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0. Introduction

We shall work over a fixed algebraically closed field £ of arbitrary charac-
teristic. By an algebraic variety over kK we shall mean a reduced algebraic scheme
over k. Fix a positive integer # and ¢ = (e, ¢,,..., ¢,) a system of # + 1 weights
(i.e. » + 1 positive integers ¢, e,,. .., ¢,). If k[T,, Ty,..., T,] is the polynomial
k-algebra in # + 1 variables, graded by the conditions deg(T,) = ¢, 1=0,1,...,
n, denote by P"(e) = Proj(k[T,, T,..., T,]) the n-dimensional weighted projec-
tive space over k of weights e. We refer the reader to [3] for the basic properties
of weighted projective spaces. According to Zariski ([22], see also [16], [15]), if ¥
is a closed subscheme of an algebraic variety X, one can define the ring K(X/y) of
formal rational functions of X along Y. Then K(X,y) is a k-algebra, and there is a
canonical map of k-algebras K(X) — K(X ), where K(X) is the usual ring of
rational functions of X (K(X) is a field if X is irreducible). According to [16], ¥
is said to be G, in X if this map is an isomorphism. Let X be an arbitrary algeb-
raic scheme over k, and let d = 0 be a non-negative integer. Then X is said to be
d-connected if every irreducible component of X is of dimension = d + 1 and if
X\ W is connected for every closed subscheme W of X of dimension < d. For ex-
ample, X is O-connected if X is connected and of dimension = 1; an irreducible
algebraic variety X of dimension # = 1 is always (# — 1)-connected.

Then the main result of this paper is the following.

TueoreM (0.1). Let f:X—P"(e) X P"(e) be a finite morphism from a
d-conmected algebraic variety X such that d = n. Then f ' (4) is (d — n) -connected,
where A is the diagonal of P"(e) X P"(e). Moreover, f (D\ W is G; in X\ W for
every closed subscheme W of f " (4) of dimension< d — n.

In the case of ordinary projective spaces (i.e. when ¢; = 1 for every ¢ = 0,
1,..., n) the first statement of Theorem (0.1) is well known in the literature as
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the Fulton-Hansen connectedness theorem (see [5], or also [6], or [12]). As far as I
know the last part of Theorem (0.1) is new even for ordinary projective spaces.
This latter fact has some interesting consequences, namely the following two
theorems.

THEOREM (0.2). Let Y be a closed irreducible subvariety of P"(e) of dimension
n
> 5. Then A \Wis Gy in Y X Y\W for every closed subscheme W of the diagonal
Ay of Y X Y such that dim(W) < 2dim(Y) — n — 1. If moreover Y has (locally) the
S, property of Serre (e.g. if Y is normal), then for every vector bundle E on Y X Y the
natural map

H(YX Y,E)—H Y X ¥, E)

is an isomorphism, where E is the formal completion of E along Ay, and YXY=
Y X Y, . In other words, the weak Grothendieck-Lefschetz condition Lef(¥Y X Y, Ay)
holds (see [9)).

An immediate consequence of Theorem (0.2) via a result of Speiser (see [21],
or also Theorem (1.11) below) is the following.

TrEOREM (0.3). Let Y be a closed irreducible subvariety of P"(e) of dimension
n
> 5 which is (locally) S, . Then every stratified vector bundle on Y is trivial.

For the definition of stratified vector bundles see [10], or also [20]. This de-
finition and the basic properties of stratified vector bundles will also be briefly
recalled in the first section. In some special cases Theorem (0.3) and the last part
of Theorem (0.2) were known before. Specifically, if Y is a local complete intersec-
tion in P” over a field k of characteristic zero, Theorem (0.3) and the last part of
Theorem (0.2) were proved by Ogus in [18]. Note that when char(k) = O the con-
cept of stratified vector bundle is the same as the one of vector bundle with in-
tegrable connection (see [18]). If char(k) > 0 and Y is an irreducible locally
Cohen-Macaulay of P” these results were proved by Speiser in [21]. Note that the
methods of Ogus (in characteristic 0) or those of Speiser (in positive characteris-
tic) are completely different from the methods used in this paper. Our approach
(which is based on results of Hironaka-Matsumura [16] and of Faltings [4] involv-
ing formal rational functions) offer therefore not only characteristic free proofs
but also more general results.

A first version of this paper was written during my visit at the Universities
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of Pisa (December 1993) and Ferrara (January 1994). I am grateful to Fabrizio
Catanese and Alexandru Lascu for their kind invitation and excellent atmosphere I
found there. I also want to thank G. Chiriacescu who read some parts of the paper
and made useful remarks and suggestions.

1. Background material

In this section we gather together some known results we are going to use in
this paper. Let X be an algebraic variety, and let X, ..., X,, be the irreducible
components of X. Fix d = 0 a non-negative integer.

DeFINITION (1.1) ([13], [12]). A sequence Z,, Z,,. .., Z, of (not necessarily
mutually distinct) irreducible components of X is called a d-join within X if
dim(Z) =2 d+ 1 for every ¢=0,1,..., nand if dm(Z,_, N Z,) = d for every
j=2,...,n

The following elementary fact will be useful.

ProposiTioN (1.2) (Hartshorne [13], or also [12]). Awn algebraic variety X is
d-commected if and only if X =2, U Z, U ... U Z, for some d-join Z,, Z,,. .., Z,
within X.

THEOREM (1.3) (Grothendieck). Let X be a d-connected algebraic variety over k,
and let f : X — Proj(S) be a finite morphism, where S is a finitely generated graded
k-algebra. Let t,, ..., t, € S, be homogeneous elements of positive degrees. If d = r
then f (V. (t,, . .., 1)) is (d — ) -connected. Moveover, if X is irreducible and
dim(X) > 7 thenf_l(V+(t1,. .., 1)) is non-empty.

