
BULL. AUSTRAL. MATH. SOC. 34K15

VOL. 34 (1986), 1-9.

OSCILUTION CONDITIONS IN SCALAR

LINEAR DELAY DIFFERENTIAL EQUATIONS

ISTVAN GYORI

Sufficient conditions are obtained for all solutions of a general

scalar linear functional differential equation to be oscillatory.

Our main theorem concerns some particular cases of a conjecture

of Hunt and Yorke.

Hunt and Yorke in [2] investigated the question of when do all non-

zero solutions (for t e. R = (0,">)) of the scalar differential delay

equation

n
left) = - Z q.(t) x(t-T.(t)), t > 0 , (1)

1=1

oscillate about 0 , which means that they have infinitely many zeros on

R , where T., a.:R > R , (i = l,n) , are continuous functions. In

their paper an example is given from which they made the following

CONJECTURE. If there are constants q and r for which

0 < q.(t) £ q and 0 < TAt) < r for I = l,n and t > 0 , then
I / O Is

n XTAt)
inf i Z q.(t)e fr > 1 (2)

\,t e (0,°*) A i=l ^
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2 I , Gyori

implies that all solutions to (1) oscillate on R ,

In this paper we will prove this conjecture in particular cases

starting from the investigation of the more general scalar linear

functional differential equation

'x(t) = -l(t,xt) t > 0 , (3)

using a technique in the proofs which proved effective in examination

similar questions in [ 7, 3,41.

Here

l:R+ x C(i-r,ol3 R) > R, (R=(-<»,«>), o < r «*>) ,

is a given function and for any x e CfZ-v,*0), R) ,

x (s) = xft + s), -v < s < 0, t > 0 .

In our investigations we use the following hypotheses:

(H ) %:R x C(L-rs0l , R) > R is continuous and for any fixed

t e R ,l(t,.) is a linear and bounded functional on C([-r,0] , R);

(H_) there exists 0 < v < v and a continuous function a:R > R
2 o + +

such that for any large enough t ,

Ut,$) £ a(t) min $(s), (t,$) £ C(\_-r,0~\, R ) (4)
-r<s< -r

o

and

lim inf aft) > 0. (5)

LEMMA. Suppose that fRJ and (H ) hold and the continuous

function a:LT-r1'
a) —> R 3 fO £ T < <*>), satisfies the following:

t
aft) = SL(t,exp( f a(u)du)), t > T. (6)

Then

lim inf aft) < « . (7)
£ >+co

Proof. From (4) and (6), we have

t
aft) > aft) min exp ( f afu)du), t > T ,

-r<s £-T t+s
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that is,

t
a(t) > ait) exp C f a(u)du), t > T ,

t-r
o

B u t , from ( 5 ) , we h a v e

t
lim inf / aCu)du > 0 ,
t —>+» t-r

o

and thus we can apply Lemma 2.1. of [4] , which implies

t
lim inf / a(u)du < °° .
t —>+°° t-r

o

From this (7) immediately follows, thus the proof of the lemma is finished.

Our main result is the following

THEOREM. If (HJ end (HJ hold and
1 a

inf ^ !L(t,exp(-\.)) > 1 (8)
A

A, tc (o, <*>)

then all nonzero solutions to (3) osaillate on R ,

Proof. We prove our statement indirectly, that is, we suppose that

under the condition (8) there exists a solution x of (3) which does not

oscillate, for instance, x(t) > 0 on some interval Z.T-r,<*>)cL-r}
m) .

Then x can be written in the form

t
x(t) = x expf- / a(u)du), t > T\

0 T-r

where x = x(T-r) > 0 and

a(t) ~ ~xlt)~ x(t)
i s a continuous and nonnegative funct ion, s ince x s a t i s f i e s (3) and (4)

holds.

Again, with the aid of equation (3) we obtain t h a t a(t) i s a

solut ion of

t t+'
ait) expf- / a(u)du) = l(t,exp(- f a(u)du), t > T ,

T-r T-r

that is, the nonnegative and continuous function aft) satisfies
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4 I . Gyori

equation (6).

