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ON THE ZEROS OF HILBERT SPACES
OF ANALYTIC FUNCTIONS

S. H. KON
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Abstract

An attempt is made to characterise the zeros of some Hilbert spaces of analytic functions
means of their kernel functions. Results on the zeros of functions in D* and their uniqueness s
are included, in particular we give an affirmative answer to a question of Shapiro and Shield

1. Introduction

Let U be the open unit disc and H(U) the set of all analytic functions in

Let <f>(z) = Scz" G H(U), with c0 = 1, cn >0 and

(1) clS cn_,cn + 1 .

For /(z) = 1anz" G H(U), define

and let £>„ ={fEH(U):

product

2 = 2^-1 a.

2 < oo}. Then D4 is a Hilbert space under the inn

where g(z) =

Let

= 0, - f f \f'(z)\2dxdy =
TT J JU

Then D is also a Hilbert space under the inner product (f,g) = 1nanbn.

The reproducing kernel for D* is K((z) = <p(iz), £ G U. That is, for a

for
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2 . U n i q u e n e s s sets a n d zeros of funct ions in D« 

If (1) h o l d s a n d <f>(z)E. H(U) t h e n as s h o w n by S h a p i r o a n d S h i e l d s (1962 , 

L e m m a 6) , 
1 = CO S c , G c2 G • • • . 

T h e first l e m m a g i v e s a n e s t i m a t e o n t h e n o r m of a f u n c t i o n w i t h spec i f i ed 

z e r o s . 

L E M M A 1. Let z,, z 2 , • • • z„ be n equally spaced points on the circle \ z \ = r, 
0 < r < 1. I / / £ D , with f(z,) = 0 (/ S n) and / ( 0 ) = 1 then 

l l / l l 2 ^ n / < M r 2 ) . 

P R O O F . W i t h o u t l o s s of g e n e r a l i t y t a k e z, = r. D e f i n e ft(z) b y h = 

l / w ( K : 1 + K 2 + • • • + K „ ) . T h e n (/, ft) = 0 a n d so 

1 = ( / , 1 ) = ( / , l - f t ) S H/ll | |1 - f t | | . 

F u r t h e r 

| | 1 - f t | | 2 = 2 c „ m r 2 " " G - U f r 2 ) 

m = 1 1 
s i n c e c k a n d r2k d e c r e a s e s a s k i n c r e a s e s . 

T h e r e p r o d u c i n g k e r n e l f o r D is Ke(z) = - l o g (1 - | z ) . F o r s i m p l i c i t y w e w r i t e 

K„ fo r K( w h e n £ = z„. 

A s e t {z„} in L/ is c a l l e d a s e t of u n i q u e n e s s f o r a s u b s p a c e ^ of H(U) if 
/ £ ^ a n d / ( z „ ) = 0 fo r all n i m p l y / = 0. 

T h e f o l l o w i n g t w o r e s u l t s a r e d u e t o S h a p i r o & S h i e l d s (1962) . 

T H E O R E M 1. / / {z„} is any sequence of points in U for which 

then there is an / ( ^ 0 ) G vanishing at all these points (with a similar result 
for D). 

T H E O R E M 2. Let h(t) be any continuous function with h(0) = 0, h(t)>0 

(t > 0 ) . Then there exists a set of uniqueness {z„} for D satisfying the condition 

S - i o g ( l 1 - | z . | ) ^ - ' ^ ' > < 9 B -
S h a p i r o & S h i e l d s (1962 , p a g e 224) o b s e r v e d t h a t T h e o r e m 2 h o l d s f o r 

w h e n <f>{z) = (1 - z ) " ~ ' fo r 0 S o < l . T h e y r a i s e d t h e q u e s t i o n w h e t h e r t h i s is 

t r u e fo r all D*. W e g i v e t h i s a n a f f i rma t ive a n s w e r in s e c t i o n 2. E x a m p l e s of 

w i th z e r o s e t s v i o l a t i n g (2) a r e a l s o g i v e n . 
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LEMMA 2. For any sequence rk,0<rk<l there is a sequence of integers n
such that

2 ^ 4>{rl) ^ 1
k nk k '

PROOF. Let Nk = {n : <j>(r2
k) g n/k, n integer}. Since 4>(r2

k) > 1, the set Nk i:
non-empty and is obviously bounded. Let nk = max Nk, then

nk ~ k nk + 1 ~ 2nk

COROLLARY. If h(t) is continuous and h(0) = 0, h(t)>0, then there is i
sequence rn, 0 < rn < 1 such that

W h i l e

PROOF. For each k, choose sk, 0 < sk < 1 such that h(\ - sk) < -p. For thi;

sequence choose a sequence of integers {nk} as in Lemma 2. Let {/•„} be the
sequence obtained by repeating nk times each sk.

We can now prove the following:

THEOREM 3. Let h(t) be any continuous function with /i(0) = 0, h(t)>(.
(t > 0). Then there exists a set of uniqueness {zn} forD* satisfying the condition

PROOF. Choose rk, 0 < rk < 1 such that h(l - rk) < 1/fc3 and then nk as ir
Lemma 2. Now set

{Zn} = U {z = rke
2™""':m = 0, 1, • • •, nk - 1}.

k - l

Then
v h(l-\zH\) -^ nkh(\ - rk) ^ 1

~ = X TT < 0° •

If / ( ^ 0) G D« with f(zn) = 0, for all «, we can suppose for our purpose thai
/(0)= 1. Then by Lemma 1

\\f\\2Snkl<t>(rD> k/2, it = 1 , 2 , 3 , - - - .

Hence {zn} is a uniqueness set for D^.
For <£(z) = £2", £*« is just merely the Hardy space H2 and l/Kn(zn) < oo is

then equivalent to the Blaschke condition which is necessary and sufficient for
{zn} to be a zero set of H2. Apart from this case, it is easy to show that for <f>(z)
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with radius of convergence R>\,D4.QH(U) the class of functions analytic in
a neighbourhood of the closed unit disc U. Obviously here the non-trivial zero
sets are just the finite subsets of U. As against that we have the following
situation.

THEOREM 4. If the Taylor coefficients cn of <f> satisfy 1/c =0(n*) for some
positive integer k and cn —* 0, then there exists an /( ^ 0) £ D«, whose zeros {zn}
satisfy

^ 1

PROOF. The function h(t) = t<f>{(\ - f )2)-*0 as t -*0. To see this observe
that N can be chosen for each n such that nck < h for k S N. Then

n<Hr2) g n(co+ •••+ c , - / " - " ) + ir2N S ^
— r

for r close to 1. The Corollary to Lemma 2 now applies to give {zn} on the unit
interval such that

2 ( l - z - ) < » and ^

By a result of Caughran (1969, Theorem 2) there exists an /( ^ 0) e H(U)
with bounded /"" and vanishing at all the points zn. Note that

2 n ' | a , | < » if \ \ \fkXz)\2dxdy<™
n J JU

and since l/cn = 0(nk), this implies that f G D*.
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