Remark. Theorem (1.3) can be found (in a slightly different formulation) in
[9] éxposé XIII. In the appendix another proof based on the so-called Hartshorne-
Lichtenbaum theorem can be found.

THEOREM (1.4) (Hironaka-Matsumura [16]). Let f : X’ — X be a proper surjec-
tive morphism of algebraic varieties, with X irreducible and such that every irreducible
component of X' dominates X. Let Y be a closed subscheme of X and set Y' 1=
f “Y(Y). Then there is a canonical isomorphism of k-algebras

KX, = [KX,,) Qpp KX,
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where K(X) is the ving of rational functions of X', K(X ,y7) is the ring of formal
rational functions of X' along Y’, and [Al, denotes the total ring of fractions of a
commutative ring A.

The next result will play a crucial role in the proof of Theorem (0.1).

THeoREM (1.5) (Faltings [4]). Let X be an irreducible closed subvariety of P”,
and let L be a linear subspace of P of codimension v such that v < dim(X). Then
XNL\W is G, in X\W for every closed subvariety W of X N L such that
dim(W) < dim(X) — » — 1(dim(W) = — 1 W= §).

Remark. Theorem (1.5) is a special case of a result of Faltings [4]. In the
case when X and L have a proper intersection, this result was proved earlier by
Hironaka and Matsumura [16] (in which case the proof is much more elementary).

Prorosition (1.6) ([16]). Let X be an irreducible algebraic variety, and let Y be a
closed subscheme of X. Let u:X — X be the wnormalization wmorphism. Then
K(X,,) is a field if and only if u~ (¥) is connected.

The next proposition is well known for the rings of usual rational functions,
and should be known in general, but we have no reference for it (therefore we in-
clude a proof).

PROPOSITION (1.7). Let X be a quasi-projective variety having the irreducible com-
ponents X, ..., X, (with the reduced structure), and let Y be a closed subscheme of X,
such that Y;'= Y N X; #+ @ for every i = 1,..., m. Then there is a canonical iso-
morphism of k-algebras

K(X,p) = KXyy) X -+ X KXmpy ).

Proof. We shall first prove Proposition (1.7) in the case when X =
Spec(4) is affine, with A a reduced finitely generated k-algebra. Set Ass(4) =
{p1,..., bu}, where every p, is a minimal prime ideal of A such that X; = V(p,),
t1=1,..., mand

(1.7.1) p0 - 0p,=(0).
Then Y = V(I), with I an ideal of A. The hypotheses imply that I,:= I(A/p,) #
A/p; for every t=1,..., m. Let A be the I-adic completion of A. Then X/Y =
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Spf(A), and by [16], (1.1) we have
(1.7.2) KX, = 4],

where, as above, [/i]o denotes the total ring of fractions of A. Set q, = p,./i, 1=
1,..., m. Taking into account that the homomorphism A — A is flat, (1.7.1) yields

¢N--Ng,=0,
which implies
(1.7.3) ¢4, N --- N q,lA], = (0).

If we denote by S (resp. by S) the multiplicative system of all non-zero divizors
of A (resp. of A), then p,S™'A + ij_lA = S7'A for every i # j, which implies
pSTIA+ p,.S“A = ST for every i # j, or else, ¢;ST'A + q]-S—lA =S4 for
every ¢ # J. Since S € S (because A— A is flat), we therefore get:

(1.7.4) q,[Al, + ¢;[A], = [A], for i # j.

Then (1.7.2), (1.7.3) and (1.7.4) together with the Chinese Remainder Theorem im-
ply

(1.7.5) KX,y = [Al,/qlA], % -+ x [A],/q,[A],.

To prove the proposition in case X is affine it will be sufficient to show that
(1.7.6) [A],/¢,[A], = K(Xi,y) for every i =1,..., m.

Since K(X,)y) = [A/¢q,], (16], (1.1)), then (1.7.6) is equivalent to

(1.7.7) S Arsq) =1[A/q]), for every i=1,..., m.

To prove (1.7.7), we first show that for every fixed ¢ the ring A/qi is re-
duced. To see this, observe that A/gq; is the I-adic completion of A/p, So, we
have to prove that if B is a reduced, finitely generated k-algebra, and J # B is an
ideal of B then the J-adic completion B* of B is also reduced. To show this, it
will be sufficient to check that for every maximal ideal m” of B*, the localization
B*m* is reduced. Since B™ is ]B*—adically complete, ]B* < m*. Since B*/]"B*
= B/J" it follows that for every n>=1, B* «/J"B* «=B,/]"B,,
where m := m™ N B. From the latter isomorphism we infer that for every # =1,
B*m* /m*nB*m* = B,,/m"B,,. Passing to the inverse limits, we get B*m* =B,
(the completions with respect to the maximal ideals m™ and m respectively). Now,
use a theorem of Chevalley (see [19], IV-4) to show that the latter ring is reduced.
Finally, since B« is reduced, B*m* is also reduced, and we are through.
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So, we have seen that A/qi is reduced. In particular, we get

g =paN - npm‘»

where Ass(4/q) = {p,,,..., Din}-

Then by [19], IV-4, Ass(A) = {py, .. ., Prnys- - o+ Pty - « -+ » Pmy,}- Moreover,
all the p;;’s are minimal prime ideals of A.

The inclusion S™'(A/gq,) < [A/q,], being clear, it will be sufficient to show
that every non-zero divisor @ := a (mod ¢;) of fi/q,- is the class (modulo g;) of an
element of S (i.e. @ = b with b a non-zero divisor of A, or else, b & p,, for all
1 and 7). Take for example ¢ = 1. Since d is a non-zero divisor in [l/ql, a & {p,
U Ubpy,lt Set A:={(i, j)/a € p;;}. If Ais empty we have nothing to prove.
Suppose therefore A # @. Then set J := N ;,gupi; and J" = N jeady;. Since all
the ideals p,; are prime, by elementary general facts about prime ideals (see e.g.
[19], 1-2), there is an element # € J\ J’. In other words, 4 € p;, if and only if a &
p,;- This shows that @ + u €p,; for every t=1,...,m,j=1,...,n, On the
other hand, since a & p,; for every j = 1,..., n,, whence u € p;; N =-+ N p,, =
q,: Therefore @ = b, with b = a + u, and b not a zero divisor in A. Therefore
Proposition (1.7) is proved if X is affine.

