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PRODUCT SEMIGROUPS

E. E. DeVUN

(Received 7 April, 1972; revised 12 December 1974)

In earlier work Borrego, Cohen and DeVun (1971a, b) topological
semigroups which were uniquely representable in terms of two subsets were
investigated. In this note we extend the definition and prove similar results for
a larger class of semigroups.

By a (/-semigroup we mean a semigroup iseomorphic to the unit interval
[0,1] with the usual multiplication. A semigroup S is said to be the unique
product of U-semigroups S,, S2, • • •, Sn if each S, is a [/-semigroup and for
every <x E Gn (Gn is the symmetric group on n-elements) S =
S<,(i)S<r(2) • • • S<r(n) and for every non-zero element s of S with s =
Xr(i)Xa(2) ••• .*:„(„, = yCT(i,y<,(2) •• • y*(n) and xa{i), y<,(,)£ Sa{i) we have x,,<0 = y,,(0.
Throughout this paper we will assume all semigroups S have the property that
E(S) (the set of all idempotents of the semi-group S) and H (the union of all
the subgroups of S) consists of {0,1} (where 0 is the zero for S and 1 is the
identity for S) and S has no zero divisors.

The author would like to thank the referee for the many helpful comments
and suggestions which helped clarify much of the material in this paper.

1. Unique products and reversibility

Recall that a semigroup T is left (right) reversible if any two principal
right (left) ideals of T intersect. The purpose of this section is to show when
semigroups which are the unique product of [/-semigroups are right or left
reversible. Later, in section 3, more results on reversibility are obtained.

LEMMA 1.1. IfS is the unique product of U-semigroups Su S2, • • •, Sn, then
S,S, is a subsemigroup of S for all iV j , i,j £ {1,2, • • •, n}.

PROOF. Let x, e. 5, and JC, £ Sh If x;Xi = 0, then xp, £ S.Sj. If x,x, ^ 0, then
for <r E Gn with <r(l) = i, cr(2) = / we can select y^^G S^k), 1 S Jfc S n, such
that

x ,x , = y<,(i)V<,(2) • • • y<T<n).
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392 E. E. DeVun [2] 

N o w 

y<7(i)V<7<2) • • • Y<r(n- i> 0 , 

so for S £ G B w i t h S ( l ) = <r(2), 5(2)= or(l), S(k) = a(k), 3 § k g n, w e c a n 

p i ck z«(j) e S 8 ( l ) , 1 S / S n, s u c h t h a t 

Y<R(l>Y<T(2) ' " ' YOR(r>-l) = Z 8 (1 )Z S (2 ) " ' " Z S ( „ ) . 

H e n c e 

XjXi = Y<T(l)Y„(2) ' " " Y<>-<n) = Zs( l )Zs (2) ' • • Zs(„)YO-(n)-

T h u s z « ( 1 ) = z S ( 2 ) = xh Zao) = 1 , for 3 § / § n - 1 a n d z 6 ( , , )Y<,(„) = 1 wh ich 
i m p l i e s Y „ ( n ) = l . C o n t i n u i n g t h i s p r o c e s s w e o b t a i n Y C T ( / ) = l for 3 S / S n , 
h e n c e 

X/X, — YO-(i)YCT(2) e SjSy. 

T h i s p r o v e s STS, is a s u b s e m i g r o u p of S. 

C O R O L L A R Y 1.2. Under the hypotheses of 1 . 1 , / o r o - €E G„ a n d / £ 

{1 ,2 , • • , n}, S0.(i)S<R(2) • • • S „ ( ; ) is a subsemigroup of S and is the unique product 

of S î), 5^(2) , • • , So-d). 

L E M M A 1 . 3 . If S satisfies the hypotheses of 1 . 1 , then S - { 0 } is a cancella-
tive subsemigroup of S. 

