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Abstract

In this paper we study the Lorentzian surfaces with finite type Gauss map in the four-dimensional
Minkowski space. First, we obtain the complete classification of minimal surfaces with pointwise 1-type
Gauss map. Then, we get a classification of Lorentzian surfaces with nonzero constant mean curvature
and of finite type Gauss map. We also give some explicit examples.
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1. Introductions

After the problem “To what extent does the type of the Gauss map of a submanifold of
E* determine the submanifold?” was introduced by Chen and Piccini in [6], the study
of submanifolds with finite type Gauss map became a very active research subject.
Many affirmative partial solutions to this problem have appeared so far [3, 4, 6, 8, 17].

Let M be a semi-Riemannian submanifold in a semi-Euclidean space E!'. A smooth
mapping ¥ : M — ]EISV into another semi-Euclidean space is said to be of k-type if it can
be expressed as a sum of eigenvectors corresponding to k distinct eigenvalues of the
Laplace operator A of M. If such a k exists, then i is said to be of finite type. Many
important results about finite type mappings have been obtained [1, 5, 13, 15, 16].

From the definition above, one can see that M has 1-type Gauss map if and only if
the equation

Av=Av+C) (1.1)

is satisfied for a constant vector C and A € R, where v is the Gauss map of M. Similarly,
a submanifold M is said to have pointwise 1-type Gauss map if the Laplacian of its
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Gauss map takes the form
Av=fr+0C) (1.2)

for a smooth function f and a constant vector C. The study of submanifolds with
pointwise 1-type Gauss map or finite type Gauss map is nowadays a very active
research subject (see for example [3, 9, 10, 17]). For example, in [17], the author
obtained some classifications of quasi-minimal surfaces with finite type Gauss map in
the Minkowski space—time ]E‘l1 and in the de Sitter space—time S‘I‘(l). Very recently,
Dursun and Bektas have studied the flat Lorentzian rotational surfaces in E‘l‘ with
pointwise 1-type Gauss map [10].

In this paper we focus on Lorentzian surfaces with constant mean curvature in the
Minkowski space—time E‘l‘ in terms of the finite type of their Gauss map. In Section 2,
after we have described the notation that we will use in this paper, we give basic facts
and definitions on the theory of submanifolds of semi-Euclidean spaces. In Section 3
we obtain the complete classification of Lorentzian minimal surfaces with pointwise
1-type Gauss map. In Section 4 we study Lorentzian surfaces with constant mean
curvature in terms of the type of their Gauss map.

2. Preliminaries

2.1. Basic notation, formulas and definitions. Let E}* denote the semi-Euclidean
m-space with the canonical semi-Euclidean metric tensor of index ¢ given by

t m
g= —de?+ Z dsz,
i=1 Jj=t+1
where x1, X2, . . ., X, are rectangular coordinates of the points of E]". We put

S;"_l(rz) ={xeE": (x,x)= 2,

H™ N (=r?) = {x € B" : {x, x) = —r2},

where (, ) is the indefinite inner product of E}".

A nonzero vector v in E}" is called space-like, time-like or light-like if (v, v) > 0,
v,v) <0 or (v,v) =0, respectively. We will use the following well-known lemmas
later [14].

Lemma 2.1. Let U be a real vector space with a nondegenerate inner product ()
with index 1. Then two light-like vectors vy, v, are linearly dependent if and only if
(vi,v2) = 0.

Lemma 2.2. Let V be a subspace of a real vector space U and {,) a nondegenerate
inner product defined in U. Then )|y is nondegenerate if and only if V. N V*+ = {0}.

https://doi.org/10.1017/51446788715000208 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000208

[3] Lorentzian surfaces and their Gauss map 417

Let M be an n-dimensional semi-Riemannian submanifold of the semi-Euclidean
space E7. We denote the Levi-Civita connections of EY and M by V and V,
respectively. The Gauss and Weingarten formulas are given, respectively, by

VyY = VyY + h(X, Y), 2.1)
Vx¢ = —Ae(X) + Dxé (2.2)
for any tangent vector field X, ¥ and any normal vector field & on M, where i, D and