If X is not affine, fix a finite set A of closed points of ¥ such that A N Y, #

@ for every 1 =1,..., m. Since X is quasi-projective, we can find an affine cov-
er {U,}, of X such that for every @, A C U,. Since for every @ and B, U, :=
U,

N Uy is also affine and contains A, we know the proposition for U, and for U,,.
Then everything follows from the statement in the affine case (already proved) and
from the exact diagram (see [16] for details):

K(X/Y) - HaK(Ua/YnUa) = Ha,BK(UaB/YnU“)!

which reduces the verification to the affine case. Q.E.D.

CoroLLARY (1.8). In the hypotheses of Proposition (1.7), if Y, is G, i X; for
everyt=1,..., m, then Y is also G, i X.

Proof. Direct consequence of Proposition (1.7) and of the well known iso-
morphism

KX = K(X) % -+ x K(X,).
Q.E.D.
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Corollary (1.8) allows one to generalize the result of Faltings stated above
(Theorem (1.5)):

CoroLLARY (1.9). Let X be a d-commected closed subvariety of P”, and let L be
a linear subspace of P of codimension v such that v < d. Then X N L\ W is G, in
X\ W for every closed subscheme W of X N L such that dim(W) < d — 7.

Proof. Let X, ..., X, be the irreducible components of X. Since X is
d-connected, dim(X,) =2 d + 1, and in particular, < dim(X,) for every i =
1,...,m. By Theorem (1.5), X, N L\W is G, in X,\W, ie. K(X,\W)) =
K(m/x,m\w) for every 1=1,..., m and for every closed subscheme W of
X N L such that dim(W) < d — ». On the other hand, since the irreducible com-
ponents of X\ W are X;,\W,i=1, ..., m everything follows from Corollary
(1.8). QED.

(1.10) Now we recall briefly some definitions and basic facts from Grothen-
dieck’s theory of stratified vector bundles and the descent theory of faithfully flat
morphisms (see [10], [8], or also [21]). Let Y be an algebraic variety over k. Con-
sider the products and projections:

v yx vy
and
by b3
YXY—YXYXY—YXY
1 baz
YXY

Denote by 4 = 4, the diagonal of ¥ X Y, and let 4" be the diagonal sub-
scheme of ¥ X ¥ X Y. For every # =20 denote by 4, (resp. 4}) the #-th in-
finitesimal neighbourhood of 4 in Y X Y (resp. of 4"). Then from the previous dia-
grams we get projections

q '
YA, —5 Y
and
a5, a5
Ar 21 A,, 31 A

1 2%

4,

7

Let F be a vector bundle on Y. By descent data on F we mean an isomorph-
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ism
@ pr(F) — p)(F)

over Y X Y such that the cocycle condition

D (@) = bi(@) * (@)

holds over Y X Y X Y.

From Grothendieck’s faithfully flat descent theory (see [8], VIII) applied to the
structural morphism p : ¥Y— Spec(k) we know that descent data hold for F if and
only if F is the pull-back via p of a vector bundle over Spec(k), i.e. if and only if
F is a trivial vector bundle. This result is a very useful general criterion for a
vector bundle to be trivial.

A stratification on F is a compatible system of isomorphisms

¢, (gD (F) = (g9) " (F)
over 4, for all # 2 0 such that ¢, = id and the cocycle condition
@™ (@,) = ()" () « (@)™ (e,)

holds on 4;.

A stratified vector bundle on Y is a vector bundle F with a stratification on
it. In other words, giving a stratification on F is the same as giving “formal des-
cent data” on F. That is to say, if X is the formal completion of ¥ X Y along 4,
and if X’ is the formal completion of ¥ X ¥ X Y along 4’, then we get projections

a a3
Y—X—Y

and
XX —X
| ey
X

and “formal descent data” on F consist of an isomorphism
¢: g, (F) = g, (F)
on X together with the cocycle condition
039 = 4(9) = (@)

on X’. In characteristic zero giving a stratification on F is the same as giving an
integrable connection on F (see [10], [18]). The approach of vector bundles en-
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dowed with integrable connections and the De Rham cohomology associated to
them was taken up by Ogus to give algebraic proofs of Barth’s theorems (see [18]).
On the other hand, Gieseker and Speiser provided further methods to study strati-
fications in positive characteristic (see [7], [21]). The relationship between strati-
fied vector bundles and descent data is given by the following result of Speiser:

TueOREM (1.11) (Speiser). Let Y be an irreducible algebraic variety over k for
which the diagonal A of Y X Y satisfies the weak Grothendieck-Lefschetz condition
Lef(Y X Y, A). Then giving a stratification on a vector bundle F on Y is equivalent
to giving descent data on F. In particular, if Lef(Y X Y, A) holds, then every strati-
fied vector bundle on Y is trivial.

In fact Speiser proved in [21] the first part of Theorem (1.11); the last part
follows from the first one and from Grothendieck’s faithfully flat descent theory
18], VIIL

2. Proof of Theorem (0.1)

To prove the connectivity part of Theorem (0.1) we use the same main ideas
of the proof of Fulton-Hansen connectivity theorem given in [3] or in [6]. First we
shall need the following more general version of Theorem (1.3) of Grothendieck.