P R O O F . L e t t, u G S — { 0 } a n d s £ S k - { 0 } , w h e r e k is a n y fixed a r b i t r a r y 

i n t e g e r b e t w e e n 1 a n d n. S u p p o s e ts = us. T h e n t h e r e exis t u n i q u e r e p r e s e n t a 

t i o n s of ( a n d u a s tit2 - • • fk-1ft+1 • • • tjk a n d utu2 - • • u t _ , u k + 1 • • • u„u k , r e s p e c 

t ive ly . F r o m t h e u n i q u e n e s s of r e p r e s e n t a t i o n it fo l lows t{ = ut for JV k a n d 

tks = uks. S i n c e Sk is a U - s e m i g r o u p , ft = « k , a n d t h u s t = u. H e n c e a n y s 

c o m i n g f r o m a fixed 5 K c a n b e r igh t c a n c e l l e d . N o w , if 5 is a n a r b i t r a r y 

e l e m e n t of S — { 0 } , t h e n let s b e r e p r e s e n t e d as • • • s„. T h e n , if ts = us, w e 

h a v e tSiS2-• • sn = usis2-• • s„. Se t t = tSiS2 •• • sn-i, u = usiS2 • • • s„_,. T h e n 

ts„ = us„, h e n c e t = u, b y t h e a b o v e a r g u m e n t . I t e r a t i n g th i s p r o c e s s y ie lds 

t = u. T h i s c o m p l e t e s t h e p roof . 

D E F I N I T I O N 1 .4 . Lef A be a subset of an arbitrary semigroup T. The 
normalizer N(A) of A is the set of all x in T with the property that xA = Ax. If 
N(A) = T, then A is said to be normal in T. If S is the unique product of two 
U-semigroups St and S2, then S2 normal in S is equivalent to xS2 = S2x for all 
x G S T . 

L E M M A 1 . 5 . Let S satisfy the hypotheses of 1 . 1 . If SJ is normal in S,-S/ for 
some i, j G {1 ,2 , • • • , «}, ;V i, then SK is normal in S , S K or S, is normal in SJSK for 
k G { l , 2 , - - - , n } . 
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[3] Product semigroups 393

PROOF. It was shown in Borrego, Cohen and DeVun (1971b) that for one
[/-semigroup W to be normal in the product of two [/-semigroups WV we
need only show that there exist c £ V - ( 0 , l ) , w, w'E. W-{0,1} such that
vw = w'v. Now let x G Sf, y E S, and z €= Sk with none equal to 0 or 1. Then
xyz = xz,y, = z2x,yi = z2y2x, for some x, E Sh yu y2 G 5/, and z,, z2 G Sk. Also
xyz = y3xz = y3z3x2 for some x2E Sh y3G Sh z3€E Sk. Hence xx = x2. Since
•*iyi = y2xt and xy = y3x (i.e. yi has no effect on X] and y has no effect on x),
the change in x by zx must be exactly the same as the change in x by z.
However, this can only occur if z = zx and thus yz = zyi or z and zx have no
effect on x and thus xz = z3x. This proves the lemma.

In Borrego, Cohen and DeVun (1971b) it was shown that if S is the
unique product of two [/-semigroups, then S is right reversible or left
reversible. The following example is due to D. Brown and J. Lawson.

EXAMPLE 1.6. Let S be the one point compactification of the product of
the semigroups 7? and L where

and

where R and L have the relative topology of the plane and usual matrix
multiplication. Now S is the unique product of four [/-semigroups but is
neither right nor left reversible, since it is the product of a semigroup R which
is not left reversible by a semigroup L which is not right reversible see
Borrego, Cohen and DeVun (1971b).

THEOREM 1.7. If S is the unique product of U-semigroups St, S2 and S3,
then T = S - {0} is either right reversible or left reversible.

PROOF. In Borrego, Cohen and DeVun (1971b) it was shown that the
subsemigroup SiSj - {0}, iV /, i,j G {1,2,3} must be iseomorphic to one of the
following semigroups.

(a), {(JC, y): x and y are non-negative real numbers} with the usual
addition (the commutative case).

