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Abstract

In this article, we prove the transcendence of certain infinite sums and products by applying the subspace
theorem. In particular, we extend the results of Hanc¢l and Rucki [‘The transcendence of certain infinite
series’, Rocky Mountain J. Math. 35 (2005), 531-537].
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1. Introduction

There are several methods to prove the transcendence of an infinite series. Using
Mahler’s method [8], one can prove the transcendence of certain infinite sums and
products. In 2001, Adhikari et al. [2] proved the transcendence of certain infinite series
by an application of Baker’s theory of linear forms in logarithms of algebraic numbers.
In the same year, Han¢l [4] and Nyblom [9] (see also [10]) studied the transcendence
of infinite series by invoking Roth’s theorem. In 2004, using the subspace theorem,
Adamczewski et al. [1] proved a transcendence criterion for a real number based on
its b-ary expansion.

In 1974, Erd6s and Straus [3] studied the linear independence of certain Cantor
series expansions. In particular, they proved the following result.

Tueorem 1.1 [3]. Let Q = (b,)u>1 be a sequence of positive integers with b, > 2 for
all integers n > 1 and let 6 > % be any positive real number. Suppose that for all
sufficiently large values of N,

(biby -+ by)° < by

Then the real numbers

o b
1
> = biby---b,’ o biby---b,’ nzz;blbzbn
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are Q-linearly independent. Here o-(n) = ). 4, d, ¢(n) denotes the Euler totient function
and (dy,), is any sequence of integers such that |d,| < n'"?~° for all large n and d,, # 0
for infinitely many n.

Since b, > n'l/?*9 for all large n, Theorem 1.1 follows from [3, Theorem 3.7]. We
prove the following extension of Theorem 1.1.

TueorREM 1.2. Let Q = (b,)n>1 be a sequence of positive integers with b, > 2 for
all integers n > 1 and let 6 > % be any positive real number. Suppose that for all
sufficiently large values of N,

(N + 1)(b1bs - - - by)° < by.,. (1.1)
Then at least one of the real numbers
N0 N ¢ S d,
m‘mmmmm’&‘;mmmm’&‘;mmmm
is transcendental.

In 2005, Hancl and Rucki [7] gave sufficient conditions under which an infinite sum
is transcendental. We mention one of their results here.

Tueorem 1.3 [7]. Let 6 > 0 be a real number. Let (b,), and (c,), be sequences of

positive integers such that
bn+1 1 bn+l Cn 1

limsup ———— =co and liminf
noco (D1by - by)**0 ¢ypy n—co n Cn+l

Then the real number a = 7| c,/b, is transcendental.

We extend the results in [7] and study the transcendence of certain infinite products.

In order to state the main results, we first fix some notation. Let § > 0 and € > 0
be given real numbers. For any given integer m > 2, let (¢; ), i = 1,2,...,m, be a
collection of sequences of nonzero integers. Consider the following two conditions on
a sequence (b,), of positive integers:

. bn+1 1
lim su = o0, 1.2
naoop (ble "'bn)1+6 Cin+l « ( )
bn in
lim inf 221 Sy (1.3)
n—oo n Cin+l
holding in both cases for all i € {1,2,...,m}. We may now state our results.

THEOREM 1.4. For any given integer m > 2, let 6 > 1/m be a real number. Let (c;,)n,
i=1,2,...,m, and (b,), be sequences of positive integers satisfying (1.2) and (1.3).
Then either at least one of the real numbers

¢ ¢ o C
1,n 2.n m,n
Br=) 75 Br=) e Bu=)
n=1 n n=1 n n=1 n
is transcendental or 1,81, 32, . . ., B are Q-linearly dependent.
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The following corollary shows that Theorem 1.4 extends Theorem 1.3.

CoroLLARY 1.5. Let 6 > % be a real number and let (b,), be a sequence of positive
integers such that by = 2 and

bps1 = (b1by -+ by + 1)? for all integersn > 1.

Then the real numbers

1, Zbl and idl()n)

n n=1 n
are Q-linearly independent. Here d(n) = } 4, 1.

First, note that if 3 <& <1, then (bybs---b,)'** < b, in the statement of
Corollary 1.5 and (b1b; - - - b,)**® > b, for any choice of § > 0 and for all sufficiently
large values of n. Therefore, we cannot conclude the transcendence of either of the
numbers

from Theorem 1.3. On the other hand, by taking c¢;, =1 and ¢, = d(n) in
Theorem 1.4, we see that at least one of the real numbers

ibi and i d;:)

n=1

is transcendental.