A are the second fundamental form, the normal connection and the shape operator of
M, respectively. On the other hand, the shape operator A and the second fundamental

form h of M are related by
(AeX,Y) = (WX, Y),&). (2.3)
The Gauss, Codazzi and Ricci equations are given, respectively, by
RX,Y,Z, W) = (WY, Z), (X, W)) — (W(X, Z), h(Y, W)), (2.4a)
(Vxh)(Y,Z) = (Vyh)(X, 2), (2.4b)
(RP(X.Y)é,n) = ([Ae. AjX, Y), (24¢)

where R, RP are the curvature tensors associated with the connections V and D,
respectively, and

(Vxh)(Y,Z) = Dxh(Y, Z) — l(VxY, Z) — h(Y,VxZ).

Now let M be a Lorentzian surface in E‘l‘, {e1, en; e3,e4} a local orthonormal frame
field on M such that (e}, e;) = —1 and {fi, f>} the pseudo-orthonormal base field of the
tangent bundle of M given by f; = (e; — e2)/ V2 and fH=(e1+e)/ V2. Then

H = _h(flafZ)’ (253)
K = R(f1, f2, 2, /1) = R(e1, e2, €2, 1), (2.5b)
K? =RP(f1, fr; e3,e4) = RP(ey, e2; €3, e4), (2.5¢0)

where H is the mean curvature vector and K and KP stand for the Gaussian and normal
curvatures of M, respectively. On the other hand, the Laplace operator of M is given
by

A=fih+ hfi =V - Vphi. (2.6)
The relative null space at p of M is defined by
Ny(M) = {X € T,Mh(X,Y) = OVY € T,M).

A Lorentzian surface M in E‘l‘ is said to have positive relative nullity if the dimension
of N,(M) is positive for all p € M [7]. We say that M has a degenerate relative null
bundle if (N,(M),(, )) is a degenerate inner product space for all p € M.

We would like to state the following lemma obtained in [2] (see also [12,
Proposition 2.1]).
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Lemma 2.3 [2]. Let M be a Lorentzian surface in a semi-Euclidean space E!. Then
there exist local coordinates (s, t) such that the induced metric is of the form

g= —m2(dsdt+ dtds), sel,tel,,

where m = m(s,t) is a nonvanishing function and I,, I, are some open intervals.
Moreover, the Levi-Civita connection of M is given by

2my 2m,

Vo 0y = ——05, V5,0,=0, V50,=—0,. 2.7)
m m

2.2. Gauss map. Let G(n, m) denote the Grassmannian manifold consisting of all
oriented n-planes through the origin of E)* which is canonically imbedded in the vector
space A"(E!") of n-vectors of E". We note that there exists a linear isometry between
A™" and Eg\' , where A™" denotes the inner product space (A"(E"),(,)) given by

XiAXog A ANX YT AYy A A YY) = det({XG, Y)));

N and S are the dimension and index of A™", respectively. Therefore, one can define
the (tangent) Gauss map of a submanifold of a semi-Euclidean space as a E} -valued
mapping. In fact, the (tangent) Gauss map of M is defined by

v:M — R]SV‘I(S) CEISV

P vp) = (e1 Aes A Aen)p) 28)

for £ € {1, +1}, where R]SV ~I(&) denotes the complete semi-Riemannian manifolds,
with constant sectional curvatures &, and {ey, es, ..., ¢e,} is a local orthonormal base
field of the tangent bundle of M. For a geometric interpretation of the Gauss map of
M, see [6, 8, 10].

A submanifold M is said to have pointwise 1-type Gauss map if its Gauss map
satisfies (1.2) for a smooth function f and a constant vector C. More precisely, a
pointwise 1-type Gauss map is called of the first kind if (1.2) is satisfied for C = 0, and
of the second kind if C # 0. Moreover, if (1.2) is satisfied for a nonconstant function
f, then M is said to have proper pointwise 1-type Gauss map.