(b). | (_ \: x and y are real numbers with x > 0, y § 0, and x + y S 11

with the usual matrix multiplication (right, not left reversible).

(c). | ( I: x and y are real numbers with x > 0, y S 0 and x + y S 11

with the usual matrix multiplication (left not right reversible).
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394 E. E. DeVun [4]

(d). j („ ): x and y are real numbers with 0 < x Si 1, y S 01 with the

usual matrix multiplication (both left and right reversible).

(e). j ( ): x and y are real numbers with 0 < x g l , y = 0 | with the

usual matrix multiplication (both left and right reversible).

It should be noted that case (d) and (e) are not commutative, but one factor in
each case is normal in the semigroup.

A close examination of the possibilities yields two separate cases. Here we
distinguish both.

CASE (1). Assume the subsemigroups S,S2 — {0}, S2S3 —{0}, and SiS3 —
{0} are all left (right) reversible. Let s,t £ T with s = xyz, t = uvw and
x, u G Si, y, o £ Sz, z, w G S3 and x g u (where g is the standard cut point
order on [0,1]). Let JC, G S, with xx, = u. Since SiS2 — {0} and S2S^ — {0} are
left reversible we can select x2, x3 G Si such that yx2 = x,y, and zx3 = x2z, for
some yi G S2 and Z\ G S3 (see lemma 1, 2, and Borrego, Cohen and DeVun
1971b). Thus

= xx,y,z,r = xyzx,T CxyzT,

and sT (1 tT/ 0 if wy,z,r n uvwT/ 0 . However, y,z,T D vwT^ 0 , since

y,z,(S2S3 - {0}) n tw(S2S3 - {0}) / 0 .

So MyiZiTH uvwT^ 0 , and this completes case 1.
CASE (2). Suppose we have the two-one situation, say S,S2-{0} and

S2Sj - {0} are of type c) and StSi - {0} is of type b). Let s, t G T with s = xyz,
t = uvw and x, u G S,, y, v G S2, z,wE. S3 and x > u. Let x, G Si, with
xx, = u. From the characterization of SiS2 — {0} as being of type c), there exist
elements i"G Si and y G S2 such that Xiy = yi. Hence x,yS2S3 = yxS2S3. From
the characterization of SiS3 - {0} as being of type b), there exists x2 G Si with
x S i 2 such that x2S3PI zS, / 0 . Again appealing to the characterization of
SiS2 — {0}, since x S x2 there exist y2, y3 G S2 such that xy} = y2x2. From the
results of the preceding sentence, pick x4 G Si and z4 G S3 such that x2z4 = ZJC4.

Then y4zx4 = y2x2z4 = xy3zt. Since S2S} - {0} is of type c), for some real
number a > 1, y2z = zay5 = zz°"'y5, so that z(z°~1y5x4) = xy3z4. Let t =
z"~'y5x4. Then

yzf = yiy3z4G yfS2S3 = x,yS2S3.

Therefore

xyzt G xx,yS2S3 = «yS2S3 C MS2S3.
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Hence there exist y 6 G 5 2 and z 6 E S 3 such that xyzt = uy6z6. Hence
«y6z6(S2S3- {0})CxyzT. Now since S2S3-{0} is left reversible, we have that
y6z6(S2S3 - {0}) D vw (S2S, - {0}) / 0 . It follows next that uy6z(,(S2S3 - {0}) f~l
U D W ( 5 2 5 3 - { O } ) ^ 0 . Hence uvwT D xyzT/0. This completes the proof.

According to Brown and Friedberg (1971) if W is a semigroup defined on
a closed subset of Euclidean n-space E" having non-empty interior in E" and
is left (right) reversible, cancellative, and translation functions are
homeomorphisms into, then W is embedded in a Lie group. The semigroup T
satisfies this, thus is embedded in a Lie group.

COROLLARY 1.8. 7 /5 satisfies the hypotheses of 1.7, then T = (S - {0}) is
embedded in a Lie group.

