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In his paper [1] F. Kasch developed a theory of Frobenius extensions as

a generalization of the theory of Frobenius algebras. In it he established a

very interesting relationship between the Frobenius property of an extension

and that of its endomorphism ring [1, Satz 5], from which he further derived

the Frobenius extension property of Galois extensions of simple rings [1, Satz β]

with these results he kindly responded to what had been vaguely "conjectured"

(as he wrote) by one of the writers on the connection between Galois theory

and the theory of Frobenius algebras [2]. However, his theory of Frobenius

extensions is constructed upon the assumption that the ground ring, A, satisfies

the minimum condition (for left ideals and right ideals) and, moreover, the

condition that the left annihilator, in A, of a right ideal in A different from A

should not vanish and similarly the right annihilator, in A, of a left ideal differ-

ent from A should not vanish he calls such a ring an S-ring. His proof to

his above alluded theorem on the relationship between Frobenius extensions

and endomorphism rings depends also to this assumption, and particularly to

the last condition. The purpose of the present note is to free the theorem

from this condition (and even from the minimum condition) establishing it for

the case of an arbitrary ground ring.

(It is desireable to free also some other parts of the theory from the same

S-ring assumption, though for some parts of the theory the assumption is rather

natural and perhaps necessary, and the job will be taken up in a subsequent

paper, to appear somewhere, in which generalizations of the theory in other

contexts will be considered too.)

1. Preliminaries

Let o be a ring having a unit element 1, and A be a subring of 8 which

contains 1. The module Hoπu (SA, AA) of A-right-homomorphisms of o into A
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has an A-©-module strunture defined by

(aφ)(x) = aφ(x), (ψs)(x) == ψ(sx)

(φ e UomA (&A, AA) ae A x, S<Ξ ©).

We define © to be a Frobenius extension of A when © has a finite independent

right-basis over A and when moreover there is an A-©-isomorphism between

the A-©-modules © and Hom^ (<BA, AA).

If © is a Frobenius extension of A and if Φ is an A-©-isomorphism of ©

and Hom^(©^, AA), there exists for every finite independent A-right-basis (tu

. . . , tn) of © a finite independent A-left-basis (si, . . . , sn) of © such that

Indeed, if ψ^ denotes, for each v> the A-right-homomorphism of © into A with

φ*(tμ) = ίμ vl, then we have readily the direct decomposition

Honu (©^, AA) =Aψi+ +'Aψn9

and we have simply to put sv = Φ~1(ψ^)i in order to obtain our assertion, turning

to S from Honπu(©,4, AA)

If here

( 1 ) *fv

for an element Λ: of ©, then we have

(2 ) Sμ.X =

with same jyμv. For, we have

if (1) is the case, while we should have

Naturally (2) entails (1) too.

Conversely, if © has a finite independent A-right-basis (tu . . . , tn) and a

finite independent A-left-basis (si, . . . , sn) such that (1), (2) entail each other,

then © is a Frobenius extension of A. For, associating sv with the element ψv
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of Hom^ (®Λ, AA) such that ψΛtμ) = £μvl, we obtain then an A-3-isomorphism

of β and Hom.4 (&A, AA)

Hence, 3 is a Frobenius extension of A, if and only if © has a finite inde-

pendent A-right-basis Ui, . . . , tn) and a finite independent A-left-basis (su

. . . , sn) such that each of the relations (1), (2) entails the other.

This shows in particular that the notion of a Frobenius extension is right-

left symmetric and may be defined also by the existence of a finite independent

A-left-basis of © and an ©-A-isomorphism of © and the module Hoπu (^3, AA)

of A-left-homomorphisms of © into A.

Further, with a Frobenius extension S of A and an A-©-isomorphism Φ of

S and Honru (©^, AA), consider the element A = 0(1) of Honru {&A, AA). Then

A is an A-two-sided homomorphism of © into A and satisfies the conditions:

ir) Λ(s©)=0 ( s e S ) entails s = 0,

i / ) 4 8 s ) = 0 ( s e g ) entails s = 0,

ii) for every ψ in ΈLomA (©^, A A) there exists an element s in © with <f(x)

= Λ{sx) (that is to say Hom^ (&A, AA) = AS).

Indeed, Λ(sS)=0 means Φ(l)(sS) = 0, Φ(s)(©) = 0, Φ(s)=O which implies

s = 0. Further, Λ(©s)=0 means Φ(l)(Ss)=0, Φ(S)(s)=O, Hom.4(S,i, AJ(s)=0

which implies s = 0 as we readily see from the A-right vector space property

of ©. ii) is clear from © = 1© and that Φ is an ©-right isomorphism of 3 and

Homu(©Λ, AA). (We may further prove that we have Hoimu (^©, AA) = ZA,

symmetrically to ii). But we do not use this in the present not.)

