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Abstract

We develop an integration by parts technique for point processes, with application to the
computation of sensitivities via Monte Carlo simulations in stochastic models with jumps.
The method is applied to density estimation with respect to the Lebesgue measure via a
modified kernel estimator which is less sensitive to variations of the bandwidth parameter
than standard kernel estimators. This applies to random variables whose densities are not
analytically known and requires the knowledge of the point process jump times.
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1. Introduction

Kernel estimators for the density ¢y of a random variable F from a random sample
{F(k)}k=1,.. .~ of F have been introduced in [17] and [14]. More precisely in [17], finite
difference estimators of the form

1

N
oy 2N (FR) =),y eRy,
k=1

1
dr(y) = 7 E[1{—n/2,n/21(F — y)] =

have been constructed and extended in [14] to estimators of the form

N

1 F(k) =y
>~ — K| ——— 1.1
$r(y) Nhk:Zl ( - ) (1.1
where K : R — R} is a kernel satisfying
o
/ K(x)dx =1.
—00

The performance of kernel estimators is dependent on the choice of the bandwidth parameter
h, whose optimal value is a function of the number of samples, N, i.e. it should decrease as
N increases. It has been known since [17] that the optimal rate of decrease of / in the mean
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square sense is N —1/4 for the finite difference estimator, while in [14] optimal values of & have
been obtained for kernel estimators in terms of N and K.

Conversely, integration by parts and related Malliavin calculus techniques can be used to
represent the density ¢ of F with respect to the Lebesgue measure as

0
or(y) = o P(F < y) =E[W Lir<y], (1.2)
under certain technical assumptions; see, e.g. Section 2.1 of [13] on the Wiener space, where
W is arandom variable called a weight. This provides another way to estimate the density of F
with respect to the Lebesgue measure using Monte Carlo methods: denoting by {F (k) }k=1,...n
a random sample distributed according to the law of F' we have

1 N
o) =+ k; W) 1{F i <y). (1.3)

where {W(k)}r=1,. ~n denotes independent random samples of W. The interest in (1.3),
compared to kernel estimators, is that it is independent of the value of a bandwidth parameter.
Note, however, that in addition to the samples of F, this estimator requires the knowledge of
the random path of the underlying stochastic process in order to evaluate W. Conversely, the
integrability of the weight W in (1.2) entails the existence of the density of F' with respect to
the Lebesgue measure, thus excluding discrete random variables from this approach.

More generally, the Malliavin calculus has been applied to sensitivity analysis in continuous
and discontinuous financial markets (see [1], [2], [6], [7], [8], [10], and [11]) and in insurance
(see [16]), to express derivatives of the form d E[ f (F;)]/9¢ as

a
ac E[f(Fp)] = E[W, f(F)I, (1.4)

where (F;) is a family of random variables in 87 depending on a parameter { € R. Here,
W¢ is a weight independent of the function f, which need not be differentiable; in particular,
the estimation of the density, (1.3), corresponds to f = 1(_x,0) and Fy = F — y, with W
independent of y. Note that in mathematical finance, each value of the bandwidth parameter &
in the finite difference

1
o E[f (Fe4n) — f(Fe-p)]

yields a different estimate of the corresponding sensitivity (also called ‘Greek’), see, e.g.
[5, p. 40], whereas (1.4) is again independent of a bandwidth parameter.

InProposition 3.1, below, we derive a general integration by parts formula for point processes,
extending the results obtained in the Poisson case in [3], [8], [9], [15], and [16], with potential
application to sensitivity analysis and density estimation for stochastic models in finance,
insurance, and engineering. Using this integration by parts formula we obtain an expression
of the form (1.2)—(1.3) for the density of a random functional F with respect to the Lebesgue
measure:

N
1
¢r(y) =E[W Lip<y] ~ = > WK Lra)<y) - (1.5)
N k=1
This expression requires the knowledge of the characteristics (the Janossy densities) of the
underlying point process in order to compute the weight W, while the density of F may be
unknown or not analytically computable and thus requires estimating numerically.
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It turns out that the performance of the corresponding estimator (1.5) decreases when y is
large, in which case the term W 1{r<y) has a large variance. This problem is tackled by a
localization procedure, which involves mixing (1.5) with a standard kernel estimate, i.e.

o= ls( 5] (5]

N

1 F(k) (k) —
:NW§:K<————> E:WQU( ) (1.6)

k=1

where K is a kernel supported in [0, co) and

fx) = 1[0,oo)(X)<1 - /0 K(y)dy), x eR.

