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COMMON FIXED POINTS OF TWO NONEXPANSIVE MAPPINGS
IN BANACH SPACES

TOMONARI SUZUKI

In this paper, we discuss a necessary and sufficient condition for common fixed points
of two nonexpansive mappings. We then prove a convergence theorem to a common
fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the
set of common fixed points of nonexpansive mappings. In these theorems, we do not
assume the strict (uniform) convexity of the norm of the Banach space.

1. INTRODUCTION

A mapping T on a closed convex subset C of a Banach space E is called a non-
expansive mapping if ||Tz — Ty|| < ||z — y|| for all z,y € C. We denote by F(T) the
set of fixed points of T. We know that F(T') is nonempty if E is uniformly convex and
C is bounded; see Browder [4] and Goéhde [15]. Kirk [21] extended these result to the
case that C is weakly compact and has normal structure. A subset F of C is called a
nonexpansive retract of C [5, 13] if either F is empty, or there exists a retraction from C
onto F which is a nonexpansive mapping. In 1970, Bruck [5] shows that if F is reflexive
and strictly convex, then F'(T) is a nonexpansive retract of C; see also [6]. The existence
of common fixed point for families of nonexpansive mappings was established by several
authors; see Belluce and Kirk (2, 3}, Browder (4], DeMarr [9], Lim [24] and others. In
1974, Bruck [7] prove the following generalisation of these common fixed point theorems.

THEOREM 1. (Bruck [7].) Suppose a closed convex subset C of a Banach space
has both the fixed point property and the conditional fixed point property for nonexpan-
sive mappings, and C is either weakly compact, or bounded and separable. Then for any
commuting family S of nonexpansive mappings on C, the set of common fixed points of
S is a nonempty nonexpansive retract of C.

Convergence theorems for nonexpansive mappings using Mann’s iteration process
([27]) also have been studied by several authors; see Edelstein [11], Edelstein and O’Brien
[12], Groetsch [17], Ishikawa [18], Krasnoselskii [22], Opial [28], Reich [30] and others.
For example, Edelstein and O’Brien [12] proved the following.
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THEOREM 2. (Edelstein and O’Brien [12].) Let E be a Banach space with the
Opial property and let T be a nonexpansive mapping on a weakly compact convex subset
C of E. Let z, € C and define a sequence {z,} in C by zn41 = oTz, + (1 ~ a)z, for
n € N, where a is a constant number in (0,1). Then {z,} converges weakly to a fixed
point of T

Ishikawa [18] proved the following strong convergence theorem.

THEOREM 3. (Ishikawa [18].) Let T be a nonexpansive mapping on a compact
convex subset C of a Banach space E. Let z; € C and define a sequence {z,} in C
by Zp+1 = 0,Tzn + (1 — an)z, for n € N, where {a,} is a sequence in [0, 1] satisfying

[&.°]
limsup, o, <1 and )~ an, = oo. Then {z,} converges strongly to a fixed point of T'.

n=1

Convergence theorems for families of nonexpansive mappings are proved in Atsushiba
and Takahashi [1], Crombez (8], Ishikawa [19], Linhart [26] and others.

In this paper, we discuss a necessary and sufficient condition for common fixed points
of two nonexpansive mappings. We then prove a convergence theorem to a common
fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the set
of common fixed points of the nonexpansive mappings. In these theorems, we do not
assume the strict (uniform) convexity of the norm of the Banach space.

2. PRELIMINARIES

Throughout this paper, we denote by N and R the set of positive integers and real
numbers, respectively. We put N(k,£) = {ie N: k < i £ £} and N(k,00) = { € N :
k < i} for k,£ € N. For an arbitrary set A, we also denote by §A the number of elements
of A. Let F be a Banach space. In this paper, we assume that a Banach space F is real.
We denote by E* the dual space of E. E is said to have the Opial property ([28]) if for
each weakly convergent sequence {z,} in E with weak limit 2,

liminf ||z, — 2|| < liminf ||z, — z||
n-s00 n-—00

holds for all z € E with x # 2. All Hilbert spaces, all finite dimensional Banach spaces
and ## (1 € p < oco) have the Opial property. A Banach space with a duality mapping
which is weakly sequentially continuous also has the Opial property; see [16]. See also
[23], (25], [29] and [31]. We know that every separable Banach space can be equivalently
renormed so that it has the Opial property; see [10]. We also know the following.