Now let M be a Lorentzian surface in the Minkowski space E‘l‘ with a pseudo-
orthonormal frame field {fi, f>; e3, e4}. Then the tangent Gauss map of M given by
(2.8) becomes

v:M — H3(-1) CE§

29
P D)= (i A SP). @9
On the other hand, one may define the normal Gauss map of M by
. 5 6
u:M - S cCE (2.10)

p — v(p) = (e3 Aeg)(p).
We obtain the Laplacian of the Gauss map v as follows (see [8, Lemma 3.2]).

Lemma 2.4. Let M be a Lorentzian surface. Then v and p satisfy
Av = 2K + 4(H, H))v + 2K - 2Dy H A f> = 2fi NDpH. (2.11)
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3. Minimal Lorentzian surfaces and their Gauss map

In this section we focus on the minimal Lorentzian surfaces in E‘]‘.
If M is minimal, that is, H = 0 on M, then (2.11) becomes

Av =2Kv +2KPp. (3.1)
First, we want to give the following proposition.

ProposiTioN 3.1. There exist two families of Lorentzian minimal surfaces in the
Minkowski space E‘l1 with pointwise 1-type Gauss map of the first kind:

(i)  a minimal surface lying in a Lorentzian hyperplane of E|;
(11) a surface with degenerate relative null bundle.

Conversely, every Lorentzian minimal surface with pointwise 1-type Gauss map of the
first kind in the Minkowski space E? is congruent to an open portion of a surface
obtained from these types of surfaces.

Proor. A direct computation shows that the surfaces given in the proposition have
pointwise 1-type Gauss map. Thus, we want to prove its converse.

Let M be a Lorentzian surface in E‘l‘ and s, ¢ be the local coordinates mentioned in
Lemma 2.3. Consider the pseudo-orthonormal basis {fi, f>} given by

1 1
fi=—0, and f, =—0,.
m m

If we suppose that M is minimal, that is, H = 0, then (2.5a) implies that A(f}, f>) = 0.
On the other hand, the Gauss map v = f] A f, of M satisfies (3.1).

Now we assume that M has pointwise 1-type Gauss map of the first kind. Then (1.2)
is satisfied for C = 0. From (1.2) and (3.1), we obtain 2K”es A e4 = 0, from which we
get h(f1, f1) A h(f>, f2) = 0. Thus, h(ds, ;) and h(3;, d;) are linearly dependent.

Let I}, I, be some open intervals and x : [} X I, — ]E‘l1 an isometric immersion.
Consider the functions

/8N L xL, - R
(SO’ tO) = <h(as, as)s h(au as»lx(so,to)
and
/o3 LI xL - R
(s0,t0) = (h(0y, 0), h(0;, at)>|x(so,to)-

Case 1: Yy =0 or Y, = 0. In this case M has degenerate relative null bundle and we
have the case (ii) of the proposition.

Case 2: Y, # 0 and yr, # 0. In this case the initial value problems

¢ =vi(g) ™Y, $1(0) = 50

and

¢y = 1), 42(0) = 1o
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admit unique solutions, say ¢; and ¢,, respectively, where sy € I} and ty € ;. Let
S, T be local coordinates given by S = ¢;(s) and T = ¢,(#). Then we have g =
—*(S, T)(dSdT + dTdS), where (S, T) = m(¢1(s), $2(t)). Moreover, the normal
vector fields 4(ds, ds) and (07, d7) are linearly dependent and have unit length. Thus,

]’l(as . (95) = i]’l(aT, 6T) (32)

Now let {e3, e4} be an orthonormal base field of the normal bundle of M with e5 =
h(0ds,ds). From the Codazzi equation (2.4b), we obtain Dy, h(Js,0s) = Dy, h(0r, 01) =
0. Therefore, (3.2) implies that Des = 0, that is, es is parallel. As M has codimension
two, e4 1s also parallel. Moreover, by combining (2.3) and (3.2), we obtain A4 = A,, =
0. Thus, we have §e4 =0, that is, e4 is constant. Hence, M is contained in a hyperplane
IT whose normal is e4. Since ¢4 is space-like, I1 is Lorentzian. O

Next we obtain the following proposition.

ProposiTioN 3.2. Let M be a Lorentzian minimal surface in E‘l‘. If M has pointwise
1-type Gauss map, then it is of the first kind.