Conversely, if there is an A-two-sided homomorphism A of © into A satis-

fying ir), ii), then we obtain an A-©-homomorphism Φ of © into Hom^ (3^, AA)

on associating each s e © with <ps e Hom^ (&A, AA) defined by ψs(x) = A(sx), and

Φ is (monomorphic and epimorphic, whence) isomorphic (because of i r), ii)).

Thus, under the assumption that © has a finite independent right-basis over

A, the existence of an A-two-sided homomorphism A of S into A satisfying i r),

i/) and ii) is necessary and sufficient for 3 to be a Frobrnius extension of A.

Now, if we assume, as Kasch [1] did, that A is an S-ring,υ then an A-two-

sided homomorphism A of S into A satisfying i r), i/) satisfies ii) automatically,

the existence of a finite independent A-right-basis of © being assumed again.

See the introduction.
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To see this, let A be an A-two-sided homomorphism of © into A satisfying i r ),

i/). It defines a regular scalar product < > in A of the A-left-module © and the

^4-right-module © by

(*, 2 6S).

Since © has a finite independent right basis, say (ft, . . . , ίM) and since A is

assumed to be an S-ring, there exists, by Satz 12 ) in Kasch [1], an A-left-

submodule U in © having an independent A-left-basis (si, . . . , sn) orthogonal

to (tu - - - * in) with respect to < > : <sμ, ίv> = flμVl. On the other hand, by

associating s e g with ^ e H o m , (<&Af AA) defined by ψs(x) = Λ(sx) we have an

A-left (and ©-right) homomorphism Φ of © into A, which is monomorphic in

virtue of ir). The A-left-module Horcu (©Λ, A A) has an independent A-(left-)

basis (ψu . . , ψn) with ψμiU) = δμΛ. From H o π u ί © ^ AA)=>Φ(<S)ΏΦ{VL) and

a comparison of A-lengths we see Hom,t (©Λ, AA) = Φ(@). This shows that ii)

is the case too.

Thus, our definition of a Frobenius extension coincides with Kasch's in

the case A is an S-ring (to which Kasch restricted his definition) at least a

finite rank case (which his endomorphism ring theorem (Satz 5), as well as

ours, deals with) is concerned.3)

2. Theorem

Let © be a ring with unit element 1, and A a subring of © containing 1.

The ring © of (all) A-left-endomorphisms of © has a subring © r consisting

of (all) the right multiplications of the elements of © onto © itself. © r contains

naturally the unit element of 6, which is the identity map of @.

We now prove the following refinement of Satz 5 in Kasch [ 1 ] :

THEOREM. If © is a Frobenius extension of A, then the A-left-endomorphism

ring © of © is a Frobenius extension of © r . Conversely, if 6 is a Frobenius ex-

tension of ©r, then S is a Frobenius extension of A, provided that © has a finite

independent left-basis over A.

Proof. We begin with the second half of the theorem, and denote by

2 ) Observe that Kasch's [1] Satz 1 remains valid when the ambient modules S, 9t are
not necessarily vector spaces, as an examination of his proof easily prevails.

3 ) We have seen moreover that in his definition the Λ-left-vecterspace property of & .
is a consequence of the other parts of the definition, provided that (<S : A)r is finite.
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(siy . . . , sn) a finite independent A-left-basis of 3 :

(3) 3 = Asι+ - - +Asn.

Let £v be the A-left-endomorphism of 3 such that

( 4 ) SμV = Oμvl.

We readily see that Eu . . . , En form an independent 3r-right-basis of @:

(5) 6 =iBiSr+ * + En&r.

Now, by our assumption that @ is a Frobenius extension of S r , there exists an

Sr-two-sided homomorphism J of (£ into Sr having the properties i r ) , ii) in the

preceding section, with S, A replaced by @, S r . Set

with ΛΓ^ S the right multiplication of Λ: onto 3 is denoted by ΛΓr. We contend

that a relation

(6) UrVir + * * + ̂ rJW = 0 ( ^ ̂  -A)

holds only when yx = = jyπ = 0. To see this, put

and consider an element

Xμ= {EιX,r+ ' ' ' +EnXnr)Eil

of (S. We have, for C E A ,

Since this is the case for each v — 1, . . . , ?z, we see

Xμ = £Ί3; l r -f + Enynr.

Hence

Λ{Xμ) = J(£i^ir + * 4- Eny?ιr) = ίir Vir + -f

and this is 0 by the assumed relation (6). Then . ] ( ^ ^ ) = Λ(Xμ)xr = 0 for any

Λ: e 3 , i.e.