PROPOSITION (2.1). Let S be a finitely generated graded k-algebra, t,. .., t, €
S, homogeneous elements of positive degrees, and U a Zariski open subset of
Proj(S) containing L=V, (t,,..., t,). Let f : X— U be a finite morphism, with X
a d-connected algebraic variety over k. If d = 7 then f (L) is (d — 7)-connected.

Proof. First we shall prove the proposition in the case when X is irreducible.
Then X is (dim(X) — 1)-connected. Therefore in this case the hypothesis reads
dim(X) > 7. By passing to the normalization we may assume that X is normal. Let
Z’ be the closure of X" = f(X) in P := Proj(S), and let g: Z— Z’ be the nor-
malization of Z’ in the field K(X) of rational function of X (which makes sense
because the dominant morphism X — Z’ yields the finite field extension K(Z") =
K(X’) — K(Z)). Then we get a commutative diagram of the form

X — Z
7l le
X/ _,_) Z/

t
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in which ¢ and ¢’ are open immersions (¢ is an open immersion because X is nor-
mal), and g is a finite morphism. Since L € U and X' C U, then X' N L=
Z’ N L, whence f (L) = g~*(L). Then Proposition (2.1) follows (in case when X
is irreducible) from Theorem (1.3) applied to the composition of the finite morph-
ism g : Z— Z’ followed by the closed immersion Z' < P.

Assume now X reducible. In this case we shall first prove the proposition in
the special case d = 7. Then we simply have to show that ¥ := f (L) is con-
nected and non-empty. Let X,,..., X,, be the irreducible components of X (all of
dimension 2 d + 1 = 7+ 1 since X is d-connected). If we set f; := f/X, then by
what we have proved so far we know that ¥;:= f, (L) is connected and non-
empty for every t=1,..., m. Clearly, Y=Y, U ... UY,. To prove that Y is
connected it will be then sufficient to show that we can reorder the components
X,,..., X, (possibly with repetitions, by increasing m if necessary) in such a way
that Y;_, N Y, # @ for every ¢t = 2,..., m. To do that we use Proposition (1.2)
to get a reordering (possibly with repetitions) X, ..., X,, such that dim(X,_; N
X,) = d for every i = 2,. .., m. Therefore for every i = 2,..., m there is an
irreducible component Z; of X, ; N X, such that dim(Z,) = d. Since d = 7, then
apply the last part of Theorem (1.3) to the u;:= f/Z,: Z,— P to deduce that
u;'(L) # @ for every i=2,...,m. Since u; (L) € Y,_, NY, it follows that
Y. NY # @ for every i = 2,..., m, as desired.

Therefore Proposition (2.1) is proved in case d = 7. The case d > 7 can be
reduced to the case d = 7 as follows. Let W be a closed subscheme of ¥ of dimen-
sion < d = 7. Then f(W) is a closed subscheme of Y of dimension < d — 7. Pick
a sufficiently large integer a > 0 such that 0,(@) is a very ample line bundle on
P such that S, = H’(P, 0,(a)). The existence of such an @ comes from the fact
that S is a finitely generated graded k-algebra. Let £,,.,, ..., € S, = HO(P,
Op(a)) be d~— r general homogeneous elements of degree a of S. Since
dim(f(W)) <d—rand ¢,.,,...,t, are general, we infer that f(W) N V, (¢,,,,

1) =0, whence WN Y= @, where Y’ 5=f_l(V+(t,. .., t)). By what
we have already seen before, Y’ is connected and non-empty. Moreover, let Z be
an arbitrary irreducible component of Y. Since X is d-connected and Y =
FWV. (..., 1), dim(2) > d — 7, and hence dim(f(Z2)) > d — 7 because f is
finite. In particular, f(Z) meets V,(¢,,,,..., t,), or else, Z meets Y. Suppose that
Y\ W is disconnected; then Y is also disconnected because Y’ meets every irre-
ducible component of Yand Y” N W= @, a contradiction. QE.D.

(2.2) We shall show that a construction used by Deligne (see [3], or also [6])
to simplify the proof of Fulton-Hansen connectedness theorem can easily be gener-
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alized to weighted projective spaces. Having the system e = (e, ¢,, . . ., ¢,) of
weights fixed, consider the weighted projective space

P”*"'(e, ¢) = Projk[T,,..., T,; U,,..., UD),

where Ty, ..., T, U, ..., U, are 2n + 2 indeterminates over k such that
deg(T) = deg(U) = ¢, for every i=0,1, ..., n. Consider the closed sub-
schemes

L=V(T,...,T,) and L,=V,_(U,..., U)

of P:=P""' (e, ¢). Then L, N L,= @ . Set U := P\(L, U L,). Since T, — U,
is a homogeneous element of degree ¢;, it makes sense to consider also the closed
subscheme H = V. (T, — U,,..., T, — U,) of P. Clearly, H C U. The two natu-
ral inclusions k[T, ..., T,) < klT,,..., T,; U,..., U] and k[U,,..., U] C
k[T,,..., T,; U,..., U] yield two rational maps g,: P* (e, ¢) --> P"(e), i =
1, 2, which give rise to rational map

g:P" (e, 0 -~ P"(e) X P'(e).

2n+1

Then g is defined precisely in the open subset U of P (e, e). Alternatively, if
we interpret P"(¢) as the geometric quotient (A***\ {0})/G,, (where the action of
the multiplicative group G,, = k\{0} on k"*'\ {0} is given by A(t, ..., t) =
2ty ..., A"t,), with A € G,, and (¢,..., t,) € k"' \{0}), then the map g is de-
fined by

gllty,. .oy tys g, .., u,)) = ([t .., 8], Lug,. .., u,]).

It is clear that g/H defines an isomorphism H = A. Consider the commutative di-

agram
x = X
7l Lr
U — P"() x P*(e)
7 )
H — A

where the top square is cartesian, the vertical arrows of the bottom square are the
canonical closed immersions, and the bottom horizontal arrow is an isomorphism.
We shall need the following fact:

(2.3) In the hypotheses of Theorem (0.1), the variety X’ = X X poyxpry U is
(d + 1)-connected.