Proor. If M is a Lorentzian minimal surface, then (2.52) implies that hA(fi, f>) = 0,

from which and (2.3) we have (A3 f1, f2) = (A4 f1, fo) = 0 for any pseudo-orthonormal

frame field {f}, f>, €3, e4}. In addition, the Gauss map v = f; A f, of M satisfies (3.1).
Now we assume that the Gauss map v of M satisfies (1.2) for C # 0. From (1.2) and

(3.1),
C=Cnfinfr+tCie3Ney (3.3)

for some smooth functions Cy, and C3z4. Next we take into account that C is a constant
vector and apply f; and f, separately to (3.3), to obtain

fi(C)fi A fo+ fi(Caa)es A es + Croh(fi, f1) A o

+Ca(—Aszfi Nes + Asfi Ne3) =0, (3.4a)
HC)fi A fo+ fo(Caa)es Aes + Crafi AN(f2, f2)
+ C34(—A3f2 Neq+ A4f2 A 63) =0, (34b)

from which we see that C,, C34 are constant. From (3.4), we also have

Ch(h(fi, f1) A fou fi AB(f, £2))
= CL(—Asfi Nes+ Asfi Nes,—Asfo Aes + Asfr A e3). (3.5

By a direct computation, we get

h(f1 J A Jo, fi AR(f2, 12)) = Ch(fir, 1), h(f2, 12)), (3.6a)
(Asfi Neg, Agfo Nez)y =0, (3.6b)
(Agfi Nes, Asfr Aeg =0, (3.6¢)
(Asfi A es, Asfo A eq) = —Ch(f1, f1), e3)h(f2, 12), €3), (3.6d)
(Aafi A e3, Aafar A e3) = =(h(f1, i), eaXXh(f2, f2), eq). (3.6¢)
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By combining (3.5)—(3.6), we obtain

(C, + C3 (A, i), h(fa, £2)) = 0.

Since C # 0 by the assumption, the above equation implies that A(f1, f1) and A(f, f>)
are orthogonal.

Consider the open subset U = {p € M|h(fi, fi) # 0 and h(f>, f) # 0} of M and
let {e3, e4} be a local orthonormal base field of the normal bundle of M such that
h(fi, fi) = aze; and h(f>, f>) = ases on U, where a3 and a4 are some functions. From
(3.4),

Ciasfo A ez =—Cau(=Asfi Nes +Ayfi Ae3),
Ciasfi ANey=—Ciu(-Aszfr Neg +Asfr Nez)

on U. From these equations, we have A3 f; = A4 f> = 0 on U, which imply that hl¢, = O,
because of (2.3). However, this is a contradiction if U is not empty.

Therefore, we have h(fi, fi) = 0 or h(f2, f2) = 0, which yields that M has degenerate
relative null bundle. Thus, Proposition 3.1 implies that M has pointwise 1-type Gauss
map of the first kind, which yields a contradiction. O

Lemma 3.3. Let M be a Lorentzian surface in ]E‘l‘. Then M has degenerate relative null
bundle if and only if it is congruent to the surface given by

x(s, 1) = sm0 + (), (3.7
where 1 is a constant light-like vector and B is a null curve in E‘l‘ with (1o, 5(®)) # 0.

Proor. Let M be a Lorentzian surface in E‘l‘, x its position vector and s, ¢ the local
coordinates mentioned in Lemma 2.3 satisfying (2.7). Consider the tangent vector
fields fi = (1/m)d, and f> = (1/m)0;.

Now assume that N,(M) is degenerate for all p € M. Because of Lemma 2.2, we
may assume that N,(M) = span{f;}, which implies that a(fi, f1) = h(fi, f2) = 0. From
these equations and (2.7), we have FVVaAOS =V, 0, and FVVgﬁt = 0, from which we obtain
Xss = 2(mg/m)x; and x5 = 0. By integrating these equations and re-defining s suitably,
we obtain that M is congruent to the surface given by (3.7). O

By combining all the results given in this section, we state the following result.