The conclusion of Theorem 1.4 can be strengthened to show that at least one of the
B:’s is transcendental under additional assumptions on the growth rate of the sequences
(cin)n and (b,),. More precisely, we have the following theorem.

Tueorem 1.6. For any given integer m > 2, let § > 1/m be a real number. Let (¢;y)n,
i=1,2,...,m, and (b,), be sequences of positive integers satisfying (1.2) and (1.3).
Further, suppose that

1 <liminf b}/ < limsup b/ V" < o,

n—oo n—o0

lim ¢;n/c;, =0 foralli,je{l,2,...,m}withi> j.

Then at least one of the real numbers

is transcendental.
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Using the same notation as in (1.2) and (1.3), we consider two more conditions
on the sequence of positive integers (b,) and the collection (¢; )y, i = 1,2,...,m, of
sequences of nonzero integers:

bn+1 1
hmsup Grbr b e = o0, (1.4)

,/ ntl 1/—+1 (1.5)
c1n+1 Czn

holding in both cases for all i € {1, 2, .

Tueorem 1.7. For any given integer m > 2, let 6 and € be positive real numbers such

that 5e/(1 + €) > 1/m. Let (cipn)n, i =1,2,...,m, and (b,), be sequences of positive
integers satisfying (1.4) and (1.5). Then at least one of the real numbers

- Con _ - Cm,n

ﬁl Z b b ﬂm - Z bn

n=1 n=1

is transcendental or 1,81, 32, . . ., B are Q-linearly dependent.

The conclusion of Theorem 1.7 can be strengthened to show that at least one of
the B;’s is transcendental under some additional assumptions on the growth of the
sequences (c¢;,), and (b,),. More precisely, we have the following theorem.

Tueorem 1.8. For any given integer m > 2, let 6 and € be positive real numbers such
that 5e/(1 + €) > 1/m. Let (cip)n, i =1,2,...,m, and (b,), be sequences of positive
integers satisfying (1.4) and (1.5). Further, suppose that

1 < liminf b}/ < limsup b/ V" < o,

n—0oo n—oo
lim ¢;n/c;, =0 foralli,je{l,2,...,m}withi> j.
n—oo
Then at least one of the real numbers

S
:;‘;

n

8

(o]
_ 2 Con ,3 _ Cm,n
- s Mm —

n=1 b bn

n

3
I

is transcendental.
Finally, we give the following result for infinite products.

THEOREM 1.9. For any given integer m > 2, let 6 > 1/m be a real number. Let (c;,)n,
i=1,2,...,m, and (b,), be sequences of positive integers satisfying all the hypotheses
of Theorem 1.6. Suppose that ¢;, < b, foralln>1andi=1,2,...,m. Then at least

one of the real numbers
- Con = Cin,n
b p=[ (e 5= [ 5)

,31=ﬁ( L | )

n=1

is transcendental.
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2. Preliminaries

The following theorem is a well-known corollary of the subspace theorem (see for
instance [11, page 176]).

Tueorem 2.1 [11]. For any given integer m > 2, let ay, @y, ..., a,, be real numbers.
Let 6 > 0 be a real number such that 6 > 1/m. Suppose that there exist infinitely many
(m + 1)-tuples (Pu1s Pr2s - - - » Pums qn) Of integers satisfying g, # 0 and

‘ai—lﬂ< = forl<i<m.
dn n
Then either the real numbers 1,ay,aa, ..., a, are Q-linearly dependent or at least one

of the a; is transcendental.
The following result of Hancl [5] will also be useful.

TueoreM 2.2 [5]. For a given integer m > 2, let (b,), be a sequence of positive integers

such that
1 < liminf b/ <limsup b/ V" < 0o and b, > n'**
n—oo n—o0
for all large n and for some € > 0. Let (¢in)y, i1=1,2,...,m, be a collection of
sequences of positive integers such that, for | <i < j<m,
. Ci
lim -2 =0,
n—oo Cj,}’l

Cin < 210200 for some fixed a > 0 and for all large enough n.

Then the real numbers

are Q-linearly independent.
Hancl et al. [6] proved the following theorem for infinite products.