Indeed, since X is d-connected, by Proposition (1.2) we can reorder the irre-
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ducible components X,,. .., X,, of X (possibly with repetitions, by increaing m if
necessary) so that dim(X,_, N X;) = d for every i =2, ..., m Set X/:=
g’_l(X,-), 1=1,..., m. Observe that every closed fibre of g (and hence also of g’)
is irreducible. Indeed, every closed fibre of g is in fact isomorphic to G,,. It fol-
lows that X] is irreducible for every i = 1,..., m, and in particular, Xj,..., X,
are the irreducible components of X’. Moreover, since dim(X,_, N X,) = d we get
that dim(X;/_;, N X/) =d + 1 for every i = 1,..., m. This proves the claim of
(2.3) via Proposition (1.2).

(2.4) Now we can easily prove the first part of Theorem (0.1). By (2.3) and
Proposition (2.1) (applied to the finite morphism f’: X’ — U < P**!(e, ¢) and
L:=H withr=n-+1<d+ 1 we infer that /' '(H) is (d — n)-connected. On
the other hand, since f ~'(4) = f"""(H) we get the first part of Theorem (0.1).

(2.5) Now we proceed to prove the second part of Theorem (0.1). I claim that
one can reduce oneself to the case when X is irreducible of dimension d + 1 such
that d = #. Indeed, if X;, ..., X,, are the irreducible components of X then
X \W,..., X, \ W are the irreducible components of X\ W. Then the claim fol-
lows easily from Corollary (1.8).

So, from now on assume X irreducible of dimension d + 1. Set X" := f(X). I
claim that it is sufficient to prove the second part of Theorem (0.1) for X’, i.e. we
may assume that f is a closed embedding.

Indeed, let W be a closed subscheme of ¥ = f (4), of dimension < d — »
and set W’ :=f(W). Then clearly dim(#) = dim(W") = dim(f (W)
(because f is finite), and W C f (W’). Assuming that X’ N A\ W’ is G, in
X'\ W’, by Theorem (1.4) we infer that Y\ f (W) is G, in X\ f "(W").

On the other hand, since W < f ~(W’) we have a commutative diagram

K(X\ w) - K(W/Y\W)
l !
EX\FT' W) — KX\ W) i)

in which the vertical arrows are the restriction maps. The first vertical map is
clearly an isomorphism, while the bottom horizontal map is an isomorphism be-
cause Y\f ' (W) is G, in X\f '(W’). If we prove claim (2.6) below it will fol-
low that the second vertical map is injective, and hence bijective because we just
saw that the composition of it with the top horizontal map of the above commuta-
tive diagram is an isomorphism.

(2.6) The ring KX\ W,y is a field.

To prove this we use Proposition (1.6). So, if #:Z— X is the normalization
morphism it is sufficient to check that u_l(Y\ W) is connected. This follows from
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the first (i.e. the connectivity) part of Theorem (0.1) applied to the finite morphism
feu:Z— P"(e) X P"(¢) and the subscheme # " (W) of Z, because

u(Y\W) = (f= ) (D) \u” (D).

(2.7) Summing up, to prove the second part of Theorem (0.1), we may assume
that fis a closed embedding and that X is irreducible. In other words, from now
on X is an irreducible closed subscheme of P*(e) X P"(e).

According to the construction and notation of (2.2), set Uy:= g_l(X) cU,
and denote by Z the closure of Uy in P"(e, ). Denote by g’ : Uy— X the restric-
tion of g to Uy. Then g’ can be also considered as a rational map g': Z--—~ X
which is defined precisely in the open subset Uy of Z.

Let & : X, — Z be a proper morphism with the following properties:

h is birational and the restriction 4/h”"(Uy) defines an isomorphism be-
tween A~ (U,) and Uy;

- the composition f := g’ < h:X,— X is a proper morphism (in particular, f
is everywhere defined).

The existence of (Xl, h) is obvious because one can take as X, the closure of
the graph I',, © Uy X X in Z X X, and as h the restriction to X, of the projection
Z X X— Z. Then the restriction to X, of the projection Z X X— X is a proper
surjective morphism f (= g’ ° k), so that it makes sense to speak about the field
extension f *: K(X) = K(X\ W) — KX, \f ' (W)).

Applying Theorem (1.4) to the morphism f:X,\f (W) — X\ W, we get

s ~ <\ T -1
that K(X;\ f (W)//“(an\W)) = [K(X\ W/XnA\W) ®K(X\W>K(X1\f (W))],. Then
the key point of the proof of the second part of Theorem (0.1) is the following

claim:
(2.8) The canonical map K(Xl\f_l(W))—’K(Xl\/fh(W)/,-x(XM\ w) is an
isomorphism,

Accepting the claim (2.8) for the moment, we see that via the above isomorph-
ism, the claim obviously implies the following fact:

(2.9) The canonical map K(X\ W) — K(m/an\W) is an isomorphism, i.e.
XN A\ W is G, in X\ W. Therefore, in view of the reduction made at (2.5) we
proved the last part of Theorem (0.1) modulo the claim (2.8).