2. Uniquely divisible semigroups with two-cells

Recall a semigroup 5 is uniquely divisible if for each 5 £ S and every
positive integer n there exists a unique z £ S such that z" = s. Borrego,
Cohen and DeVun (1971a) showed that if S is a uniquely divisible semigroup
on the two-cell with E(S) = {0,1}, then S is the unique product of two
{/-semigroups, and in their second paper (1971b) a characterization of these
semigroups was given. In this section we extend these results.

DEFINITION 2.1. Let S be a uniquely divisible semigroup. Then [x] denotes
{xr: r is a positive rational number}* (where * denotes topological closure), see
Hildebrant (1967).

THEOREM 2.2. Let Sbe a compact uniquely divisible semigroup. If x, y, z £
S -{0} with [x] [y] = [y] [x] and [x] [z] = [z] [x], thenxy = xz implies y = z.

PROOF. The theorem is clear if x = 1, y = 1, or z = 1. So we will assume
x, y, z £ S - {0,1}. From Borrego, Cohen and DeVun (1971a) we get the
semigroups [x] [y] and [x] [z] are the unique products of two {/-semigroups
[x], [y] and [JC], [z] respectively. Thus we can find xn,x'n,x'G[x], yn E[y],
and z'n,z'G[z] such that xnyn = (xy)"" = (xz)1/n = x'nz '„ and xz = z'x'. Since
{xy)Vn —* 1, Hudson (1959), we can select a positive integer k such that
(xy)1"1 = xkyk and xk ^x'. Let x be the unique element of [x] such that
xxk = x'. Now

xyyt = xzyk = z'x'yk = z 'xxkyk = z'xx'kz'k= xz

for some x E [x] and z £[z]. Moreover, since [xyyi,] and [xz] are U-
semigroups (xyyt)° = (xz)a for a any positive real number. Since a character-
ization of the semigroup of [x][y] is known Borrego, Cohen and DeVun
(1971b) we know we can pick a positive real number /3 such that (xyyk)

p = xy

https://doi.org/10.1017/S1446788700016244 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700016244


396 E. E. DeVun [6]

for some i £ [ j t ] with x > x. Now xy = (xyVk)*3 = (x£)" = x"z" for some
x"E. [x] and z " £ [z]. Let u G [x] with ux = x. Then

xz = xy = uxy = ux"z" G [ x ] [z].

By the uniqueness of representation of the subsemigroup [x] [z] we get z" = z
and ux" = x = ux, hence x" = x. Thus xy = xz with x > x. Thus y = 2.

COROLLARY 2.3. f/S is a compact uniquely divisible semigroup and for all
x, y G S, [x] [y] = [y] [x], then T = S - {0} is cancellative.

The following example shows that there are compact uniquely divisible
semigroups S with E(S) = {0,1} = / / and T = S - {0} cancellative, but
[x] [y] ^ [y] [x] for some x, y G S. Another example having this property has
been given by Hinman (1971).

EXAMPLE 2.4. Let S be the one point compactification of the product of

the semigroups R and U where R = I (" A 0 < a ^ 1, a + b ^ 1, b ^ o |

with the relative topology of the plane and usual matrix multiplication and
U = (0,1] with the usual topology and multiplication. Then S is a compact
uniquely divisible semigroup with E(S) = {0,1} = H and T = S - {0} cancella-
tive, but [x][y] ?^[y][x] when

x = ([o iH and y = Uo i y

LEMMA 2.5. / / S satisfies the conditions of 2.3, tften i/ x, y, w G S - {0,1}
[x] [y ] - {0} is left reversible and not right reversible, then [x] [w] - {0} is

left reversible.