THeEOREM 2.3 [6]. Let (b,) be a sequence as in Theorem 2.2. For any given integer
m =2, let (cipn, i =1,2,...,m, be a collection of sequences of positive integers such
that, for 1 <i< j<m,
i
lim =% =0,

n—e C,

1/log"*“logb,
Cin < bn/ 08 8% for all large enough n.

Then the real numbers

1, ﬁ(n Cbl)ﬁ(ucl’:)

n=1 n=1

are Q-linearly independent.
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3. Proofs of the theorems

Proor or THEOREM 1.2. We define sequences (81 y)n, (Ban)n and (B3 x)n of rational
numbers as follows. For each integer N > 1 and fori = 1,2 and 3,

N

By = fim)  _ _ pin
T by by biby.. by

where the p; y are positive integers and fi(n) = o(n), /2(n) = ¢(n), f3(n) =d,. By (1.1)
and using the fact that (N + 1) > dy;; and o(N + 1) > ¢(N + 1),

‘B PiN ' 1
i~ < )
biby---by| (biby---by)'*d

for all sufficiently large N and for some ¢’ > %

Put ) =1, a2 =B, a3 =3, gy =b1by---by and p;y = p;ny for 1 <i<3 in
Theorem 2.1 with N sufficiently large. Then, either 1,3;, 8> and B3 are Q-linearly
dependent or at least one of them is transcendental. By Theorem 1.1, we know that
1,81, B2 and B3 are Q-linearly independent. Therefore, we conclude that one of 31, 8>
and (3 is transcendental. This proves the assertion. O

Proor or THEOREM 1.4. For each integer i with 1 <i < m, we define the sequence
(Bin)n of rational numbers by

Bin=) = N>,

where the p; x are positive integers. By (1.3), there exists a real number A > 1 and a
positive constant Ny such that, for all positive integers N > N,

1 cin _ Cinet
—_— o — >
A by  byy

Therefore, inductively, for every N with N > N,

1 cin _ Cinep
AP by byyp

for any natural number p. Hence, for all sufficiently large positive integers N,

Pi, - Cin > Cin = Cin
‘ﬂ"_blbz-l-v-bN Z;b——z;b— :‘ 2 %

n=N+1
CiN+1 CiN+2
+ +

bN+1 bN+2
Ci,N+1(1 N 1 +l +”_): Cinel A
AT A2 by A—1°

bN+1
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(7]

Choose M > A/(A — 1). Then, by (1.2), there exist infinitely many integers N such that

1 CiN+1
> )
M(b\by---by)'*0 by
cine1 A 1

',H DN < <
" biby byl byt A=17 (biby---by)'*0
for infinitely many positive integers N.

Hence,

By taking @; = 8; and p;, = pi, for 1 <i < m in Theorem 2.1, we see that either
1,B1,B2, ... ,Bn are Q-linearly dependent or at least one S; is transcendental.

[m]

Proor oF THEOREM 1.6. By Theorem 1.4, either 1,8q,0,,...,8, are Q-linearly
dependent or at least one §; is transcendental. Since the sequences (¢;,), and (b,),
satisfy the hypotheses of Theorem 2.2, 1,8,85,...,B, are Q-linearly independent.
Therefore, we conclude that at least one (; is transcendental. This proves the

theorem.

(]

Proor or THEOREM 1.7. For each integer i with 1 <i < m, we define the sequence

(Bi.n)n of rational numbers by

N
Cin _ DiN

=\ G PN N s,
Zih, “biby by

Bin

where the p;y are positive integers. By (1.5) and mathematical induction, for all

sufficiently large integers N and every integer r,

l+e bN+r S e hN e
CiN+r CiN
1+e
bN+r > ( l+€ bN + r) )
CiN+r CiN

i 1 <f°° dy 1
= (x + 5)I+€ — yl+5 - e(x — l)e'

By (3.1) and (3.2), for infinitely many N,

(o)
S RDICEDIC
by L4,

n=1

Hence

Now, for all real x > 1,

CiN+1 CiN+2

by+1 bne

(o)
-| >
by

n=N+1
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Since lim,—,(by/cin) = 00 by (1.4), there exists a positive constant C which does not
depend on N such that