On the other hand our Lemma implies that (7) is satisfied by this

a. Thus we can distinguish between the following cases:

Ci) 0 < Xo = lim inf ait) < °° ,
t—>+«•

Then for any e such that 0 < z < X there exists a t~ = tAz) Z. T

such that

a(t) > XQ - z t > tj-r .

Thus, from (7) and (8), we have

a(t) > Z(t,expi-iXQ- z).)) > XQ- e t > ^ ,

which yields the following contradiction

A = lim inf ait) > XQ -e .

(ii) X = lim inf ait) = 0 .
t -> -f-oo

Then (7) implies that

ait) > lit,l), t > T ,

and thus

0 = lim inf ait) 2 lim inf l(t,l) .
t -*• +°° t -*• + 0 0

But this is also a contradiction to (8) since from (4) and (5) we

have that with a suitable constant c > 0 the inequality

exp(Xr) H(t,l) S l(t,exp(-X.)) > il+e)\ ,

holds, for any t > 0 and X > 0 , therefore

lim inf l(t,l) > 0 .
t -*• +">

Summarizing our observations we see that from the existence of a

solution of (3) which is not oscillatory on i?./. , we have a contradiction,

which means that all nontrivial solutions of (3) oscillate on R .

COROLLARY 1. Suppose that qi:R+ —
> R+ ' (i = ~1^) > and

T.:R —>\_0,r~\ , ii = l,n) , are continuous functions, moreover there

are some indices i a {1,2,. . . ,n] , 1 s I < m , such that
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Ivm inf T. (t) > r > 0 _, (9)
t + +°° 'll °

and m

lim inf E q. (t) > 0 . (10)
t H. +*> j=l 'lQ

Then from the condition (2) it follows that all solutions of (1)
oscillate on R .

Proof. Let us define l:R x CCl-r^Ol^R) -»- R by

n

for any (t,§) e R+ x C(l-r,0~\,R) .

Then i t is self-evident that £ satisfies the hypothesis (H ) and for any

e C(l-r,01, R+) ,

n m
Z q.(t)$(-T.(t) > I q. (t)) min

i=l % % j=l vo -r<s<-r

where the function

m

a(t) = Z q. (t)
3=1 %j

satisfies (10) and its equivalent (5).

Thus, the hypothesis (H ) is also true for this I .

From condition (2) , we have

n XT.(t)
inf i(t,e ) = inf Z qAt) eV > 1 3

\>te.(o1
m) \,te(o,a>) i=l

that is, for the function I condition (8) is satisfied. Thus, with this

definition of SL , all conditions of the Theorem are satisfied which

implies the statement of Corollary 1.

From Corollary 1, we get the following statements proving that the

conjecture of Hunt and Yorke is true in some particular cases. But these

results do not answer the question as to whether this conjecture is valid

in its original form.
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6 I . Gyori

PROPOSITION 1. Suppose that q.:R. — > R,, (i = T^n), are
is T" t

continuous functions, 0 < T^ < r , (i = l,n), are real numbers and

1 n XTi
inf Y I q.(t)e v > 1 . (11)

(t,\)t(0,«>r 1=1 %

Then all solutions of
n

'x(t) = - I q.(t) x(t-T.), t > 0 , (12)
i=l % ^

must oscillate on R

Proof. From (11) we have that there exists a constant c > 0 and

a t > 0 such that

that is

which implies

n XT.
I q.(t).e % > (l+c)\ 3 t > t ,

I q.(t) > (l+o)\ , t > t

n
lim inf Z q.(t) > 0 .
t •+ +» i=l %

Thus, choosing for the r and {i .} in Corollary 1.

° 3

r = min T. > 0 ,
0 %

i • = d> d = l>n3 a n d m ~ n f we have that all conditions of Corollary 1
0

are satisfied. Thus the statement of Proposition 1 is a simple

consequence of Corollary 1.

Remark 1. In the case that the delays T. are constants,

Proposition 1 is more general then the conjecture, since we need not use

the boundary conditions for the coefficients q . (t).