Λ((EiXir+ +£«Λ;Λr)£lμ^r) = 0

for any x e 3 . Since this is the case for μ = 1, . . . , w, we have, in view of (5),
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Λ((EiXir+ '

14

and hence

by our cited property of A. We have then xv = 0, .}\ = 0 for p = 1, . . . , n, as

was asserted.

So we obtain a direct sum submodule

of β/ , where each ίvrAr is Ar-right-isomorphic to Ar \ Ar denotes the totality

of the right multiplications of the elements of A onto ©.

Next we prove that

(7) E,Ar+ +EnAr

is a left ideal in (? = JEΊSΓ 4- + En&r. Namely, with ΛΓ = 3>iSi 4- -\-ynsn ̂  S

(jyv G A ) J E A we have

for any α e A and κy which means

This shows &EκAr^-E\Ar+ + & i r and, therefore, (7) is a left ideal in 6.

As yl is Sr-left-(and βr-right-)homomorphic, it follows that A(EιAr+

+ EnAr) =t\rAr+ - +ί«r/4r is a left ideal of Br and indeed an Sr-left, Ar-

right-submodule of S r .

Another consequence of the (©-) left ideal property of £ΊA r + -\-EnAr

is, as we see by virtue of ii) (with β, A replaced by 6, S A that by any βr-

right-homomorphism of ? into Sr every element in EχArΛ- 4- EnAr is mapped

into Λ(EiAr+- -f£nAr) = ίirA r+ +tnrAr. But, from (5) we see the

existence of an 3r-right-homomorphism of © into βr mapping each Ev onto an

arbitrary element of Sr. So we have ίJr Ar-f + tnrAΛ^. whence) = βr The

left-hand side is a direct sum as we have seen. On turning to 3 we have a

direct decomposition

(8) S = tiA+ Λ-tnA
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of 3, where t.^Λ^A (A-ήghV.

Further, if, with an element x of 3, we have

then we have xrEμ. = 'ΣE),y>,μr as is seen from

Applying A we have # r ί μ r = Σ^rjyvμr, or
v

(10) Λίμ

Hence 3 is a Frobenius extension of A.

This proves the second half of our theorem. As to the first half, Kasch's

proof holds good. For the sake of completeness we give here its modification

adapted to our present treatment. Thus, assume that 3 is a Frobenius extension

of A. We have (5) with (3), (4). Further we obtain the existence of an inde-

pendent A-right-basis (tu . , tn) of 3 such that (1), (2) (i.e. (10), (9)) entail

each other. To each element X of 6 we associate an element <fx of Horns,. (32,,,

(3r )8 r ) defined by

Then the map X^>φx is an 8r-left-homomorphism of @ into Homg,.(@3r, ( 5 r ) s r ) ,

as we easily see from the relations (1), (2). The map is evidently (£-right-

homomorphic too.

We wish to show that the map is an isomorphism. Let, for this purpose,

X-ExXir^ - - -}- EnXnAx*^ 3 ) be a non-zero element of 6. There exists an

index, say p0, with #Vo * 0. If we set *v = ΣvvμSμ (y^μ^A) for each v, then

jyHμo ^ o for some μQ. We have

Hence ^ ^ 0 and this proves that-our map is monomorphic.
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Further, for arbitrarily given ai, . . . , an ̂  A, set

n

J\. == ^ f £L »\ €(*„Sι)r

Then

ψxiEμ) = Σίvr(5'vEμ)r= Σ ίvr( UvSl)*μ)r
V = 1 V = 1

« 71

Σ i / ̂ 1 f \ £ -t

Tw β>r ~ \2Li t\,CLj)r IOr μ = 1,
V = l V = l

0 for /i # 1.

Similarly, for each v and for every element x of © there exists an X in © such

that ψχ(Ey,) = x or 0 according as// = /ior ^Φ/i. This proves that our map is

X -> ψx is epimorphic too.

Thus <§r@@ ^ Homg,. (6©/t> (©r)@Γ) and @ is a Frobenius extension or © f .

The first half of our theorem is thus proved too.

Remark. In case © satisfies the minimum condition for right ideals, the

assumption of the existence of a finite independent A-left-basis of © in the last

part of our theorem may be weakened to the assumption of the existence of

an independent A-left-basis or ©. For, if (su s<>, ) is a such, then we obtain

a direct sum submodule 2£i©r -+• E z&r + of (£. Since (£ is assumed to be a

Frobenius extension of ©Γ, this sum must be finite and our basis (si, s2, . . . )

must be finite too.

We remark further that even in case A is an S-ring, (the second half of)

our theorem provides a refinement of (the corresponding part of) Kasch's, since

in the last the equality of the Λ-left and A-right ranks of © is pre-assumed.
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