1( e | BN+l )_E C( 1| b+t )_E C(Ci,N+l )6/(”6)
<= -1 <—- ) =ZI(=Z )
€ Ci,N+1 € CiN+1 e\ bys

Choose M > C/e. Then by (1.4), there are infinitely many integers N such that

PinN

Bi_blbz---bN

1 CiN+1
M(biby -+ - by)'*o%1e = byyy

This implies that
; 1
,Bi _ PiN <
biby---by| ~ (biby - - - b,)'*oe/+e)
for infinitely many positive integers N. The rest of the proof is the same as the proof
of Theorem 1.6. m|

Proor or TueoreM 1.8. The proof follows the same lines as that of Theorem 1.6. 0O

Proor oF THEOREM 1.9. For each integer i with 1 <i < m, we define the sequence
(Bin)n of rational numbers by

N
Cin PiN
N = 1+—’)=—’ for N > 1,
Bin 1_[( by ) by by

n=1

where the p; y are positive integers. Consider

Di, _ = Cin l Cin
‘ﬁi_blbz'j'v'bN _’1](1+_n)—g(l+b_n)
- ﬁ(1 + ‘;—)(ﬁ (1 +CbL:’)— 1). (3.3)

1
By the hypothesis, for all sufficiently large values of N,

ﬁ (1+—) 142 Z i

n=N+1 n=N+1 by

',H- DiN
" biby...by

By a similar argument to that in the proof of Theorem 1.6, from (1.3), we conclude
that for all sufficiently large positive integers N,

e gl = L1052 2 ) <210 505 2

Thus, by (3.3),

<2n(1+c,_n)( > Ge)
n=1 n=N+1

l’l
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Hence, by (1.2),

N
PiN Cin 1

;= _ N 1 )—, 3.4

‘ﬂ biby-- ‘<l—[( " (biby - -by)'* ©H

for infinitely many values of N. By the hypothesis of the theorem, ¢;,,/b, < 1 forn > 1,

SO
N
1 )2N
l_[(+b <

n=1 n

for all integers N > 1. Therefore, by (3.4),

‘ﬂi DN -
biby - by

Since the sequence (b,), grows like a doubly exponential sequence, we can find ¢’
with 1/m < ¢ < 6 such that

2N
(b1by...by)'+0°

2N - 1
(biby---by)'*0 " (biby by

Therefore, for 1 <i <m,

‘ﬁi DN -
biby---by

for infinitely many values of N. The rest of the proof follows as for the proofs of
Theorems 1.4 and 1.6. O

1
(biby - - by

Proor oF CororLARY 1.5. Suppose that these numbers are Q-linearly dependent.
Then, there exist integers 2y, z; and z, not all zero such that

! d(n)
0tz Z b + 22 Z b 0
n=1 " n=1 n
This is equivalent to
N N 0
din) ( 1 d(n))
ZO+Z1;bn+Z2; b, = Zln;rlbn+zzn;l i

By multiplying by b,b; ... by on both sides,

bib, - bN(ZO+ZIZ_+Z2Z dl()n))Z—bl"'bN(Zl i bi"‘Zz i dlin))'

n=1

Note that the left-hand side of this equation is an integer.
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Claim. The quantity

'—blbz...bN(Zl i bin+22 i dl?:))

n=N+1 n=N+1

—0 asN — .

To prove the claim, observe first that d(n) = O(n) and so

— d(n) d(N+1) d(N+2)
‘_b‘bz'"bN(@ 2 G sel T )
n=N+1 n N+1 N+2
< 1 ( N+1 N N+2
biby---by\biby---by (biby...by)* +---
C
<—.
biby---by
Hence,
o d
‘—ble"‘bN(ZZ Z lgn)) -0 asN — oo.
n=N+1 n
Similarly,
o 1
'_ble"'bN(Zl Z b_) -0 asN — o.
n=N+1 "

The claim therefore follows from (3.6) and (3.7).
Since the left-hand side of (3.5) is an integer, it follows that

& dn)

0
by

M
Oy =20 +Z1Z—+Z2
n=1 bn

401

(3.6)

(3.7

for all sufficiently large values of N. Now, for all sufficiently large values of N,

Oy = On_1 =0and so

atndN) 1 2

On—QOn-1 = b - g

for all sufficiently large values of N. This implies that the sequence (d(n)), is
eventually constant, which contradicts the fact that it has at least two limit points. O
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