(2.10) Now we proceed to the proof the claim of (2.8). Since by (2.2) g/ H de-
fines an isomorphism H = A then g’/ Uy N H defines an isomorphism Z N H =
U, N H= XN A By the construction of A the subvariety ¥ := Wi (Z N H is
isomorphic to Z N H = X N A via f/Y. Since Y\f 7'M < f7{ (X N A\ W) we
get the canonical morphisms
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o1 oo -
X \f M)\ ram) — Xi \f W) 1 gonm = Xi \f7'm,
which yield the homomorphisms of k-algebras

—1 a T3
K(XI \f (VV)) .——)K(Xl \f (VV)/I"(XnA\W))
/}l l b
K(Xl \f (W)/Y\f’l(W))‘
Now, claim (2.8) follows from the following two claims:
(2.8.1) The composition b ° @ is an isomorphism.
(2.8.2) KX, \f T(W),sxnap) s a field.
Indeed, by (2.8.2) the map b is injective, and whence by (2.8.1), an isomorph-
ism. By (2.8.1) again the map a is an isomorphism.
It remains therefore to prove (2.8.1) and (2.8.2).
To prove (2.8.1) observe that since HC U and h/h™ (Uy) : b (Uy) — Uy
= Z N U is an isomorphism, we get

KX, \f7'(W) = K(Z\h(f (W) N 1)), and
KGNS X,y = KE\BG 0D omarsann) -
So, we are reduced to prove that the canonical map
KZ\W,) — KZ\V, 30y

is an isomorphism, where V := h(f ""(W) N Y) is a closed subscheme of Z N H
such that dim(V) = dim(W) < dim(X) —# —1=dim(Z) — (» + 1) — 1, and
codimpsn, ,(H) = n + 1. (Recall that H= V (T, — U,, ..., T, — U,).) This
will follow from the following more general assertion:

(2.10.1) For every closed irreducible subvariety Z of P”(e) = Proj(k[T,, ...,
T, 1) (with deg(T,) =e;, 1 =0,1,..., m), for every subscheme H of the form
H= V+(Ti1, o, Ti,)» and for every closed subscheme V of Z N H such that
dim(V) < dim(Z) —»—1,then ZN H\Vis G, in Z\ V.

To do this, consider the usual projective space P* = Proj(k[U,, ..., U,D,
deg(U) =1,i=0,1,..., m. Consider the homomorphism of graded k-algebras

¢:klT,,..., T,]—klU,,..., U,]
defined by o(T},) = U;", i=0, 1,..., m. Then the morphism
u = Proj(¢) : P":=P"— P:=P'(e)

is finite and surjective.
(2.10.2) 1 claim that for every closed subvariety Z of P, then ™' (Z) o is
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d-connected.

Indeed, consider the morphism f:=u X {:P" X Z— P X P, where 1:Z—
P is the embedding of Z in P. Since Z is d-connected, P’ X Z is (n + d)-
connected (as is easy to see). Then by the first part of Theorem (0.1) (already
proved), f “(4) = u™'(Z) is d-connected, as claimed.

In particular, coming back to (2.10.1), since Z is irreducible, by (2.10.2),
Z':=u"'(2) is (dim(Z) — 1)-connected. If we set H := u"'(H) ., then H’ is
the linear subspace of P” given by U,=:=U_=0. Thus, if A:=ZNH
then #~ (A),oy = Z’ N H’. By the result of Faltings in the form of Corollary (1.9)
we infer that the natural map

KZ\u7 (M) = KZ \u"" (V) 10

is an isomorphism. On the other hand, the latter ring is by Theorem (1.4) (which
can be applied because the fact that Z’ is (dim(Z) — 1)-connected implies that
every irreducible component of Z” dominates Z) canonically isomorphic to

[Ké\\vm\v) ®K(Z\V)K(Z/ \u™ (M.

These two isomorphisms imply (2.10.1). In this way (2.8.1) is proved.

(2.11) Now we shall prove (2.8.2). Let v : X/ — X, be the normalization of X|,
and set f = f°v:X/— X C P"(e) X P"(e). Using Proposition (1.6), all we
have to check is that v (f "(X N A\W)) = f""(A\ W) is connected. Let X/
2 7% X C P"(e) X P"(0) be the Stein factorization of f/, ie. f=v" v, where
v’ has connected fibres, and v” is a finite morphism. By the first part of Theorem
(0.1) (already proved), v" “(A\W) is connected because dim(” (W) =
dim(W) < dim(X) —# — 1, by hypotheses, and hence v (" A\ W) =
F7HA\ W) is also connected because v’ has connected fibres. Thus (2.8.2) is
proved.

In this way the proof of Theorem (0.1) is complete.

Remark. It is well known that at least in characteristic zero, P"(e) appears
as the quotient of P” by a finite group G (which is the product of the cyclic
groups of order ¢;, ¢t =0,..., n (see [3]). Then one may ask whether Theorem
(0.1) holds true for every quotient P’:= P"/G of P” by a finite group G of auto-
morphisms of P”. The answer is no in general. Indeed. consider the action of the
group G of roots of order # + 2 of k, such that # = 3, n + 2 is prime and diffe-
rent from char(k), on P” given by gty t,, ..., t) = (t, gt, &ty . . ., &'L).
Then the Fermat's hypersurface F of P” given by £ + £/ + -+« + £2*2 =0 is
G-invariant and G acts freely on F. If we take X := F X F,and as f : X— P’ X

https://doi.org/10.1017/50027763000005626 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005626

32 LUCIAN BADESCU

P’ the composition
Xu

FXFCP' x P —5P x P,
(with % :P"— P’ the canonical morphism), then f '(4,) has » + 2 connected
components, although X is (2# — 3)-connected (X is irreducible of dimension
2n — 2) and dim(P") = n < 2n — 3, if # = 3 (see the proof of Theorem (3.5) be-
low and the example following it, for details).

3. Proofs of Theorems (0.2) and (0.3) and other consequences

First we mention the following direct consequence of Theorem (0.1).

COROLLARY (3.1). Let Y and Z be two irreducible subvarieties of P"(e) such that
dim(Y) +dim(2) 2 n+ 1. Then YN Z\W is G, in Y X Z\ W for every closed
subscheme W of YN Z= (Y X Z) N A such that dim(W) < dim(Y) + dim(2)
— n — 1. In particular, if Y is a closed irreducible subvariety of P"(e) of dimension
> g then AY\ Wis Gy in Y X Y\ W for every closed subscheme W of the diagonal

Ay of Y X Y such that dim(W) < 2dim(Y) — »n — 1.

