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A CHARACTERIZATION OF EXPONENTIAL 
FUNCTIONS WITH NON-LINEAR EXPONENTS 

BY 

HALINA SWIATAK 

It is well known (see e.g. [1]) that the Cauchy functional equation 

f(x+y) = f(x)f(y) 
characterizes the function/:x-+eax. 

It was mentioned in [2] that the functions f\x->A exp(ax2w), g:x->e"xlA can 
be characterized by the equation 

(1) / ( x - y ) = f(X)f(y)g((X-yf™-X*™-/™) 

but the proof was done only for m = l which was considerably simple. 
The purpose of this paper is to show that the functions / : x-+A exp(ou:2m), 

g:x->e*xIA are the only solutions of (1) in the class of functions 

Z = {(fg):f:R-+R,g:R-+R,f(x) ?é 0 , / o r g is continuous at the point x = 0}. 

The following lemmas will be appplied: 

LEMMA 1. If g\R-+R> h:R->R, h(R)=R and if h and g° h\x-+g(h(x)) are 
continuous functions, then g is also a continuous function. 

LEMMA 2. Ifh:(—ô, ô)->(—s, s) is a continuous and strictly monotonie function 
for which A(0)=0, then every function g:(—e, e)-+R satsifying the condition 
limM_>0 g(h(u))=g(Q) is continuous at the point y=0. 

The proofs of these lemmas follow almost immediately from the definition of the 
limit and from the definition of a continuous function. 

LEMMA 3. If the function g is continuous at the point x=0 and satisfies equation 
(1), where f(x)^0, then f and g are continuous functions. 

Proof. Notice first that the assumption f(x)^0 guarantees that f(x)g(x)^0 
for x e R. In fac t ; / (y)=0 for a certain y implies f(x)=0 and g(f)=0 implies 
f(rj —1)=0, where rj is a solution of the equation (rj — Yfm—rfm—1 = | . 

Setting in (1) j = 0 one obtain s f(x)=f(x)f (0)g(0) and hence 

(2) /(0)g(0) = 1. 

Setting in (1) x=0 one obtains f(—y)=f(0)g(0)f(y) i.e., by (2), 

(3) / ( -?)=/00. 
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The continuity of the function g at the point x=0 implies immediately the 
continuity of the function/2 :x-+f(x)2 since, by (1), 

l im/(x)2 = l i m - ^ - = ^ = / ( 0 ) 2 . 
œ-0 x->0 g( — 2X ) g(0) 

Setting in (1) x=w/2, y=-—uj2 one obtains 

Hence, by (3), 

and, consequently, 

I t o / W = Hm / (*) [ , ( ( , _ L . ) „ » ) - /(0)-8(0) - / (0) . 

The continuity of the functions/and g at the point x=0 and equation (1) imply 
the continuity of the function/at an arbitrary point. 

To prove that also the function g is continuous everywhere notice that the function 
h:x-+(x— l )2 w~x2 m— 1 is a continuous function that maps R onto R. Setting in 
(1) y=l one obtains 

g(h(x)). fo*=n 

and since/ is a continuous function, the function g o h:x->g{h(x)) is continuous 
everywhere. Now, Lemma 1 implies the continuity of the function g. 

LEMMA 4. Ifthe function f (f(x)jàO) is continuous at the point * = 0 and satisfies 
equation (1), the functions f and g are continuous everywhere. 

Proof. Setting in (1) x=2u, y—u one obtains 

(40 g(*i(u)) = T^- : with hjfu) = - 2 2 V " \ 
/(2«) 

Setting in (1) x=—u, y—u one obtains 

(4") g(fta(i0) = / ( " 2 ^ . with h2(u) = (22 w-2)u2~. 
/ ( - M ) / ( M ) 

Let 

f/zi(w) for w < 0 
fc(ii)= ~" • 

U2(w) for w > 0 

The function A defined above is a continuous and strictly increasing function satisfy
ing the condition /z(0)=0. Since the function/is continuous at the point w=0, 
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equalities (4'), (4") and (2) imply 

limg(/i(W)) = - ± - = g(0). 
«-« /(0) 

Applying Lemma 2 one concludes that the function g is continuous at the point 
j = 0 and, by Lemma 3, the functions/and g are continuous everywhere. 

THEOREM. Ifthe functions f(f(x)jàO) and g satisfy equation (1) and at least one 
of them is continuous at the point x = 0 , then 

/ (x ) = A exp(ocx2m), 
(5) 

g(x) = t"lA 

where A {A ̂ O) and a are constants. 

Proof. Similarly as in the proof of Lemma 3 one can show that f(x)g(x) 5*0. 
Lemmas 3 and 4 imply the continuity of the functions/and g and it follows from 
(1) that sgn/(x)=sgng(x) for all xeR. Therefore it suffices to find only the 
positive continuous solutions/, g of (1) considering the equation 

(6) F(x-y) = F(x)+F(y)+G((x-y)2m-x2m-y2m), 

where 

(7) F(x) = ln/(x) , G(x) = lng(x). 

