the duration of the wave. From 
these data and using Schwerdtfeger's ( 1963) theoretical considerations, values of diffusivi ty 
could be derived for various levels . 

TABLE VII. VARIATION OF PROPERTIES OF SEA I CE W ITH DEPTH 

D epth Salinity T emperature Diffusivity 
enl. %0 ac. ClTI . Z sec. - I 

0 7 - 18 0·00g8 

3 0 6 - 14 0-00g3 
60 5 - 11 0' 0083 

100 4 - 6 0 '0052 

125 4 - 2 0·00 10 

To analyse the wave data, the solution given by Carslaw and Jaeger (1959) for a slab with 
periodic surface temperature was used. A sla b 0 < x < l with zero initial temperature and 
with the planes x = 0 and x = l kept at zero and sin (wt+ E) respectively is considered. The 
solution for temperature is of the form 

A = {COSh2hX- COS2hX}} (II.I ) 
cosh 2hl- cos 2hl 

and A. = ar {sinh hx ( I + i)} 
'f' g sinhhl ( I + i) (1I.2) 

where A is the ampli tude, rp the phase, and h = (w /2K)' where K is the diffusivi ty. Amplitudes 
are obtained from Figure 18 and are given in Table VIII . 

TABLE VIII. AMPLITUDE OF TEMPERATURE WAVE IN SEA I CE 

Relative Relative 
Depth Amplitude amjJ/itude depth 
e nl. cleg_ A x/I 

0 4'0 1·00 0 

15 3'5 0·87 o· 12 

3 0 2'9 0'i3 0'24 

45 2'4 0·60 0'36 

60 I ·g 0 -47 0'48 

80 1'2 0'30 0·64 

Solutions of Equation ( I I. I ) [or various diffusivities K are easily obtained graphically using 
the above da ta and a series of values of hl and hx . This is shown in Figure 19 where the dotted 
line represents the actual sea-ice amplitude data. Interpolating between the values of hl or 
It, the diffusivity can be obtained for various d epths such as shown in Table IX. 

T ABLE IX. DIFFUSIVITY OF SEA I CE DEDUCED FROM TEMPERATURE W AVE 

R elative Dijjusivity 
depth hi K Depth 

cm."! sec.- I enl. 

O· I 1'10 0-0094 12'5 
0·2 1'12 O-OOg I 25 

0'4 I ' 26 0-0072 50 
0 - 6 1- 62 0'0043 75 
0-8 1-81 0-0035 100 

0'9 2 '00 0-002g 11 2· 5 
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Fig. 19. Amplitude decrease of a 50-day period wave in sea ice at Ivlawson (dashed Line ) compared with theoretical solutioNs 
for a slab with fixed bottom temperature and a harmonic wave at the sUlface for various values of the diffusivity K and the 
corresponding parameter hi 

These values together with the data obtained from theoretical considerations above a re shown 
in Figure '20. The diffusivity decreases with depth as expected and agrees generally with the 
theoretical values. However, the error bars indicate that temperature is quite critical in the 
analysis of the amplitude reduction with d epth, an error of ± o· 1 QC. changing the diffusivity 
appreciably. The factor that affects the theoretical values most is the salinity, and the error 
bars in Figure '20 show that a change of ± 1%0 in salinity can a lso cha nge th e diffusivity 
appreciably, particularly at higher ice temperatures . 

A simplifica tion of matters was also introduced by considering a stationary lower boundary. 
Actually the boundary advanced c. 10 cm. due to ice growth in the period considered. This 
would slightly increase the amplitudes of the temperature wave at the lower levels and hence 
d ecrease the diffusivity. Compared with the errors of the above m ethod this change wou ld 
however appear to be inconsequentia l. T h e accuracy of the available data does not permit 
diffusivity calculations from phase ch anges. 

1'2. CONCLUSION 

It has been shown that to determine the thermal diffusivity in optically transparent m edia 
such as ice, it is necessary to consider the effect of radiation transmi tted through the medium. 
This effect is twofold: first, direct radiation on temperature or flux sensors in the ice resu lts 
in large errors if these sensors are not perfectly refl ecting ; secondly, the radiation is a bsorbed 
exponentially with d ep th a nd a heat flux results which is additional to that due to temperatu re 
pulses at the surface. 
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Fig. 20. D ijjil5iuity of sea ice at lvl awson determined/rom the amplitude reduction of a tem/Jerature wave and f rom theoretical 
considerations 

If radiation effects are not separated , diffusivity values obtained may be either too high 
or too low dep ending entirely on the m ethod used for computation. 

The same considerations apply to snow and other optically translucent m edia. The 
consequences of this on heat flux and temperature measurem ents, particularly in polar 
regions, are obvious. 
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