Proof. Apply Theorem (0.1) to the inclusion of X := Y X Z in P"(e) X
P(eo). QED.

(3.2) The last part of Corollary (3.1) is just the first part of Theorem (0.2). In
particular, 4y is G, in Y X Y for every irreducible subvariety ¥ of P"(e) of
dimension > g This latter statement implies the second part of Theorem (0.2).
The argument to do that is essentially due to Speiser (see [20], or also [15], pp.
200-201), at least in the case when Y is smooth. Below I shall only indicate the
necessary steps in order to make Speiser’s proof of the implication “Ay G, in ¥ X
Yimplies Lef(Y X ¥, 4,)” work in this more general situation.

First, exactly as in Speiser’s proof (loc. cit), we can reduce ourselves to the
case when the vector bundle E is of rank one, i.e. a line bundle. In this case, using
the irreducibility of Y, we may assume that E is a subsheaf of the constant sheaf
K(Y X Y) (see e.g. [14], II, Prop. 6.15). Then all we have to check are the follow-
ing two claims;

(3.2.1) For every x := (y, y) € 4, we have

@mx n K(Y X Y) = @YXY,.Z’
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where the intersection is taken in the total ring of fractions of Oypxy .

Using (3.2.1), the G, property of (¥ X ¥, 4,), and the arguments given in
[15], pp. 200-201, we infer that every section of Hom, E) comes from a
section of E defined in a suitable open neighbourhood U of 4y, in X X Y. This lat-
ter section of E extends to the whole ¥ X Y by using the S, property of Y (which
implies the S, property of ¥ X Y) and the following:

(3.2.2) Codimy,,(Y x Y\U) > 2.

We first prove (3.2.1). In the case when Y is normal a proof can be found in
[20], pp, 16-17 (see also [15], p. 209, Ex. 4.12). However, as G. Chiriacescu
pointed out, (3.2.1) comes from the following general statement. If A— B is a flat
homomorphism of local rings, then A = B N [A],, where the intersection is taken

u
in the total ring of fractions [B], of B. To prove this statement, let b = > < B,

with #, v € A, and v a non-zero divisor of A. If v is invertible there is nothing to
prove. If v belongs to the maximal ideal of A then u = bv € Bv N A = Av (the
latter equality holds because the map A— B is faithfully flat). It follows that
b € A, as desired.

Now we prove (3.2.2). Set X = Y X Y. Since dim(Y) > g then X is a closed

subvariety of P"(e) X P"(e) of dimension > #. Then the claim follows from the
construction of the proof of Theorem (0.1), because if D were a hypersurface of X
which does not intersect Ay = A N X then (in the notations of the proof of
Theorem (0.1)) g’_l(D) would be a hypersurface of Uy which does not intersect
Uy N HWU, N HC g™ (4,), where g’ = g/ Uy: Uy— X is a morphism whose
closed fibres are all isomorphic to G,,. Taking the closure Z of Uy in P (e, o),
and the closure D’ of g7~ (D) we would get a hypersurface of Z which does not
intersect Z N H. But recalling that Z is a closed irreducible subvariety of

P”*!(e, ¢) of dimension = n+ 2 and H= V, (T, — U,, ..., T, — U, this fact
is impossible. Thus (3.2.2) is proved.
This finishes the proof of Theorem (0.2). QE.D.

(3.3) Theorem (0.3) is a direct consequence of Theorems (0.2) and (1.11).
(3.4) Now consider the following situation:

n
- Y a smooth projective subvariety of P"(e) of dimension > o

- G a finite abelian group of order d acting freely on Y such that d = 2, and
if char (k) > 0, then d is prime to char (k).
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- Denote by X the quotient Y/G.

Then we prove:

THEOREM (3.5).  In the situation of (3.4) we have
(KX x X : KX x X)] =d,

where K m) is the field of formal rational functions of X X X along the diagonal
Ay, In particular, Ay is G, (but not G3) in X X X (in the terminology of [16], or also
[15]).

Proof. Denote by # : Y— X the canonical étale morphism. Then

(u %X w7 (A = (G X G)4y,

where G X G acts on ¥ X Yin the canonical way.
A simple computation shows that if g, g’, &, #" € G then

(g, gy 0 (g, g Ay + @ iff h =N iff (g, ghdy, = (&', g'W)4y.
This shows that
(3.5.1) (ux w4 =4,U -+ UA4,

where 4, = (e, h)4y, 1 =1,..., d, with {h, = e,..., h,} is a full system of rep-
resentatives for the quotient group (G X G)/4; and e the unity of G (and in par-
ticular, 4, = 4y). It follows that 4, N 4, = @ if ¢ # j, and that for any ¢ and j
there is an element (e, &;;) € G X G such that (e, &,)4, = 4;. From (3.5.1) it
follows

(352) KT X Vi) = ILKTY X ¥,) =NKT X V).

(The last product of (3.5.2) has d factors). On the other hand, by Theorem (1.4) we
have

(35.3) KV X ¥pupria,) = KX X X)) Qoo K(Y X D],

/_\
By Corollary (3.1) we have K(Y X ¥, ) = K(Y X Y), and therefore (3.5.2)
and (3.5.3) yield:

(35.4) KX X X)) Qpopno K¥ X V) ZIK(Y X ¥) (d times).

Here we have used the fact that the total ring of fractions of a product of fields
coincides to that product itself. Finally, by Proposition (1.6), K(X X X ,) is a
field, and hence by (3.5.4) one concludes the proof of Theorem (3.5). Q.E.D.
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ExampLE. If in Theorem (3.5) we take as Y the Fermat’'s surface of equation
T, + T, + T, + Ty = 0 with the action of the multiplicative group G of roots of
1 order 5 (char(k) # 5) acting by

g(to’ tlr tz» t3) = (tOs gtly gth) g3t3)’ g € Gy

then we get that the Godeaux surface X = X/ G has the property that Km
is a field extension of degree 5 of K(X X X). In particular, 4, is G, (but not G;)
in X X X.