As shown in Section 6, this estimator combines the advantages of Malliavin-type estimators,
(1.5), and kernel estimators, (1.1), in that it is little sensitive to values of the bandwidth parameter
h, while at the same time it does not present the above mentioned variance problem. Relation
(1.6) can be viewed as the point process analog of a result proved in [12] on the Wiener
space, see Theorem 2.1 therein. The optimization results of [12], in terms of the kernel K
and the bandwidth parameter 4, also apply here and are used in the numerical simulations; see
Section 6.3.

We proceed as follows. In Section 2 we review some properties of point processes, and in
Section 3 we establish the integration by parts formula (Proposition 3.1), which will be our
main tool for density estimation. In Section 4 we present an application of the integration by
parts formula to the computation of sensitivities, in particular, for functionals of the form

T
F:/IMM&, (1.7)
0

where h is a @! function and

N;
= Z Y, t e R+,
k=1

is a compound log-normal renewal process with random marks (Yx)r>1 independent of
(Nt)ter, . These results are used in Section 5 to construct a modified kernel density estimator.
Simulations and comparisons of different methods for density estimation are presented in
Section 6 for functionals of the form of (1.7) with h(t) = e™"!, t € [0, T]. Such functionals
can be used to express risk reserve processes for insurance portfolios in which the accumulated
amount of claims occurring in the time interval (0, ¢] is given by X;; see, e.g. [16].

2. Point processes

Let
o0
Ne=> 150, teRy, Q2.1

be a point process with an increasing sequence of jump times (7} )1, generating the filtration
(¥1)1er, on a probability space (2, F, P). Set Typ = 0 and let the interjump times of (N;);er
be denoted by 1% := Ty — Tj—1, k > 1.
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Definition 2.1. Let 7 > 0. We denote by 87 the subspace of L2(Q2, Fr) made of functionals
of the form

o
F = folivg=oy+ Y Ling=n) fu(T1. ... Ty, 22)

n=1

where fo € R and f;, is €2 and symmetric in n variables on [0, T]", n > 1, T > 0.

The set of F € &7 for which (2.2) is finite is denoted by 5{ and is dense in L? (2, £7),
p > 1. The expectation of F equals

o0 T T
1
E[F1=jr,ofo+§:;/ / Foltts oo ) rn(tts o i) At dby, (23)
=1 0 0

where jr,: Ri — R4, n > 1, are nonnegative symmetric functions on [0, 7']" called the
Janossy densities and jr.o € R4 ; see [18], [4, Section 5.3], and the references therein. In other
terms, we have

P(Ty e dty, ..., T, € dty, Nr =n) = jr(t1, ..., ty)dt; - - dty,

0<t1 <th <---<t, <T. Weturn to some examples of point processes and their Janossy
densities.

Example 2.1. (Poisson processes.) Inthe case of Poisson processes with arbitrary deterministic
intensity A(¢) we have

T
Jra(tt, ..o ty) = A1) - ~)»(tn)exp(—/0 A1) dt),

i.e. for the standard Poisson process with intensity A > 0 we have
) AT
Jrn(ts o ty) = Ae™H, fy....th €0, T].