PROPOSITION 1. Let F\,F,,...,E; be Banach spaces with norm | - ||,
[t-ll2y - - -, ll|lx, respectively. Let p be a constant in (1, c0) and put E = E; X Ey - - - X E,
where the norm of E is given by

@02, @)l = (Ul + lzallf + - - + lell?) 7

for all (zy1,%3,...,zx) € E. Then the following are equivalent:
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(i) E has the Opial property;
(ii) each E; has the Opial property.

PROOF: If a sequence {z,} in E; converges weakly to z, then a sequence

(7)
{(0,0,...,0,2:,,,0,...,0)}
in E converges weakly to
()
{(0,0,...,0, z,o,...,O)}.

Using this fact, we can prove easily (i) implies (ii). Conversely, let {z(™} be a se-
quence in E which converges weakly to z, and let w belong to E \ {z}. We put
z® = (x(l"),mg"),...,xfc")) forn € N, 2 = (21,29,...,2) and w = (wy,wa, ..., W).
Since {z(™} is a bounded sequence, there exists a subsequence {z(")} of {z(™} such that

liminf |z — w|]” = lim ||z®™) — w]|]?,
n—00 1—00

and that the limit of {ll:c;"‘) — zj||;} exist for all j € N(1,k). Since E; for j € N(1,k)
have the Opial property,

lim |25 — 2|7 < lim inf 2™ ~ |
hold for all j € N(1,k), and

lim [|z8) = z||? < liminf |z{™) — w,||?

i— ¢ ¢ i—00 ¢ ¢

holds for some ¢ € N(1, k) because z # w. Therefore we have

liminf [|Jz{™ — z||? < lim ||z™) - 2|
n—o0 1—00

k
_ ; (ns) P
=3 Jim " - 5
]:

k
im i (n:) P
< Ellirgglf”zj — w;lff
ji=1

< lim ||z — wi?
1-$00

= liminf ||z™ — w||?
n—00

and hence
liminf ||z - z|| < liminf ||z — w||.
n—+o0 1n-00

This completes the proof. 0

The following lemma plays an important role in the proof of Theorem 4.
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LEMMA 1. Let Ay, Ay As, ..., Ar be subsets of N2. Put A;j(n) = N(1,n)? N A;
forn € N and j € N(1,k), and put
_ §A;(n)
a= lenrr_x)glf 2 -k+1

j=1

Suppose a > 0. Then

()

lim inf ———2——- 2«
n—o00 n

holds and N

N(n,00)*N (ﬂ Aj) #0

i=1
hold for all n € N.
PROOF: From the assumption, we have

QWA@) S - (k- 1)

lim inf -——2——— > liminf = 3
N300 n n—00 n
Zh,?_l,g.}f - (k—-1)
= .

Fix n € N. Then we can choose m € N satisfying

3 () 40m)
_&73 j=1

and —_—>

Q.
m2

m 2

Wl

From

(ﬂA (m) ) > Zam?® > 2mn > m? — (m — n)? =§(N(1,m)? \ N(n + 1,m)?),

we have
K
0S (ﬂ Aj(m))\(N(l, m)?\ N(n +1,m)?)
k
= N(n + 1,m)2 N (ﬂ A,(m))
§=1
k
N(n,00)2 N A ).
n, 00 (g,)
This completes the proof. , 0
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3. COMMON FIXED POINT

In this section, we discuss a necessary and sufficient condition for common fixed
points of two nonexpansive mappings. Let S and T be nonexpansive mappings on a
closed convex subset C of a Banach space E. Then we put

1 n n o
(1) M(n,x)=ﬁZZST’z
i=1 j=1
for n € N-and z € C. Note that a mapping M(n,-) on C is nonexpansive for each n € N
because

1 n n ) ) ) ) 1 n n
|M(n,2) - Min9)]| < = 3D IS Tz = ST < 0D lle -l = llz -l

i=1 j=1 i=1 j=1
forall z,y € C.
The following theorem is one of the main results in this paper.