Appendix

In this appendix we give a proof of Theorem (1.3) of Grothendieck. Assume
first that X is irreducible of dimension # > 7, and set P := Proj(S) and Y :=
fNV(t,. .., t). Since P\ V,(t,,...,t) =D, (t) U -+ U D,(t), f is finite
and D, (¢, is affine, it follows that X\ Y is the union of the affine open subsets
f_l(D+(t,~)), i=1,...,r. If Zis an algebraic variety, consider Hartshorne's
cohomological dimension cd(Z) of Z defined by cd(Z) := max{m = 0/H"(Z, F)
# 0 for some coherent sheaf F € Coh(Z)}. It follows that cd(X\Y) <7r—1
<n—1(resp. cdX\Y) <n—2if r<n — 1). Now, we have the following:

ProprosiTiON (Hartshorne-Lichtenbaum). In the above situation, the inequqlity
cdX\Y) <n—1 (resp. cd(X\Y) < n—2) implies Y # @ (resp. Y conmected).

Proof. The variety X is projective because f is a finite morphism and P is
projective. The first assertion follows from the so-called Hartshorne-Lichtenbaum
theorem (see [11], [17], or [15]), asserting in this case that cd(X\Y) = # if and
only if Y= @ . Assume therefore (X irreducible and) cd(X\Y) <% — 2, and Y
disconnected, with Y=Y, U Y,, ¥, Y, non-empty closed subsets of ¥ such that
Y, NY,= 0. Because X is projective of dimension #, there is an invertible sheaf
L on X such that H"(X, L) # 0 (just take any sufficiently negative power of an
ample line bundle on X).

In the exact sequence

Hy(X,L)— H"(X, L)~ H"(X\Y, L)

the last space is zero by Hartshorne-Lichtenbaum theorem because Y; # @ for
1=1,2. It follows that h',',i(X, L) = n"(X, L) for i =1,2. Moreover, Hy(X, L)
= H;"(X, L) EBH;Z(X, L), and hence, W} (X, L) = 2h"(X, L).

On the other hand, in the exact sequence
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H"™'(X\Y,L - H)X,L)— H'X\L)— H"(X\Y, L)

the extreme spaces are zero by cd(X\'Y) < n — 2 whence h}(X, L) = 1"(X, D),
contradicting the previous inequality because 2" (X, L) > 1. Q.E.D.

Remark. Consider the Serre map of P = Proj(S)
a:S— ® H'(P, 0,(2),

a=0

and for £, € S,, i =1,...,7 set s;:=a(t) € H'(P, 0,(a). Then for a point
p € P the following statement holds (even if S is not generated by S):p €
D,(t) if and only if s;(p) # 0. (Recall that s;(p) # 0 means that (s;), &
m,0p(a;),, where m, is the maximal ideal of 0,). With this observation, the proof
of the above lemma yields in fact the following more general assertion. Assume
that for every i =1,..., 7 we are given a finitely generated graded k-algebra S’
a homogeneous element f, € (S'), and a finite morphism f;: X — Proj(S’). Set
;1= £ (a,(t)) (where a, is the Serre map of P,:= Proj(S")). Then the zero
locus of the section (s,,...,s,) of D,H’(X, f,*(@Pi(deg(t,-))) is (d—7-
connected if X is d-connected and d = 7.

Let us proceed now to the proof of Theorem (1.3). Let Xj,..., X,, be the irre-
ducible components of X. Since X is d-connected, dim(X,) > d + 1 for every i =
1,..., m. But by what we have proved before Y;:= Y N X, is connected (and
non-empty) for every i =1,..., m, where, as above, ¥ :=f (V. (t,...,t).
Since X is d-connected, by Proposition (1.2), we can reorder the components
X,,..., X, (possibly with repetitions) so that for every ¢ = 2,..., m there is an
irreducible component Z; of X;_; N X, of dimension = d. Applying the first part
of the above lemma to Z, we infer that Y,_, N Z, =Y, N Z,= Y N Z, is not emp-
ty. This implies that Y,_, N Y; # @ for every ¢ =2, ..., m. In particular, Y is
connected.

We prove now that Y is (d — #) -connected if X is d-connected. Let X < P"
be an arbitrary projective embedding of X, and let A be a general linear subspace
of PY of dimension N + » — d. Because every irreducible of X is of dimension
= d+ 1 and because Y is locally given by # equations in X, every irreducible
component Z of Y is of dimension = d + 1 — 7. It follows that dim(Z N A) =
dim(Z2) + dimA) —~N=>{d+1—» +WN+#r—d — N=1, and in particu-
lar, A meets every irreducible component of Y.

Set Y":=Y N A. If A is defined by linear equations ¢,,;, = ... {; =0 in
then Y’ is just the zero locus of the section (¢,,,/X,..., t,/X, s;,...,s,) of the
sheaf (d — 10,(1) Df*(0pa) D - D (0,(a,), where for i=1,...,7,
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LES,, s; = f*a(t), and a:S— @, H (P, 0,() is the Serre map of P =
Proj(S). By the above lemma and the remark following it, Y’ is connected.

Now, assume that Y is not (d — #)-connected, i.e. there is a closed subscheme
W of Y of dimension < d — 7 such that ¥\ W is disconnected. Since A is general,
dim(W N A) =dim(W) +dimA) —~N<d—nN+ N+r—d) —N=0, or
else, A does not meet W. Moreover, since A meets every irreducible component of
Y, from the fact that Y\ W is disconnected, it follows that Y’ =Y N A= (Y\ W)
N A is also disconnected, a contradiction. QE.D.
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