The continuity of the functions F and G follows from the continuity of the func
t i o n s / and g. 

Multiplying (6) by —2m[(x—y)2m"1+y2m~'1] and integrating with respect to y 
from a to /? one obtains 

(8) ^ ( x ) = 3r2(x)F(x)+y-z(x)+yA(x)9 

where 

^ ( x ) = - 2 m 2 ( . ) ( - l ) V w - 1 - ' «^(11) dti, 

3T£x) = (x - j8 ) a m - (x -a ) , m - j8* w +a a w , 
2m-2/9 __^\ faî-a 

Fix) = - 2 m 2 , ) ( - l ) V ^ /F(>>) dy, 

Fix) = G(u) du. 
J{x-a)2m~x2m-~a2m 

The continuity of the functions F and G guarantees that the functions &~l9 &~29 

«^3, ^"4 have continuous first derivatives. Therefore (8) implies that the function F 
has the continuous first derivative at all the points x such that F2(x)^0. Since &"2 

is a strictly monotonie function a n d y 2 ( 0 ) = 0 , the function F has the continuous 
first derivative in R\{0}. 
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Notice now that the functions 

/ ^ : ; c - > ( x - 0 2 w - x 2 w - ; 2 m 0" = 1,2) 

are strictly monotonie in R. (This follows from the continuity of h!i and from the 
fact that hr

i(x)=2m[(x—i)2m~1—x2m~1]^0 which guarantees sgn/^(x)=const for 
all x e R). Therefore ht are invertible functions. Moreover, hj1 have the continuous 
first derivatives in R. Setting in (6 )y=l , h1(x)=(x—l)2m—x2m—l=u1, x=fc[1(u1) 
one proves the existence of the continuous first derivative of the function G in 
R\{0, - 2 } . Similarly, setting in (6) y=2, h2(x) = (x-2)2m-x2m-22m=u2, x= 
fh1^) o n e proves the existence of the continuous first derivative of the function 
G in R\{0, — 22m+1}. Thus the function G has the continuous first derivative in 
R\{0}. 

Setting in (6) y=x—u one obtains 

(9) F{u) = F(x)+F(x-u) + G(k(x, u)\ 

where k(x, u)=u2m-x2m-(x-u)2m. 
If* e (1,2) and M < l / 4 , k(x, * / ) < ( l / 2 4 w ) - l - ( l - l / 4 ) 2 ™ < - l andx -w>3 /4 . 

Therefore the existence of the continuous first derivatives of the functions F and G 
in R\{0} implies that the right-hand side of (9) is differentiate with respect to 
u E ( — 1/4, 1/4) for every fixed x e(l, 2). Moreover, 

pj 

u -> —F'(x—u) + —- k(x, u)G'(k(x, u)) 
ou 

is a continuous function and (9) implies the existence of the continuous first 
derivative of the function Fin ( — 1/4, 1/4). Consequently, (6) implies the existence 
of the continuous first derivative of the function G in a neighborhood of the point 
x=0. This completes the proof of the fact that F, G e C 1 ^ ) . Now, analogous 
considerations allow one to prove that F, G e C\R). 

Differentiating (6) with respect to x and y one obtains 

F"(x-y) = 2m(2m-l)(x-y)2m-2 

x G , ( ( x - j ) 2 m - x 2 w - / m ) + 4 m 2 [ ( x - j ) 2 m ~ 1 - x 2 w - 1 ] 

x[(x~y)2m-1+y
2m-1]G\(x-y)2m-x2m-y2m). 

Setting in the last equation y=0 one obtains 

F\x) = 2m(2m-l)G ,(0)x2m-2 

and hence 

F(x) = xx2m+ax+b with a = G'(0). 

Since, by (6), F(y)=F(-y), 

(10) F(x) = xx2m+b. 
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Substituting this into (6) one obtains 

(11) oi(x-y)2m = 0L(x2m+y2m) + b + G((x-yfm-x2m-y2m). 

Setting in (11) y=x yields G(-2x2m)=-2oLX2m-b and hence G(w)=ocw-6 for 
w<0. Setting in (11) y=-x yields G((22m-2)x2m)=(22m-2)o(.x2m-b and hence 
G(u) = oLU—b for w>0 which, together with (10) and (7), implies that the positive 
continuous solutions/ (f(x)jâ0), g of (1) have the form (5), where A=ebis an 
arbitrary positive constant. In view of previous remarks all the solutions/, g of (1) 
satisfying the assumptions of the theorem have the form (5), where A (A^O) is an 
arbitrary constant. 
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