Example 2.2. (Renewal processes.) A point process (Ny);er, as defined in (2.1) is called a
renewal process with interoccurrence time distribution function Z(x) and density z(x) if the
random variables 7,y = Ty — Tx—1, k > 1, are independent and identically distributed (i.i.d.)
with

X
Z(x):P(tkfx):/ z(y)dy, xeRy, k>1.
0
Since the sequence (tx)k>1 isii.d., forO <t < <--- <t, < T, we have

P(Ty € dty, ..., T, € dt,, Nr = n)

=P(iedn,h+nedn,....th1+1 € dty, 1 > T — 1)
=z(tDz(ta — 1) -2ty — th—1) (A = Z(T — 1)) dty - - - dty;
hence, the Janossy densities jr ,(f1, ..., t,) are given by
o0
Jr (s - tn) = z2(t)z(t — 1) -+ - 2ty — tn—1) Z(s)ds 2.4
T—t,
forO <t <--- <t, <T. The value of jr,(t1,...,t,) on(t1,...,t,) € [0, T]" is obtained
by symmetrization, i.e.
jT,n(tly LR} tn) = jTJl(t(l)ﬂ st t(n))’ tl’ s t}’l € [05 T]a
where (¢(1), ..., t(n)) denotes the sequence (71, .. ., #,) in ascending order; see [4, Section 5.3].
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3. Integration by parts

Definition 3.1. Givenw € €' ([0, T']), let D,, denote the gradient operator defined on F € §7,

of the form of (2.2), and given by

oo n f
DyF ==Y 1iny=n) Zw(m—”m, o T

n=1 k=1

Let GO([O T1) denote the space of w € €' ([0, T) such that w(0) = w(T) = 0. In
the sequel we assume that jr, € e! ([0, T1"), n = 1. Next, we state the definition of the

divergence operator.

Definition 3.2. Given w € 6’3([0, T)])and G € 47, let

T
D;G = G/ w' (1) dAN; — GDy log |Gjr Ny (T1, . .., Tyl
0

with the convention that 0/0 = 0.

3.

Fix p,q > 1 satisfying 1/p 4+ 1/q = 1 and let Dom, (D,,) and Dom, (D}, ) be respectively
defined as the sets of functionals F' € LP(Q2, ¥1) and F € L9(2, #T), for which there exists
(Fy)nen In 8% converging to F in L?(2, £7) and L9(2, ¥r), respectively, and such that
(Dy Fu)nen and (D} Fy)nen respectively converge in LP (2, F7) and LY (2, F7). In the next
proposition we extend the integration by parts formulas of [3] and [16] to the setting of point

processes.

Proposition 3.1. Ler w € Gd([O, T1). The operators Dy, and D}, are closable and can be

extended to their closed domains Dom (D) and Dom, (D};) with the duality relation

E[GD,F1=E[FD:G], F €Dom,(D,), G € Dom,(D}).

Proof. Forany F € 5;, we have

oo 1 T T n
E[DwF]:_Z;/O /0 Zw(tk)—(tl,...,t,,)jT,,,(tl,...,t,,)dtl--~dz,,
1
Z}’t_/ / fn(tlv" tn)z_(w(tk)]Tn(tlvu tn))dtl

n=1

o 1
Z_‘/ / fn(tlv" tn),]T}’L(tl""v )
n

n=1

(Zw(tk)JrZw(t) gJT"( ...,tn)>dt1-~

T
= E[(/ w'(t)dN; — Dy log jr.n, (Th, ..., TNT)> F];
0
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hence, forall F, G € 5; , we obtain
E[GD,F]=E[D,(FG) — FD,G]

T
= E[F(G/ w'(t) dN;, — GDy, log jr vy (T, ..., Tny) — DwG)i|
0

= E[FD}G].

Now, let (F;),eny and (F,,)neN be two sequences in /3% converging to the same F in
LP(2, £7) such that both (D, F;),ey and (le:"n)neN have limits denoted by U and V
in L?(, ¥7). Forall G € 5;, we have

(U = V. G)pal = lim [(DyFy — Dy Fy. G) 2

= | lim (F, — F,, D}G) 2

n—>oo
< |D;Glize lim ||[F, — Fy e
n—oo
hence, U = V, P-almost surely . This shows that Dy, can be extended to F' € Dom,(D,,) by
letting
D,F = lim D,F,
n—0o0

for any sequence (Fy,)yeny C Dom,(Dy) converging to F in LP(S2, £r), and such that
(Dy Fy)nen converges in LP (2, F7). A similar argument applies to D and allows us to
extend the duality relation (3.2) to all F € Dom(D,,) and G € Dom, (D).

We note the following.