PROPOSITION 2. Suppose that q.;R •* R , i =1,2, and

Tp.-/? •*• 10,rl are continuous functions,
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m = sup qn(t) < => (13)
1 t>0

and

inf h_qAt)+qAt) exp(\Tjt])l > 1 . (14)
\1te(o3'°)

Then all solutions of

'x(t) = - qJt) x(t)-qjt) x(t-TJt)), t > 0 , (IS)
J. d Ci

must oscillate on R ,

Proof. This proposition is a simple consequence of Proposition 1

if we show that under the condition (14) the following are satisfied:

r = lim inf TAt) > 0 , (16)
° t -+ +~

and

lim inf q At) > 0 . (17)

* - » • + »

From (14), we have the existence of a constant a > 0 such that

qAt) + qAt) exp(XTAt)) > (l+c)\ , (18)

for any 0 < X , t < »

Then, from (13), we have

m + qAt) exp(\r) > (l+c)\ ,

that is,

q^ftJ > \_(l+a)\-mA exp(-Xr) > 0 , t > 0 ,

for any X which is large enough. This means that (17) is valid for q~.

Let us denote

m = inf qAt) (>0) ,

* t>0 *

and

m

where d > 0 is an arbitrary real number.

Then for the function
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\(t) = k>qs(t) , t > 0 ,

we have from (18) that

q1(t)+q2(t)exp(k q^t) T^t)) > (l+o)k q^t), t > 0 .

Thus,

qJt) m
exp(k-qjt) Tjt)) > (l+o)k - ••,,, > (l+a)k - — .

* * ^2 m2m2

that is, from the definition of /; , we have

k-q2(t) T2(t) > SLn(l+d) .

But, using the definition of m. we have

T (t) > ina+cUrr-l— > 0 ,I km2

that is, (17) is valid. Therefore the proof of this proposition is

complete.

Remark 2. Proposition 2 is more general than the conjecture when

n — 2 , since we need not assume that q~(t) is a bounded function. The

importance of the condition q-,(t) bounded on (03°>) was suggested by

example of Hunt and Yorke in [2]. But the following statement shows that

it is not necessary to suppose the boundedness of q~(t) either, provided

we assume that

m0 = lim inf qjt) > 0 . (19)

PROPOSITION 3. If q.:R^ —> R , i = 1,2, and T0:R^ —> 10,rl
1* I ~T~ O ~f~

are continuous functions and (14) and (19) are satisfied, then all

solutions of (15) oscillate on R .

Proof. Using Corollary 1 the statement will be proved by showing

that (16) holds. But using the same technique as in the proof of

Proposition 2, (18) implies (16).

Remark 3. Now we consider the example of Hunt and Yorke, that is,

the case when

q2(t) =

and
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qp(t) = a exp(-g(t)) ,

where

g(t) = ebt(l-b)

and b > 0 is a constant such that a = b/(l-exp(-b)} > 1 . Then the

equation

'x(t) = -q2(t) x(t) -qg(t) x(t-l), t > 0 , (20)

has the solution

x(t) = exp(-exp(bt) }

which is not oscillatory. Thus, comparing this example with Proposition 2

and Proposition 3, we recognize that the reason for the existence of a

nonoscillatory solution of (20) is that in this case both of the conditions

lim inf q^tt) = a lim exp(-g(t)) = 0
t -> +°° t -*• +a>

and

lim qjt) = a lim (g(t)-l) = +=°
t -*•+«> t •*• +°°

are satisfied.

References

[ ?] O. Arino, I. Gyori, A. Jawhari, "Oscillation criteria in delay

equations", J. Differential Equations, 53 (1984), 115-123.

[2] B. R. Hunt, J. A. Yorke, "When all solutions of x'=-lq.(t)

x(t-T.(t)) oscillate", J. Differential Equations, 53(1984).

139-145.

[5] I. Gyori, "On the asymptotic behaviour of solutions of functional

differential equations", Candidate thesis, Szeged, (1974),

(In Hungarian).

[ 4] I. Gyori, "On the oscillatory behaviour of solutions of certain

nonlinear and linear delay differential equations",

Nonlinear Analysisj 8 (1984), 429-439.

Computing Centre of the Szeged

University of Medicine

6720 Szeged

Pecsi u. 4/a,

Hungary.

https://doi.org/10.1017/S0004972700004457 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700004457

