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A Theorem on Bordering Symmetrical Determinants whose
Elements are of the form a”.a°;

By J. J. Nassavu.
(Received and Read 2nd June 1928.)
1. The following is a generalization of a theorem stated by

Professor H. S. Uhler and demonstrated by the writer in the American.
Mathematical Monthly of October 1927.

Let N denote the bordered symmetrical determinant

0O . . . 0 by by . . . by
0 . . . 0 by by . . . br
0 . . . 0 by by . . . by
by biae + by e G . . . i
bay bps. . by €y € . . . Oy
bry e o by Ckp Che - . . O
j=n
where n >k, k> p and ¢,s = T a, ; a;; and the “a’’s belong to the
Jj=1
matrix
Ay Gy . . . Gy
Aoy Qs .« . .« Qg
M=
Ay Akg « + « Ay

Then N equals ( — 1)7 times the sum of the squares of <k ﬁp)

determinants of order % every one of which has for the first &
columns the matrix

bll b12 blp
b21 b22 bzp
biy brs - . . bip

and the remaining k¥ — p monomial columns constitute collectively
one of the combinations of n columns of the matrix M taken k — p at
a time. '
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2. In as much as the generality of the proof is not destroyed,
for simplicity a special value of p is chosen.

dye

il
il M

b/’.y j bsy J-

The result of compounding the matrix

by @y 4y
byy Qg Ay

bry bre apy arg

Let p =2, and denote

with its conjugate is a square matrix. The determinant Dy .  of

this matrix? is

A+ cqy
doy + Cxn

Ay Qe
| Qrq  Qko
by an
“+ ..
bry a,
by by
bry bre Aky

dya + €12
oo + Cpp

diy 4 cry dre + Ciy

gy -

Ak |2 | an
{ +
ALk 2731
ay, k-1 ° ‘ b1s
+ . .
!
ar, k-1 L bre
@y h-2of? b1
Ea
kg biy

dyr ey

dor + Cor w

drr + cux

Q3

A3

an

Ary

by, an

bkz Ay -

3. The left-hand side of (1) is composed :

First, of a determinant without any d’s, that is | ¢;; ¢yp -

i
Ay, k+ 1

A,k +1

Ay, k-1

Ap k-1

2
Ay, k~303, k-1 ‘

Ak, k-3 A, k-1

(D)

. Ckk|-

Secondly, the sum of kp determinants derived from determinants

having each one column of d’s.

bir  C12
by

bir Cke

cn by
boy | v v o -

k1 by

Ckg -

That is
- Gk ‘ bz Cy
| +bw! -
(
. Ckk | Cbks Cio
. Cik | en b G5 .
|+ by .
. Ckk | ¢y bra Cis -

- Cik
R
. Cik
- Cqk
e, (2)
. CLk

1 Scott and Mathews, Theory of Determinants, p. b4.
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If the 1st, (p+ 1), 2p+1). ..
(p+2), 2p+2) ...
takes the form

0 by, by biy '
by €11 cpp Cik
L bry Chy Cie Cik
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. terms are grouped and the 2nd,

. terms are grouped likewise, the above sum

0 b12 bzz bkz
bis €11 C1p Cik
bra Ck1 Cho Cik ‘

By the theorem referred to in the beginning of this paper, the last

two determinants are equivalent to the sum

2

by, ay Qy, k-1
.. 4+
bry iy @r, k—q
bys 1y @y, k-1 |®
+ +
bry ary ak, k-1

Thirdly, of the sum of 2! < 9

2

by, an 3, k-2 Ok
bry axy Ak, k-9 Ak
by, an ay, k-2 Gy | ®
bry @k Ak, k- Qrk |

> determinants derived from deter-

minants having each two columns of ““d”’’s at a time, that is:

by b ¢ Ck c by by g C1k
biabos| - v o oo Fby by +
|
biy bry Cis Cik Cbry by iy Cik
€11 buy by €1y . L oo { €11 b1y by €y Cik
P P A by byy oo +..
Cry bry biy Crg. . G cr1 bry by Cry Chk
from which we obtain
0 0 by by bry
0 0 by by by
(— 1) biy by €1y Cpo Cik (3)
byy bay €y Cop Cok
bk, bra Cky Cho Crk

Lastly, all the
d’s are equal to zero, for they will

determinants having p + 1 or more, columns of

have two or more columns the same.
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4. The right-hand side of (1) is composed, first of the sum of
(Z> determinants without b’s and is equivalent to the determinant

of the square matrix obtained by compounding the matrix

< Qi Qyp - < . Gun >
\ akl akz . . . a]m
with its conjugate; and hence is equal to [¢y; €ps . . . i |. This corre-
sponds to the first determinant considered on the left side of (1).
The second group of p<kﬁ 1) determinants of the right side,

having each one column of b’s, is equivalent to (2). Therefore the
remaining terms of the right side are equivalent to (3), the only
determinant left on the left side. Hence the theorem.
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