Assertion 3.1. Let F € &7 such that F € LP(2, ¥r), respectively F € L1(Q2, F7), and
DyF € LP(Q, Fr), respectively D}, F € L1(Q, F7).

Proof. 1t suffices to approximate F, written as in (2.2), by the truncated sequence

m
Fn = foliny=0) + Z Ynp=n) fu(T1, ..., Tp), m > 1,

n=1

and to note that (Dy, Fy,) =1 and (D} F;,) =1 are convergent in L” (2, 1) and LY(2, F7),
respectively.

This remark allows us to prove the following lemma, whose hypotheses will apply in the
sequel.

Lemma 3.1. Let p > 1 and assume that there exists a co > 0 such that

ajT,n
oty

-
Jra ) (i, t)| < cf, (3.3)

k=1,....n,t1,...,t, €0, T]", n > 1. Then Dy, log jr n;(T1, ..., Tn;) € LP(Q2, F7).
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Proof. From (2.3) we have

| Dy log jr,ny (T1, ... TNOIIE,

=i%ff“'/f

C()T

n .

9jr, L _
Zw(%)Tk”(n,...,rﬂ) iz, - )] 7P ey - dty
k=1

< |wlbocoTe

hence,
Dw long,NT(T15 ML) TNT) € LP(Q’ ?T)a
and log jr N, (T1, ..., Tn;) € LP(Q2, ¥r) follows in the same way.
‘We now turn to the calculation of Dy, log jr n; (T1, ..., Tn,) for examples of point processes

satisfying (3.3) for all p > 1.

Example 3.1. (Poisson processes.) In the case of a Poisson process with arbitrary deterministic
intensity A € ('?,l (R4) we have

T T
long,NT(Tl,...,TNT):/O logk(t)dN,—/O A(t) dr

and
’(t)
At )

T
Dy log jr Ny (Th, .., Tng) = _/ w(t)
0
Example 3.2. (Renewal processes.) In this case, (2.4) yields

Dy log jr Ny (Th, ..., Tng)

1 , B
~ w(Inp)z(T — Tny) _Z (T)Z(Tk Tj— 1)+Z (T)Z(Tk+1 1)

K
1= Z(T — Tny) Z2(Te — Tie—1) 2(Tkt1 — Ti)

r (T —T ' (Ty, — Ty,
=/ w(t)(Z( N+ 1 N,) 2Ty, — Ty, 1)>le
0 2(Tn41 —Tn,)  z(In, — Tn,—1)

k=1

Z/(TNT-i-l - TNT) U)(TNT)Z(T - TNT)

- U)(TNT) -
2(Tnp+1 — Tny) 1 —-Z(T —Ty;)
_ T Z(Tn, — Tn,—1) w(Tyn;)z(T — Tny)
N /0 (=) = W) o N T T2 1,

Example 3.3. (Log-normal renewal process.) In this example the interarrival times are i.i.d.
according to the log-normal distribution with parameter o > 0, i.e.

exp(—(log x)?/207?)

, x > 0.
ox/2m

z2(x) =
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In other terms Ty — Tj—1 = e°%, where (&k)k>1 1s an i.i.d. sequence of standard Gaussian
random variables, and

Dy log jr. Ny (T1, ..., Tng)

=§: w(T}) (1 o Tic n) w(T}) < +log<Tk+1—Tk>)
i Tk — T

T o2
k=1 k+1 —

w(Tyy) exp(—(log(T — Ty, ))?/202)
o270 (T — Tny)(1 — Z(T — Twy))

Nr Np—1
T; T
; T _( V +olg) — Z w(—k)Tk (1+0 'g4)

—1 = T —
_ w(Ty,) exp(=(log(T — Ty,))*/20?)
o2 (T = Tny)(1 = Z(T — Ty))

_ w(Twy) exp(=(log(T — T;))*/207)

+o07 1%
§ T — w(Ti_ )5k
o270 (T — Ty, )1 — Z(T — T,)) * = l(w( W)~ w(li- ])) T

w(Ty, ) exp(—(log(T — Ty, ))?/202) fTNT L1+ o—*lsmvx
— w' (s ds.
o210 (T — Ty,)(1 — Z(T — Ty,))  Jo

T1+N;

In the simulations of Section 5 we will take w(t) = ¢(T —t), t € [0, T']. In this case we have

T
f W (1) AN, — Dy log jr.y (Ti. - ... Twy)
0

Ty exp(—(log(T — Tn;))?/202)
_ T — 2T,
(1 = Z(T — Ty, ))o /2 +Z( ©

k=1

—Y T -Ti — i+ 0 '&)
k=1
_ (exp(—(log(T —Tn;))*/20%) I)T
(=20 Ty )ov2r !