THEOREM 4. Let E be a Banach space with the Opial property and let C be a
weakly compact convex subset of E. Let S and T be nonexpansive mappings on C with
ST =TS. Then for z € C, the following are equivalent:

(i) =z is a common fixed point of S and T;
(i) {M(n,z)} converges weakly to z;
(iii) there exists a subnet {M(vg,2) : B € D} of a sequence {M(n,z)} in C
converging weakly to z.

It is clear that (i) implies (ii) and (iii). We prove only (ii) implies (i) because we can
similarly prove that (iii) implies (i). Before proving this, we need preliminaries. In the
following lemmas and the proof of Theorem 4, we put

d= klim sup{||S'T7z — 2|| : i > k,j > k},
A(n, f,e) = {(i,5) € N(1,n)*: f(S'T"z - 2) < ¢}

for n € NU {00}, f € E* and € > 0, and
B(n,e) = {(i,j) e N(1,n)*: ||IS'T?z - 2|l > d — €}

for n € NU {o0} and £ > 0.
LEMMA 2. Forevery (i,j) € (NU {O})Q,

ISz - 2|| < d

holds.
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PRrOOF: Fix (i,,5,) € (NU{O})Z. By the Hahn-Banach theorem, there exists f € E*
such that
Ifl=1 and f(S"T"z—2)=||S"T"z - z|.

Fix 6§ > 0. Then there exists m; € N such that ||S*T7z—z|| < d+4 for (i,j) € N(m;,00)2.
For n € N with n > 4; + 7, + m,, we have

|ST1 Tz — z|| = f(S""T?z — 2)
= f(5"T"z — M(n,2)) + f(M(n,2) —2)
AN |87 T2 — M(n, 2)|| + f(M(n, 2) - 2)
= ||S"THz — M(n, 2)|| + f(M(n,2) - 2)
< ;11—2 S5 (ISATz - S| + £(M(n, 2) - 2)

i=1 j=1
1 n n
— Z Z 1S9 Tz — ST ||
n2
i=iy+my+1 j=ji+m+1
n—-n—iu—m)n-—ji-m
)

N

1)2sup{||:z:|| :z € C}

+
+ f(M(n,z) — 2)

LIS S SR P S

=i +mi+1 j=j1+m+1

N

+n2—(n—i1—m1)(n—j1—m1)
+ f(M(n,z) — 2)

(n—il—mli(zn_jl_ml)(d_*_&)

nz—(n—il —ml)(n—jl -
n?

2sup{||z|| : z € C}

<

+ ml)?sup{“z” :z€C}

+f(M(n,z) —z)

and hence

(n_il_ml)(n—jl_ml)(d+6)

|SH Tz — 2|| € liminf(

n—oo Tl2
2 _ — . - _ . -
+ 2 (n=i 7:21)(11. I ml)2sup{|lz” :x €C}
+f(M(n,z) - z))
<d+4.
Since 4 is arbitrary, we have [|S"T%z — z|| < d. ]
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LEMMA 3. Fixp,g€ N andlet f € E* with
Ifl=1 and [f(SPT2 -~ z) =||SPTz - z||.
Let & be a positive real number satisfying
||SPT92 — 2|| 2 d - 6.
Then

lim inf >
n—00 n “e+46

§A(n, f,€) £
2
hold for all ¢ > 0.
PROOF: For (3,7) € N?, by Lemma 2, we have
|SPT2 - S'T?z2|| < ||SPT92 - 2|| + ||S'T?z — 2|| < 2d
and hence
(ST z — 2) = (ST’ z — SPTz) + f(SPT%% — 2)
= —|Ifll- IS'T?z — SPT2|| +d - 6
>-d-4.
For (¢,j) € N(p+1,00) x N(¢ + 1,0), by Lemma 2, we have
|SPT92 — S*To2|| < ||IS*PT 92— 2| < d
and hence

f(S8T?z - 2) = f(S'T?z — SPT2) + f(SPT2 - 2)
= —Ifll - 18* Tz — SPT2|| +d — 6
> -4
Putting A, = A(n, f,e) N N(p+1,n) x N(g+1,n) for n € N with n > max{p, g}, since