THeEOREM 3.4. Let M be a Lorentzian minimal surface in E‘f. Also, suppose that no
open part of M is contained in a hyperplane of E‘l‘. Then, the following conditions are
equivalent:

(1) M has pointwise 1-type Gauss map;

(i) M has pointwise 1-type Gauss map of the first kind;

(iii)) M has degenerate relative null bundle;

(iv) M is congruent to the surface given by (3.7) for a constant light-like vector
no € ]E‘l1 and a null curve B in ]E’fl1 satisfying (no,B(t)) # 0.
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We also want to state the following corollary of this theorem.

COROLLARY 3.5. A Lorentzian minimal surface in E‘]‘ has proper pointwise 1-type Gauss
map if and only if it lies in an Lorentzian hyperplane of ]E‘l1 and it has nonconstant
Gaussian curvature.

4. Lorentzian surfaces with constant mean curvature

In this section we focus on Lorentzian surfaces with nonzero constant mean
curvature in the four-dimensional Minkowski space E?'

4.1. Pointwise 1-type Gauss map of the first kind. By using (2.11), one can obtain
the following theorem and its corollary, which are similar to the characterization of
surfaces in the Euclidean space E* in terms of their Gauss map [6, 9].

THeOREM 4.1. Let M be a nonminimal Lorentzian surface in E?- Then M has pointwise
1-type Gauss map if and only if its mean curvature vector is parallel. In that case,
(1.2) is satisfied for f = 2K + 4(H,H) and C = 0.

Note that if H is parallel, then (H, H) is constant. Therefore, we have the following
result.

CoroLLARY 4.2. Let M be a nonminimal Lorentzian surface in ]E‘l‘. Then M has (global)
1-type Gauss map if and only if it has parallel mean curvature vector and constant
Gaussian curvature.

Remark 4.3. See [11] for a complete classification of Lorentzian surfaces with parallel
mean curvature vector field.

4.2. Pointwise 1-type Gauss map of the second kind. In this subsection we obtain
a classification of Lorentzian surfaces with constant mean curvature in terms of the
type of their Gauss map.

Remark 4.4. In the previous subsection we obtained the classification of Lorentzian
surfaces with parallel mean curvature vector in terms of the type of their Gauss map.
Therefore, throughout this subsection we assume that DH does not vanish on any point
of M.

Lemma 4.5. Let M be a nonminimal Lorentzian surface in E‘l1 with flat normal bundle
and constant mean curvature. If M has pointwise 1-type Gauss map of the second
kind, then its shape operators can be diagonalized simultaneously. Moreover, there
exists an orthonormal frame field {e|, e>; e3, e4} such that

FV-elel = FV-QIEZ = 0, FV-eleg, = FV-61€4 = 0, (413)
V,e1=0, Ve =«kes, (4.1b)
6825’3 = gke) + Tey, €e2€4 = —Te3 (4.1¢)

for some constants k, T, where € = (e, e1).
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Proor. Let {f1, f2; e3, e4} be a local orthonormal frame field such that H = —h(f1, f2) =
ces for a constant ¢ # 0. Then

Asfi=cfi—hf, Asfr=-Ifi+ch, Asfi=-hif, Asfr=-hfi, (4.2)

where hf’) = (h(f;, fi), eg). In addition, since KP =0, the Ricci equation (2.4c) implies
that

hihy — h3hi = 0. 4.3)
On the other hand, from (2.11),
Av = 2K + 4Py + 2cwsa(fi) fo A es — 2cwna(fH)fi A ea, 4.4)

where w34 is the connection form defined by ws4(X) = (Dxes, es).
Now suppose that M has pointwise 1-type Gauss map of the second kind, that is,
(1.2) is satisfied for a smooth function f and a nonzero constant vector C. From (1.2)

and (4.4),
(C, fines)=(C, fraNe3)=(C,u) =0 4.5)
and
f(1-C) =2K +4c?, (4.6a)
SCra = =2cws4(f1), (4.6b)
fCos = 2cwsa(f2), (4.6¢)

where we put Ci4 ={(C, fi Ney), Coy =(C, fo ANeq)y and Cjp = (C, V).
By applying f; and f; to each equation in (4.5) and using (4.5) again,