Nt
—o 'Y (T = T — i Dk

k=1
4. Sensitivity analysis

Let I = (a, b) be an open interval of R and consider the derivative

oF;
— E[f (Fp)] =E[¥f (Fg):|’ ¢ € (a,b), 4.1

where (F¢)¢e(a,p) is a family of random variables differentiable in a parameter ¢ and f is a c!
function on R. This expression can be approximated by finite differences as

— Blf (Fen) — f(Fe—n)],

while (4.1) fails when f is not differentiable, e.g. when f = 1jp o).

https://doi.org/10.1239/jap/1189717546 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1189717546

814 N. PRIVAULT AND X. WEI

Proposition 4.1, below, provides an expression for this derivative without using finite dif-
ferences or requiring the differentiability of f. This formula will be applied in Section 5 to
numerical simulations that will be compared to the results given by kernel estimates.

In the sequel and in Propositions 4.1, 4.2, and 4.3 we consider a family (£ ) ¢(4,5) of random
functionals, continuously differentiable in Dom,(D,,) in the parameter { € (a, b), such that,
for some ng € N,

DyF; #0 as.on{Nr > ng},

where w is a given element of Gé([O, T]) and the function f: R — R is assumed to satisfy
f(F) e LP(Q, Fr) forall ¢ € (a, b).

Proposition 4.1. Assume that
d; F; .
Yinrzno) - F; € Domy(Dy), ¢ €(a.b). 4.2)

Then we have

d
ac E[f(F;) | Nr = nol = E[W; f(F;) | Nr = nol, ¢ €(a,b),
where the weight Wy is given by

o: F,
W, = Dj; <1{N7>n0} D£—é>, ¢ € (a,b).
w

Proof. Assuming that [ € @,‘)’o (R) we have, from Proposition 3.1,

3 i o F,
o E[I{NTZHQ} f(F§)] = 1{N1>n0} f (FZ) a§

cle
o Fry
=E|YNrzng) 57— DuF, w(f(Fi))i|

0 FC
=E f(Fi)D UNr=noy = D, F;

The extension to the general case is obtained from the bound

a
—— ELfn(F) Linp=no] — EIW f(Fo)]

T < NfFy) = fa(FOlLr 1 We YNy >noy L9,

and an approximating sequence (f;;),en of smooth functions.

In the next proposition we focus on a sufficient condition for (4.2) to hold. These conditions
can be checked using (2.2).

Proposition 4.2. Assume that F; € 87, ¢ € (a,b), andlet 1/q'+1/p' =1/q, p' < q’, such
that 9; Fy € Domay(Dy), Dy Fy € Domyy(Dy), and (Dy Fr)~" € L* (N1 > no}). Then
(4.2) holds and we have

% E[f(F¢) | Nr = nol = E[W, f(F;) | Nt > nol, ¢ € (a,b),
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where the weight W is given by

LNy =no) /T , . Dy, D, F,
Wy = ————| 0, F, t)dN; — Dy, log |9, F, Ti,...,T _
¢ Do F; eFel ). w' (1) dN; wlog |9 Fe j7 Ny (Th Ne)l| + DuFy
- Dw8§F§>, 4.3)
and belongs to L1(2, 7).

Proof. Since F; € 47 we have, from (3.1),

d; Fy
Dz)(l{NTZno} D F§>
w

0, F, r _
= 1Ny=no) Df—é</o w'(t) dN; — Dy log jr.n, (Ti, - .., TNT))
w

d Fr
w( {NTZnO} DwF§>
1y r . Dy Dy F,
= M(aﬁ} (/ w' (1) AN; — Dy log |0; Fy jr vy (Th. - . Tyl + “’—‘”)
Dy Fy 0

Dy F;
- DwB;F;).