N(L,n)>= (N(p+1,n) x N(g+1,n) \ A,) U A,
U (M@ \ (N +1,m) x N(g+ 1,m)),

we have

f(M(n,2) - 2) = % SN H(STIz - 2)

i=1 j=1

(n—p)(nn;q)—ﬁAnH_J)ﬂ::; +(_d_5)n’—(n ;f)(n—q)

2 €
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— n
=€ n? n?
and hence 4 B
liminfw’zf—’el > liminfﬁ—z;71 > =
n—o0 n nsoo N e+46
We obtain the desired result.
LEMMA 4. B
lim ﬁ_(_%e_) =1
n—00 k¢5

hold for all € > 0.
PROOF: We fix ¢ > 0 and 7 € R with 1/2 < p < 1 and put

_e(l-1n)
5_-———2n .

We note that 0 < ¢ < £/2. By the definition of d, there exists (p,q) € N2 such that

|SPT92 — 2| 2 d - 6.

Fix f € E* with

Ifll=1 and f(SPT9z—2)=||SPT2 — z||.

So, using Lemma 3, we have

€/2

.. HA(n, f,e/2) _
lim inf 243 =

n—0o0 n2

2 n.

Fix n > max{p, ¢} and (i, j) € A(n, f,£/2) N (N(p,n) x N(g,n)). Then we have

|S*PTI=92 — 2|| > ||S*T92 — SPT2||
> f(SPT% ~ S'T%2)

= f(SPT% - 2) + f(z — S'T2)
= ||SPT2 — z|| + f(z — S§'T2)

€
>d—0-—
/déz
>2d—¢

and hence (i — p,j — q) € B(n,¢). So, we obtain

1A(n, fe/2)+ (n~p+1)(n—-q+1) - n’< ﬁ(A(n, f,ef2)n (N(p,n) x N(g, n)))

< §B(n,¢).
Therefore we have

lim inf M > liminf

(n-p)(n_q) —(e+é)&+(—d—é)n2_(n'—p)(n_Q)

n2

$A(n, f, e/ +(n—p+1)(n—g+1)—n?

n—+00 n n—oo n2
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= lim inf
n—osoc0

2 1.

§A(n, f,€/2)
n2

Since 7 is arbitrary, we obtain the desired result. 0
PROOF OF THEOREM 4: By the definition of d, there exists (p;,q;) € N? such that

1

|SP Tz — z|| > d — 3

Fix fi € B* with
Ifill=1 and A(SPT"z—2z) = ||SP"T"z —Z|.

By Lemma 3, we have

. $A(n, f1,(2/3)%) 2
hﬂgf n? 2 2241
We now define inductively sequences {p,} and {¢,} in N and {f,} in E* such that

min{px+1,Gk+1} > max{pk, gx},
1

- 37

241

[ SPr Tz — 2| > d
fe(SPe1 T+ 5 — 2) < 31 for £ € N(1,k),
“fk+1“ =1 and fk+1(SPk+1qu+1z — 2:) = “SPI:+1T¢1/=+1Z —_ z"

for all k € N. Suppose pi, qx € N and f; € E* are known. Since

lim o B0 L/37T) ) +Zh min IS0 Q/DW)

oo n? - n?
iy;H k—1+22t+1
>%>O,

we have
k
N(max{ps, e} +1,00)" N B(oo, 1/3+%) N (") A(co, fr, (2/3)"*") # 0
=1

by Lemma 1, that is, there exists (Pk+1,qk+1) in N2 such that min{pg+1,¢e+1}

> ma‘x{p‘h qk}a
2l+1

”SPH?lTQH-xz _ z” >d- W and fe(SPHqukﬂz _ z) < — 3t+1
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for £ € N(1,k). Fix fxy1 € E* with
”fk+1“ =1 and fk+l(Sﬂk+1qu+1z - Z) = ”SPI:+1T<II=+1Z — z”