—cCiy + /’l?C24 = O, thM —cCyy = O, (473)
Cia+ w34(fi)Cia =0, —cCry + w3a(f2)Cr4 = 0, (4.7b)
cCra + w3a(f1)Cas =0, —m3C1z + w3a(f2)Cas = 0. (4.7¢)

Since ¢ # 0, if C14Cy4 = 0 at a point p € M, then (4.7a) implies that Cj4 = Cy4 =0
at p. In this case, from (4.6), we have DH|, = 0. However, this is a contradiction.
Therefore, we see that C14C»4 does not vanish on M. Thus, (4.7) implies that

hihs —c* =0, (4.82)
myw3a(fi) + cwsa(f2) = 0. (4.8b)

Note that the Gauss equations (2.4a) and (4.8a) imply that K = det A4.
Now we consider the pair of two orthogonal tangent vector fields of M given by
X, = hgfl +cfpand X; = hgfl — cf,. By a direct calculation using (4.8),

h(X1,X2) =0 and w34(X1) = (W(X1,X1),e3) =0.
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Thus, the matrix representation of the shape operators A3 = A,,, A4 = A,, with respect
to the orthonormal base field {e}, e} of the tangent bundle of M becomes

Az =diag(0,2c), A4 =diag(el,—&l) 4.9)

for a smooth function &, where ¢; = X;/[(X;, Xi)|'/?,i = 1,2, and & = {e;, 1), that is, the
shape operators can be diagonalized simultaneously. Moreover, the connection form
w34 satisfies w34(ey) = 0. Therefore, (4.4) becomes

Av = 27 + 4y — 2ecwsaler)er A ey. (4.10)

In addition, by using (4.7b) and (4.7c), we obtain 2cCjy = wss(e2){C, e; A e4). By
combining this equation and (1.2),

OC = ws4(er)v — 2ece| A ey, (4.11a)
[ = wu(e)” + 20 +4c%, (4.11b)

where ¢ is the smooth function given by

¢ = f . (4.11¢)
w34(e2)

On the other hand, from (4.10), we have (C,e; A eq) =0. By applying e; to
this equation, we get wiz(ez) = 0, where wp, is the connection form defined by
w(X) = (Vxes, eq).

By combining this equation with (4.9),

FV‘elel = —swia(er)er + ey, 66162 = —ewiz(er)ey, (4.12a)
Voe1 =0, V,e,=—2eces +Les, (4.12b)
V,e3=0, V,e3=-2ce; +wuler)es, (4.12¢)
6e1e4 = —¢&ley, €e264 = &le; — wiy(er)es. 4.12d)

Moreover, from the Gauss equation (2.4a), for X = W =¢;,Y =Z = ¢e;, and the
Codazzi equation (2.46b), for X = e, Y = Z = ey,

ex(wia(e))) = ewnle))* + &2, (4.13a)
ex({) = 2elwia(ey), (4.13b)
{wsa(er) = 2cwia(ey). (4.13c¢)

Now we want to show that £ = 0 on M. Consider the open subset M = {p|{(p) # 0}
and assume that it is not empty. By applying e, to (4.13c) and using (4.13),

ex(wss(er)) = 2¢f — ewra(er)wsaler) (4.13d)

on M.
By applying e; to (4.11a) and using (4.12b), (4.12c), (4.13c) and (4.13d), we obtain
e2(¢)C = —ew1a(e1)C, which implies that

e () = —ew
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on M. Next we compute the left-hand side of this equation by using (4.13) to get
Qe + Dwsa(er)” + 12ewin(er)* = 28 + 4¢? (4.14)
on M, which implies that £ = 1. Next we apply e, to (4.14) and use (4.13) to obtain
wia(e2)(-3wsa(er)* + 12wia(er)* + 8% + 12¢%) = 0 (4.15)

on M. However, (4.13c), (4.14) and (4.15) imply that £ =0 on M, which is a
contradiction. Therefore, we have proved that £ = 0 on M. In addition, (4.13c) implies
that wy = 0 and, from the Ricci equation (2.4c) and (4.13d), we get ws4(ez) = 7 for
a constant 7. By combining all results of this subsection, we see that the frame field
{e1, e2; e3, e4} satisfies (4.1) for the constant k = —2&c. O

Next, by considering the surfaces satisfying the conditions obtained in Lemma 4.5,
we get the following classification theorem.