In order to apply Proposition 4.1 we need to check the domain condition
d Fr
LNy =no) D, F; € Domq(D;),

which is satisfied by Remark 3.1, provided that W, as defined in (4.3), belongs to LY (2, 7).
By Holder’s inequality we have

IWellze < 1w F) ™ 13 a0 vy 5oy 19 Fe P D Fel

—1
F U DPwFD) ™ N 1o’ Ny 2nop)

X

T
3 Fr / w'(t) AN; + 3¢ Fe Dy 108 jr ng (Th, - .., Tiiy) + Doy Fr
0

Ly
< I(DuF)™! W20 (g 2nop 196 Fill 20

T
x(/ w'(¢) dN,
0

+ ”Dw long,NT(Tls ey TNT)”LZp/ + ||Dw8§F§||L2p’ + ”DwaF{”LZq/)v

L2

which, together with Lemma 3.1, completes the proof.

In the case of a Poisson process with deterministic intensity A € C!(R,.) we have

o Fr fT , /T NG) DyDyF;\ Dy Fy
W, =1 1)dN; — t dn, - .
¢ {N72”0}<DwF¢ ( 0 w ( ) ! 0 w( ) )\,(t) d + DwF;' DwFC
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In general, we assume that the Janossy densities jr , are known in order to compute the weight
W, , while the density of F' may not be analytically computable or may be unknown as in the
following example.

Now consider a compound point process of the form

N,
X, = Z Yk, r e Ry,
k=1

where (Yi)r>1 is a sequence of random marks independent of (N;);cR, , such that there exists
¢y > Osuch that Yy > ¢ > 0 a.s., k > 1. We make the additional assumption that

Jrat, ... ) < g, f,...,.ty €0, 77",
k=1,...,n, n>1.

Proposition 4.3. Consider two c! functions g: (a,b) - Randh: [a, b] x [0, T] — R such
that 0h/dt does not vanish on [a, b] x [0, T], and let

T N
Fe=g©+ [ hendX, =g+ YW@ T, €€ (@b,
k=1

Let a > 0 and
w(t) =t%(T —1)“, tel0,T].

Then (4.2) holds whenever ny > 2o and we have

a
%E[f(Fg) | Nr = nol = E[W f(F;) | Nr =nol, ¢ €(a,b).

where the weight W, belongs to L1(R2), ¢ € (a, b).
Proof. We have
, T dhn
0 Fr =g )+ — (¢, dX;,
0o 9¢
which belongs to L? (2) for all p > 1. Since the gradient D, does not act on Y;, k € N, these

random variables can be considered as constants in the integration by parts formula (3.2) and
we have

T 9h
DwF{ I—/ w(t)a—(§,t)dXt
0 t

Moreover, there exists a ¢; > 0 such that

‘%(LU >c1 >0, (¢, 1) €la, bl x[0,T];
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hence, for any p’, ¢’ such that 1/q" + 1/p’ = 1/q, we have

_zq’]

:E[ii/T'./T jT’n(tl"'.’tn) dtl.dt}
n! Jo 0 12kt Yt (T — 5)* (Oh (g, 1)/ 01) [ ’

2q’

-1
HPwED W 20 (g 2oy

/T 2 e nax
0 v dt & !

= E|:1{Nr>n0}

n=ngo
2aqg' X 1/2 12,1 -2q
< Zaq2,22’166//"'//<2t]?> der - dt,
(cre)™ = nlJo o\
P cg( 1 N\
BT SGa(5) aa)
(c1c2) H;O n! \ 424 0, 2<1/4) kX:; "

2aq’ 0 n +1._n/2 p1)2

T (e S nt\4ed T T(/2) Sy

o n 1+4aq’ n/2
o C 2 97
=(c1c)™ ) n—°,<1+ )

['(n/2)(n —2aq’)

n=ny
which is finite whenever ng > 2aq’ > 2a; hence, we can apply Proposition 4.2.