Note that A k2 o
, ,{(2/3 +
liminfﬁ (n fk+12( /3)*2) > 2
n—oco n 2k+2 4 1
by Lemma 3. Hence we have defined {p.}, {gn} and {f.}. Since C is weakly com-
pact, there exist subsequences {pn,} and {¢,, } of {p,} and {g.} respectively such that
{SP~x T 2} converges weakly to some point u € C. If ny > £, then

2£+l
Je(SPT Tz - 2) < 31
So we obtain
2¢+1
felu—2) < 36T

for all £ € N. Since

1SP¢T %2 — ul|l = || fell - 1SP* Tz — |
= fo(SPT9%z — u)
= fo(SPT%z — 2) + fo(z — u)
= ||SPtT%z — z|| + fe(z — u)

1 2t+ 1

2d- 5~ 3

for £ € N, we have
liminf ||[SPT%2 — u|| 2 d
£—00

and hence
liminf ||SP Tz — 2|} < d < liminf ||SPT%z — u| < liminf ||SP* T2 — u||.
k—oo t—00 k—o0
By the Opial property of E, we obtain z = u. We also have
liminf [|SP~ Tz — Sz|| < liminf ||[SP~"'T%z — z|| < d
k—roo0 k— o0

and hence Sz = u. Similarly we can prove Tz = u. Therefore 2 = Sz = Tz = » and we
complete the proof. 0
REMARK . In Theorem 4, we may replace the condition “E has the Opial property”
with the following condition: for each weakly convergent sequence {z,} in C with weak
limit z,
liminf ||z, — z|| < liminf ||z, — z||
n—oo n—o00
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holds for all z € C with z # 2. If C is compact, then the above condition is satisfied.
Indeed, if a sequence {z,} in C converges weakly to 2, then {z,} converges strongly to
z. Hence the following holds.

lim ||z, — 2|| =0 < ||z — z|| = lim ||z, — z||
n-00 n—00

for all z € E with z # z. So we can prove the following, which is proved in [32}].

THEOREM 5. (Suzuki [32].) Let C be a compact convex subset of a Banach space
FE and let S and T be nonexpansive mappings on C with ST = TS. Then for z € C, the
following are equivalent:

(i) =z is a common fixed point of S and T;

(ii)

n

%ZiSisz—z

i=1 j=1

lim inf =0
n—o0

holds.

4. NONEXPANSIVE RETRACTION

In this section, we discuss the nonexpansive retraction onto the set of the common
fixed points of nonexpansive mappings. Let S and T be nonexpansive mappings on a
weakly compact convex subset C of a Banach space E. Define M(:,-) by (1). We now
define a nonexpansive mapping U on C by using the notion of universal net. A net
{zg : B € D} in a topological space X is called a universal net [20] if for each subset A
of X, there exists By € D such that either {zg: 8> By} CAor{zs: 82 B} C X\ A
holds. We note that if X is compact, then {zz} always converges. From the Axiom of
Choice, there exist a directed set (D, <) and a universal subnet {vg : 8 € D} in Nof a
sequence {n : n € N} in N, that is,

(i) for each n € N there exists §y € D such that 8 2 fp implies vg > n; and
(if) for each subset A of N, there exists fy € D such that either {vs : 8
> Bo} CAor{vg: B> B} C N\ A holds.
For z € C, since {vg : B € D} is a universal net, {M(vg,z) : B € D} is also a universal
net in C. Hence, by the weak compactness of C, {M (I/g,.’L')} converges weakly. Now, we
define Uz as

(2) Uz = We%le(bhm M(vg, z)
for all z € C. Such U is a nonexpansive mapping on C because
1z - Uyl < liminf]| M (5, 2) = M(v5,9)]] < e —

forz,yeC.
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THEOREM 6. Assume that either of the following holds:

(i) E is a Banach space with the Opial property and C is a weakly compact
convex subset of E; or

(ii) F is a Banach space and C is a compact convex subset of E.
Let S and T be nonexpansive mappings on C with ST = T'S. Define a nonexpansive
mapping U on C by (2). Then F(S)N F(T) = F(U) holds.