PROOF. Suppose [x][w]-{0} is right reversible and not left reversible.
Then for every x, G [x]-{0,1}, w , G w - { 0 , 1 } there exist x2G [x]-{0,1},
w2 G [w] - {0,1} with w2 > w,, x, > x2, and x, w, = w2x2. However, for each
x , G [ x ] - { 0 , l } , y , G [ y ] - { 0 , l } there exist x3G [x]-{0,1}, y 2 G[y ] -{0 , l }
with y, > y2, x 3 > x, and x,y, = y2x3. From the hypothesis [x] [yw] = [yw] [x],
so x(yw) = (y'w')x for some (y'w')G [yw] and x G [x]. But it is impossible
for y 'w 'G [yw] with y > y 'and w ' > w. Thus [x] [w] -{0} is left reversible.

The above argument shows w>w'. Thus it is impossible to have
elements p,qGS with the property that [p] [q] is right reversible and not left
reversible.

THEOREM 2.6. / / S satisfies the hypothesis of 2.3, then T = S - {0} is right
reversible or left reversible.
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PROOF. From 2.5 we may assume the semigroup [x][y] — {0} is left
reversible for all x,yET. Let w, z £ T. Then w([w] [z] -{0})n
z([w][z]-{O})^0. Thus wTHzT^0. So T is left reversible.

Thus one can see that if T = S - {0} and S satisfies the hypotheses of 2.6
and appropriate Euclidian conditions, then T is embedded in a Lie group.

3. Reversibility in unique products

In this section we shall show that if S is the unique product of
17-semigroups S,,S2, • • •, Sn where SiS,-{0} is left (right) reversible, then
T = S - {0} is left (right) reversible and S is uniquely divisible. The key to this
problem lies in the solution for n = 3. By direct computations we obtained the
following results for n = 3. The calculations concerning (2) can be found in
DeVun (to appear).

Let S be the unique product of (/-semigroups S,, S2 and S3.
(1). If S2 is normal in S]52 and 52 is not normal in S2S3, then we must

have S, normal in S,S2 (S,S2 is commutative), and S3 normal in SiS3.
(2). If S,52 - {0}, S2S3 - {0} and S^S) - {0} are all left (right) reversible and

not right (left) reversible, then [s,s2] [s3] = [s3] [s,s2] for s, £ Su s2 £ S2, and
s3 £ S3.

THEOREM 3.1. If S is the unique product of U-semigroups Si, S2, • • •, Sn

and SiS,•- {0} left (right) reversible for i/j, i, j £{1,2, • • •, n}, then so is
7 = 5 - {0}.

PROOF. By assumption the result holds for k =2. Assume the result

holds for k = n - 1. We will show the result holds for k = n. Let s,tGT with

s = 5,52 • • • sn, t = t,t2 • • • tn with sh u £ S, for i £ {1,2, • • •, n} and f, S s,. For

each Wi £ S, and z, £ S, there exist W\ELS, and z j £ S, such that w,Zi = z'tw\.

Since zy—»0 implies zj—>0, by the continuity of multiplication we can select

z, £ S, such that sz, = tiUiui • • • u'n with M J £ S,. Hence

sTntTDsutTntT= tiu'2u'3- • • u'nT n tit2- • • tnT/ 0

if « ; « ; • • • u'nTnt2t3-- • tnT^0. However,

M2M.3 •••u'nTD t2h ••tnTDu2u
1;--- « : ( 5 2 5 3 • • • Sn - {0})

So our results hold.
Note that under the conditions of 3.1, T is embedded in a Lie group.

THEOREM 3.2. // S satisfies the conditions of 3.1, then S is uniquely
divisible.
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PROOF. In Borrego, Cohen and DeVun (1971b) the result was shown for
k -2. Assume the result holds for (n - 1) products. Now S is clearly divisible
since the map s -» s" sends the boundary of S onto the boundary of S. To
show S is uniquely divisible we distinguish three cases.