In practice we can choose ng = 1 provided that « e (0, %). Note that at least four jumps
can be required in other situations; see e.g. Proposition 3.2 of [1] in the Poisson case.
For example, taking 4 (¢, 1) = e ¢!, the weight W, corresponding to the sensitivity

a
9 E[1{Ny>no) f(F)] = ElL{Ny>ne) We f(Fp)]
with respect to the parameter { > 0 is given on {N7 > ng} by
1 fOT w(t)te ¢ dX,
¢ T wettdx,
Jo te=¢" dx, (foT wO@w) — w'0))e ' dX;
¢ [ wetdx, ) we=¢t dx,

W, =

T
—/ w/(t)dN[+Dw10ng,NT(T1,...,TNT)>.
0

5. Density estimation

In this section we apply the above results to the computation of the conditional density
¢r(- | Nt > ng) of arandom variable F with respect to the Lebesgue measure, written as the
derivative

d
¢F(YINT2n0)=—@E[f(F—Y)|NTZ'10], y €R,

with f = 1(0.00), i.6. we take F* = F — ¢, ¢ € R.
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5.1. Kernel estimators
The standard kernel estimator of the density ¢ with respect to the Lebesgue measure is

given by
N
1 F—y 1 Fk) —y
~—E[K|— )| = — K{———), 5.1
¢F<y>h[<h)]Nh;<h (5.1)
where K is a continuous positive function such that
o
f K(x)dx = 1.
—00

5.2. Malliavin estimators
Taking Fy, = F — y, Proposition 4.2 yields the following corollary.

Corollary 5.1. Assume that F € 87 and let 1/q' +1/p’ = 1/q, p’ < q', such that D, F €
Domy,/ (Dy,) and (DwF)~' € L2 ({N1 > ng}). Then we have

d
R E[1{n;>no) f(F — )1 = E[W Liny=ney f(F — )]

for f bounded and measurable on R, where

1 T DyD, F
W = M([ w' (1) dN; — Dy, long,NT<T1,...,TNT)+&) (5.2)

DwF 0 DwF
belongs to L1(2).

In particular, taking f = — 1jp,oc) We obtain

d
¢r(y | Ny > no) = I E[1[0,00)(F =) | Nt > nol = —E[W 1j9,00)(F —y) | Nt > nol,
5.3
y € R, where the weight W is independent of y and of any bandwidth parameter. Here the
condition {F > y}in (5.3) with y > 0 actually ensures the integrability of W 19 o0y (F — y)
on {N7 > 1}. This yields the estimate

LNy >no)

Nr > ~ =
or(y | Nr = no) NP7 > no)

N
D W (@) 10,00 (F (i) — ).
i=1
For the case in which F = fOT h(t) dX;, the relation

T oh , 8%h
Dy Dy F = /0 w(t)(a(z, Hw' () + -7 (¢, t)w(t)> dx,

yields
LNy =no)

W=—
fo w®)(@h(c, 1)/3t)dX,

T
X (/0 w'(t) AN; — Dy log jr Ny (Ti, ..., Tny)

Jy w@ @R, /30w (1) + @Ph(E, /9P w (D)) dX'), (5.4)

S w()(@h(C, 1)/31)dX,
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5.3. Modified kernel estimators

When D, F is close to 0, the value of W becomes large, due to the division by Dy, F in
(5.4); hence, when y is small the term W 1j9 o) (F — y) is allowed to be nonzero for small
values of F', and it has a large variance. A variance reduction technique called localization has
been introduced by Fourni€ ef al. [10] to deal with related problems on the Wiener space. Here
we apply a similar procedure to construct a modified kernel estimator using Malliavin weights.
For this we will consider a decomposition of the form

ooy = f + &,

where g is a @! function. In the following proposition we obtain an analog of Theorem 2.1 of
[12], via a somewhat simpler argument, under the hypotheses of Proposition 4.1.