PROOF: We first assume Sz = Tz = z. Then M(n,z) = z for all n € N and hence
Uz = z. Conversely, we next assume Uz = 2. Then in the case of (i), since

z2=Uz= we%lébhmM(uﬁ,z),
we obtain Sz = Tz = z by Theorem 4. In the case of (ii), we also have

li'{x_l)iong”M(n, z) — 2| € ;ierrlg)”M(V,g, z) — z” =0.

So, by Theorem 5, we obtain Sz = Tz = z. 0
Using Theorem 6, we obtain the following convergence theorems to a common fixed

point of nonexpansive mappings.

THEOREM 7. Let E be a Banach space with the Opial property and let C be a
weakly compact convex subset of E. Let S and T be nonexpansive mappings on C with
ST = TS. Define a nonexpansive mapping U on C by (2). Let z, € C and define a
sequence {z,} in C by

Tnp1 = alz, + (1 — o)z,
for n € N, where « is a constant number in (0,1). Then {z,} converges weakly to a
common fixed point zp of S and T'.

PROOF: By Theorem 2, {z,} converges weakly to a fixed point z, of U, which is a
common fixed point of S and T, by Theorem 6. This completes the proof. 0

THEOREM 8. Let C be a compact convex subset of a Banach space E and let S
and T be nonexpansive mappings on C with ST = TS. Define a nonexpansive mapping
U on C by (2). Let z; € C and define a sequence {z,} in C by

Ty = alz, + (1 — o)z,

for n € N, where « is a constant number in (0,1). Then {z,} converges strongly to a
common fixed point zy of S and T

ProoF: By Theorem 3, {z,} converges strongly to a fixed point 2 of U, which is a
common fixed point of S and T, by Theorem 6. This completes the proof. 0

Using Theorems 7 and 8, we prove the existence theorem.
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THEOREM 9. Assume that either of the following holds:
(i) FE is a Banach space with the Opial property and C is a weakly compact
convex subset of E; or
(i) E is a Banach space and C is a compact convex subset of E.

Let S and T be nonexpansive mappings on C with ST = TS. Then there exists a
nonexpansive retraction @ from C onto F(S) N F(T) such that @ = @Q*> = QS = SQ
=QT =TQ.

PROOF: We first define a mapping Q on C. Fix z € C. Define a sequence {z,} by
1 = Uz and

1 1
Tny1 = §an + §$n

for n € N. where U is a nonexpansive mapping on C defined by (2). Then as the proofs
of Theorems 7 and 8, {z,} converges weakly to a common fixed point 2z of S and T". We

put Qz = z, that is,
. 1 1.\"
(3) Qz = weak-lim (§U + -2—1) Uz,

where I is the identity mapping on C. Since x € C is arbitrary, we have defined the
mapping @ on C. For z,y € C, we have

10z — Qyll < lim inf (%U + %I)nU ( U+ 1) N Uz - Uyl| < |z -y

and hence @ is nonexpansive. For z € C, we also have

lUSz — Uz|| € llmlnf”M(l/ﬂ,S.’E) M (vg, 7)||

vg
= liminf||= L Z (Sve*iTig — Ssz)
s 1 &
1 &
< liminf = SvetITigp _ STIg
LEN ||

1
< liminf —||S$*2z — z||
8 Vg
=0

and hence USz = Uz. Therefore @Sz = Qx for all z € C. Similarly we can prove
QTz = Qz. By the definition of @, Qz € F(S)NF(T) forallz € C. From Theorem 6, it is
clear that Qz = z for all z € F(S)N F(T). Hence we also have Q%z = Qz = SQz =TQz
for all z € C. This completes the proof.

REMARK. (i) In the case that E is a Hilbert space, {M(n,z)} converges weakly to a
common fixed point of S and T for all z € C; see [34, p. 83]. Therefore a nonexpansive
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mapping U itself is a nonexpansive retraction from C onto F(S)N F(T). U also satisfies
US = UT = U. Therefore the following question arise: In our setting, is U always a
nonexpansive retraction onto F(S) N F(T)? The answer is negative; see Example 2 in
Section 5.