THEOREM 4.6 (The classification theorem). Let M be a nonminimal Lorentzian surface
in E‘l1 with normal flat bundle and constant mean curvature. Then M has pointwise 1-
type Gauss map of the second kind if and only if it is congruent to one of the following
surfaces:

(1)  a surface given by x(s,t) = (s, (a/A) cos At, (a/ ) sin At, V1 — a?),0 <a < 1;

(i) a surface given by x(s,t) = (a*/3)t> + 1, V2at, (a*/3)F, s);

(iii) a surface given by x(s,t) = ((Va* — 1/2) cosh At, (Va? — 1/4) sinh At, at, s),
a>1;

(iv) a surface given by x(s,t) = ((Va? + 1/A) sinh Az, (Va2 + 1/2) cosh At, at, s);

(V) a surface given by x(s,t) = (V1 + a?t, (a/A) cos At, (a/A) sin At, s)

for a nonzero constant A.

Proor. Let {ey, e;; e3, ¢4} be the orthonormal frame field given in Lemma 4.5 and
g={ey,ey). Since V,¢; = 0,1, j = 1,2, there exist local coordinates (s, f) on M such that
the induced metric is g = &(ds*> — dt*) and e; = 0, e, = ;. Moreover, the first equation
in (4.1b) gives xy = 0, where x : M — E* is an isometric immersion. Therefore,

x(s, 1) = a(s) + B(¢) (4.16)
for some curves « and S8 satisfying
(d(9),d' () =g (d(),B1)=0, FO.F1)=-c (4.17)

Obviously, all integral curves of the vector fields e; and e, are congruent to the curves
a(s) and B(2), respectively.

On the other hand, since V.e; =0,i=1,2, ¢; is a constant vector. Thus, up to
isometries of E‘l‘, we may assume that either e; = (1,0,0,0) or e; = (0,0, 0, 1) subject
to e = —1 or € = 1, respectively.

Case 1: € = —1. In this case, we have e¢; = d; = (1,0,0,0). Thus, up to translations,
we may assume that a(s) = (s,0,0,0). Because of (4.17), B(¢) is a curve lying in the
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Euclidean hyperplane IT whose normal is e;. In addition, from (4.1b) and (4.1c), we
see that 8 has constant curvature « and constant torsion 7, that is, it is the position
vector of a right circular helix. Hence, we have the case (i) of the theorem.

Case 2: €= 1. In this case, we have e; = d; = (0,0,0, 1). Thus, up to translations,
we may assume that a(s) = (0, 0,0, s). Because of (4.17), B(¢) is a Lorentzian curve
lying in the Lorentzian hyperplane II, whose normal is e;. In addition, from (4.1b)
and (4.1c), we see that 3 is the position vector of a helix with constant curvature x and
constant torsion 7. Thus, e, = B/(¢) satisfies €}’ = (k¥ — °)e}.

Case 2a: k = 7. In this case, up to congruency, we can assume that
2 2
a a
,B(t) = (?ﬁ +1, \/zat, ?[3,0).

Hence, we get the case (ii) of the theorem.

Case 2b: k > 7. In this case,

(m Va2 -1
A

L) = cosh Ar, T_ sinh A¢, at, O), a>1
or
Va2 + 1 Va2 + 1
B() = (a— sinh A, YT cosh At, at, O)
A A
for a nonzero constant . Hence, we have the case (iii) or (iv) of the theorem,
respectively.

Case 2c: «k < 7. Similarly,
B(t) = ( V1 + a?t, % cos At, % sin At, 0),
which gives the case (v) of the theorem.

The converse follows from a direct computation. O

Since a surface with positive relative nullity satisfies the conditions of Theorem 4.6,
we have the following result.

CoroLLARY 4.7. Let M be a nonminimal Lorentzian surface in ]E‘]1 with positive relative
nullity. Then M has pointwise 1-type Gauss map of the second kind if and only if it is
congruent to one of the surfaces given in Theorem 4.6.
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