Proposition 5.1. Assume that F € 87 and let 1/q' + 1/p’ = 1/q, p' < ¢, such that
Dy F € Domyy (Dy) and (Dy F)™ e 2 (Nt = no}), and let f be a function on R such
that f(0) =1, f(x) =0, x <0, and 10,0) [ € Lz((O o0)). We have, for all n > 0,

¢r(y | Nt = no)

o5 ] e (552 =] e

(5.5)

where W is given by (5.2).
Proof. Letting g = 1j9,0) —f we have

d
¢r(y | Nr = no) = “dy E[1j0,00)(F — ) | N1 = no]

where W is given by (5.4).

Letting K (x) = — 1(0,00)(x) f(x), this leads, by Monte Carlo approximation, to a family
of corrected kernel estimators

o Mz (1 (FO) =y L (FG) —y
¢r(y | Nt = no) = m;‘(;l{(7> - W(z)f(T)>,

depending on 1 > 0. Note that (5.5) is an equality, whereas the standard kernel estimate
1 F—y
¢F()’|NTZnO)2;EKT Nr > no |, y €R,

is only an approximation.
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The method for the determination of an optimal kernel f : R — R and a bandwidth parameter
n > 0 by minimization of

F_y 1 / F_y 2
E{Liny=noinir>yy | WS — _;1{F>y}f - . y €R,

asin [12, p. 446], also applies here and yields

F &) =10 00 (x)e ™™, x eR,
and nopt = ||W||221 (N=no))’ for any A > 0. Note that the criterion of optimality for n is not
linked to the number of samples N, as is the case for the optimal decrease in N~!/4 of the
kernel estimator bandwidth parameter /4.

6. Numerical results

Our results are illustrated by Monte Carlo density estimations with 10 000 samples for the
random variable

T
F, = a(r)f e " dNy,
0

where (N;);er, is a log-normal renewal process and T = 5, 0 = 0.3, and a(r) = exp((1 +
r)> — 1) is a parameter chosen to enhance the readability of the simulation graphs. Clearly
the law of F, has a Dirac mass at y = 0, and we are interested in the values of the density on
R\ {0} with respect to the Lebesgue measure.

1.2+

Density

FIGURE 1: Kernel estimations of ¢z, with 10 000 samples and r = 0.2.
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6.1. Kernel estimators
We start by comparing several kernel estimators in Figure 1, with

T
K(x) = £} 1-1/2,1/21(x) cos(wx)

andn =1,0.1,0.01.

6.2. Malliavin estimator
For the Malliavin method we use (5.3), where the weight W given by

1 T
W=— T{NTZHO} (/ w'(t)dN; — Dy, log jr Ny (T1, ..., TNy)
ro(r) fO w(t)e " dN; \Jo

N JS w@)rw(e) — w'(1))e™"! dN,)
fOT w(t)e " dN,

is independent of y and of any bandwidth parameter. The result of this estimation is shown in
Figure 2.

The graph labeled ‘exact value’ has been obtained using finite differences with 107 samples.
We can check, in Figure 2, that although the Malliavin estimator, (5.3), yields more precise
values than the kernel estimator, (5.1), when y is large, it behaves badly for small values of y
due to a higher variance of W 1j o0)(F — y) in this situation. This phenomenon is dealt with
by the modified kernel estimator introduced in Section 5 by localization.

1.2+

Malliavin method

Exact value -----

Density

FIGURE 2: The probability density of F, for r = 0.2 (Malliavin method with 10 000 samples).
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Density

FIGURE 3: Modified kernel estimates of ¢z, with 10000 samples and r = 0.2.

6.3. Modified kernel estimators

Figure 3 shows the result of the modified kernel estimation for n = 1,0.2,0.01, for
comparison with the standard kernel estimate of Figure 1. The modified kernel estimator
does depend on a parameter called 7, but it appears more stable and less sensitive to variations
of n than standard kernel estimators are sensitive to the value of the bandwidth parameter /. In
our setting we found 7o = 0.1963 by Monte Carlo simulation and we used the optimal kernel
K (x) =1,00)(x)e™ .

7. Conclusion

Both Malliavin and modified kernel estimators are consistent. The performances of kernel
estimators are dependent on the choice of a bandwidth parameter 1. The results of the Malliavin
method are independent of 1 but may be degraded as the weight variance increases. In the
examples considered in this paper, the latter performs better than the other estimators.
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