(i) Gossez and Lami Dazo [16] prove that every weakly compact convex subset
of a Banach space with the Opial property has normal structure. So, Bruck’s result
(Theorem 1) shows that there exists a nonexpansive retraction @ from C onto F(S) N
F(T). However, Theorem 1 does not assure QS = QT = Q.

As a direct consequence of Theorem 9, we obtain the following.

COROLLARY 1. Assume that either of the following holds:
(i) F is a Banach space with the Opial property and C is a weakly compact
convex subset of E; or
(i) F is a Banach space and C is a compact convex subset of E.

Let T be nonexpansive mappings on C. Then there exists a nonexpansive retraction @
from C onto F(T) such that Q = Q* = QT = TQ.

5. APPENDIX

In this section we give two examples. We first state an example concerning Theo-

rem 4.

EXAMPLE 1. ([14, Example 3.7].) Let ¢y be the Banach space consisting of all sequences
in R converging to 0 with supremum norm. Define nonexpansive mappings S and T on

co by
Sr=2z and T(z1,%2%3,...) = (x1,1 - ||z||, 22, %3, Z4, . . .)

for all £ = (z1, Z2,Z3,...) € co. Then 0 € ¢; is not a fixed point of T and

|53 smo-of <o

=1
holds.
PROOF: It is clear that

ISz — Syl = |Tz - Tyl| = |l — vl
for all z,y € co and hence S and T are nonexpansive. We put
e = (0,0,0,...,0,(,{),0,0,0,...) €c
for k € N. Then the following hold:
T0 = ey,
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Te, = ey,
Te; = e,
Tex = €xq-

We suppose that z = (z1,Z2,Z3,...) € o satisfies Tz = z. Then we have 2, = 73 = z,

= --- and hence
.’122:.’53::[4—_—...:0
because {z,} converges to 0. Therefore ||z|| = |z,|. So, we have
O=z,=1~|z||=1~|z4]
and hence z; = %1, that is, £ = e; or £ = —e;. Conversely, we also have Te; = e; and

T(—e;) = —e,. Therefore
F(S) N F(T) = F(T) = {81, -61}.

This shows that 0 is not a common fixed point of S and T. Since S*T70 = e;,; for
1,7 € N, we have

1= i 1 1
1 imig _ ol — 1 1L 2 e L
i s = |1 e = fm 1 =0
i=1 j=1 j=1
This completes the proof. 0

We finally state a counterexample concerning the remark of Theorem 9.

EXAMPLE 2. ([33, Theorem 15].) Define a compact convex subset C of (R?, || - ||o) by
C={(21,22):0< 2, € 1,-22 < 71 € T2}
Define nonexpansive mappings S and T on C by
Sz=z and T(zy,%2) = (—z1,|71])

for all z = (2,,z,) € C. Then the nonexpansive mapping U defined by (2) is not a
nonexpansive retraction from C onto F(S) N F(T), and

Q(1,1) ¢ cleo{S'T?(1,1) : 1,5 € Nu {0}},

where @ is the nonexpansive retraction from C onto F(S) N F(T) defined by (3), and
‘clco’ means the closed convex hull.
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|

PROOF: Since

[46m.2) - @, fax)| = [ 5 332 572 - (o, )

i=1 j=1

1=,
= _E Joy
n 2 Tz (0, |:z:1|)

_ (%g_lyzl,ml) - (. l=l)

1
S —|Il|1
n

we have lim, M(n,z) = (0, |z,|) for all z = (z1,z,) € C. Therefore
U(l‘laflfz) = (0, |-’1?1|)

for all z = (z1,22) € C. From U(1,1) = (0,1) and T(0,1) = (0,0), U is not
a nonexpansive retraction onto the set of common fixed points of S and T. Since
F(S)n F(T) = {(0,0)}, Qz = (0,0) for all z € C, and hence Q(1,1) = (0,0). On
the other hand,

cleo{$*T7(1,1) : 4,5 e NU{0}} = {(z,1) : —1 < =1 < 1}.

This completes the proof. |
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