CASE 1. Suppose StSj -{0} is left reversible and not right reversible for
each pair i^ j , i, j £ {1,2, • • •, n}. Let s, t £ S — {0} with s"1 = tm for some
positive integer m, and s = s,s2 • • • sn, t = t,t2- • • tn with s,, u £ S,
z £ {1,2, • • •, n}. From the discussion preceding 3.1 we get

S m = Si(s2S3- • • « » ) • • • S i ( s 2 S v • • « „ ) = S^(S2S3- • • $ „ ) " ,

and

r = r,(r2r3 • • • ? „ ) - • • r,(r2f3 • • • fn) = t\(t2h- • • tn)
u.

Thus sp
x = t\ and (s2s3 • • • sn)

q = (r2f3 • • • tn)
u. Thus s, = r;/p and s2s3- • • sn =

(fefa-'-f,.)""'. So s, / G [ s 1 ] [ 5 2 s 3 - - - 5 n ] = [/i][r2/3- • • tn] with sm = fm. But

[•Si] [s2s3 • • • sn] is uniquely divisible Borrego, Cohen and DeVun (1971b), and

we get s = t.

CASE 2. Suppose there exists"/,/ G {1,2, • • • , « } zV / with S, is normal in

SiS, but Si does not commute with S,. From the discussion preceding 3.1 we

have for each k G {1,2, • • •, n}, S> is normal in S,St. Thus for k £ {1,2, • • •, n}

with sk £ Sk and s, £ S, there exists s j £ S , such that skSi = s',sk. Now let

s, t £ S - {0} with sm = tm. Set s = s,s2 • • • sn and t = f,/2 • • • /„ with 5i, /, £ S,,

/ £ { 1 , 2 , - • - , « } . Then

Sm = (S,S2 • • • Sn-iSjSi + i • • • « „ ) • • • ( 5 i 5 2 • • • S J - ^ S J - M • • • 5 n )

= Sj(S\S2 " • • Sj-iSj + i ' ' ' Sn)

and
f " = 0 , t 2 • • • t i - J i t j * , • • • / „ ) • • • ( t t h • • • t i - x t j t j + x • • • / „ )

for appropriate real numbers a and /3. Since

( S , 5 2 • • • Sj-iSi + i • • • Sn)m = (t,t2 • • • t,-itl + i • • • tn)m

we get

S\S2 ' ' ' Sj-iSj + x ' ' ' Sn
 = t\t2 ' ' ' tj-]tJ + \ tn-

However, this implies s, = tr So s = t.
CASE 3. Suppose there exists /,/ £ {1,2, • • •, n}, zV / with S, commuting

with St Then for each k £ {1,2, • • •, n} we must have S, commute with Si or
S, commutes with Sk. Let S,,, S,2, • • •, Sik commute with S, alone, Sn, Sj2 • • • S,,
commute with S, alone, and SqU Sq2, • • • ,Sq, commute with both S{ and S,.
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Using the results of (1) and lemma 1.5 several times one sees that for all
t £ {1,2, • • •, r} Sq, commutes with S,u and Sjv for all u £ {1,2, • • •, k) and
v £ {1,2, • • • , / } . Since Sq, commutes with S,(Si), and S,(Sj) does not commute
Sjv(Siu), Sq, must commute with Siv(Siu). Also S,u commutes with Sio for all
u £ {1,2, • • •, k} and v £ {1,2, • • •, /}. This can be seen since 5iu commutes
with Sf, Sjv does not commute with S,, so Sju must commute with Siv. Now let
s, t G S - {0} with sm = tm and

5 = Sj(Sj,, S,2, • • • ,

and

t = t,(tnt,2 • • • tik)t,{tati2 • • • t,,)(tqltq2 • • • tql),

s,, t, G S,; %„ tjv £ Sjv; s;> t, £ S,; slu, tiu £ Siu; s,,, tq, £ S,,. Then

= (t,{tiitl2 • • • tik))
m (r;(ft,fl2 • • • ri,))

m(^,f<?2 • • • V ) m

Since each of the components is uniquely divisible s = t. This completes the
proof.

Finally, it can be seen in Brown and Friedburg (1968) that S may be a
commutative uniquely divisible semigroup without being a unique product.
Thus the converse of 3.2 is false.
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