4
Analysis in L*(R?)

In this chapter we describe basic properties of operators acting on L?(R?). After
a preliminary Sect. 4.1, we will study the Weyl commutation relations and prove
the famous Stone-von Neumann uniqueness theorem. Then we define the so-
called x, D-quantization, with position to the left and the momentum to the
right. We will compare it to the D, z-quantization, which uses the reverse order of
position and momentum. The Weyl-Wigner quantization, in some sense superior
to the z, D- and D, z-quantizations, will be introduced in Chap. 8, which can be
viewed as a continuation of the present chapter.

4.1 Distributions and the Fourier transformation

Throughout this section, X" is a real vector space of dimension d with a Lebesgue
measure dr. As in Subsect. 3.6.5, the dual space X* is then equipped with a
canonical Lebesgue measure, which we denote d¢. If additionally X" is equipped
with a Fuclidean structure, we take dx to be the unique compatible Lebesgue
measure (see Subsect. 3.6.5).

4.1.1 Dastributions
Let € be an open subset of X.

Definition 4.1 C>(Q) denotes the space of smooth functions compactly sup-
ported in Q. We equip C(Q) with the usual topology and rename it D(L).
D'(R2) denotes its topological dual. Elements of D'(Q) are called distributions.

A large class of distributions in D’(£) is given by functions f € L| () with
the action on ® € C°(Q) given by

(#18) = [ f@()ds, (1.1)

We will use the integral notation on the r.h.s. of (4.1) also in the case of distribu-
tions that do not belong to L{. (). Here are some examples with Q = X = R:

loc

/ S()D(t)dt := B(0),

/ (¢ 10 (1)t 5= lim / (£ + i) D(1)dt.
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4.1 Distributions and the Fourier transformation 93

4.1.2 Pullback of distributions
Let x : Q1 — Q, be a diffeomorphism between two open sets Q; C R?, i =1,2.
Definition 4.2 One defines the pullback x* : D'(Qy) — D' () by

/X# f(x)®(2z1)day := /f(.l?g)(b ox M (xz)|det VX! (x9)|dze, ® € D().

Clearly, if f € LL _(Q2), then x* f(x1) = f o x(x1).

The pullback of distributions can be generalized to a large class of transforma-
tions between sets of different dimension. Let ©; € R% , i = 1,2, be two open sets
and 7 : Q1 — Q9 a submersion, that is, a smooth map whose derivative is every-
where surjective. We can find an open set Q3 C R =% and a diffeomorphism
x : Q1 — Qo x Q3 such that

TQ, OX =T, (42)
where 7, is the projection onto 2. We then define the map 7# : D'(Qy) —
D'(Q) as

=X (fel),
where we consider f ® 1 as an element of D’'(£2s X 3). One can show that 7# is

independent on the choice of x satisfying (4.2).

Definition 4.3 The map 7" : D'(Qy) — D'(Q) is also called the pullback of
distributions.

In particular, if f € L{ (Q2), then

/T#f(xl)é(xl)dxl = /fOT(.’El)CD(l'l)del. (4.3)

We will use the notation of the r.h.s. of (4.3) also for the pullback of distributions
that do not belong to L{. .(Q2). For instance,

[amema= Y 7)1 e,

T(s)=0
4.1.83 Schwartz functions and distributions
Definition 4.4 The space of Schwartz functions on X is defined as
S(X):={¥eC>®X) : [|[2°ViU(z)]’dz < o0, €N}, (4.4)

(In the definition we use an identification of X with R?. Tt is clear that S(X)
does not depend on this identification.)

Remark 4.5 The definition (4.4) is equivalent to

={¥eC>®X) : [2°VIU(2)| <capy, a,BeN} (4.5)
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94 Analysis in L? (R?)

The definition (4.5) is more common in the literature, even though one can argue
that (4.4) is more natural.

Definition 4.6 On S(X) we introduce semi-norms

.L
W= ( [ e V2@ az)
which make it into a Fréchet space. S8'(X) denotes its topological dual.

Note that we have continuous inclusions

D(X) c S(X) c L*(X) c S'(X) c D'(X).

4.1.4 Derivatives

Let f be a complex function on X. Recall from the real case of Def. 2.50 (1) that
the derivative of f at xy € X in the direction q € X is defined by

GV () = i +0)], (16)

Proposition 4.7 The derivative of a C! function at a point is a complex linear
functional on X, that is, V. f(xy) € CX?*.

Definition 4.8 If f € C?(X,R), its Hessian at ¥y € X is denoted V;(,;Q)f(xo) €
Ly(X,X*) and defined by
2
Rvid _—
@V f@o)a = g

If ( € Ly(X*,X), then V,-(V, denotes the corresponding differential operator:
Vo (Ve f(wo) = Tr (V) f(2).

If X is a Fuclidean space with the scalar product denoted by x - xo, then
V.V, =V2=A, stands for the Laplacian.

flxo+tiqn +t2(12)|t]:f,2:0a q,q € X.

4.1.5 Complex derivatives

Let Z be a complex vector space. Let f be a complex function on Z.

Definition 4.9 The holomorphic, resp. anti-holomorphic derivative of f at zy €
Z in the direction of w € Z, resp. W € Z is defined by

WV f(20) = Bk (e ) 1 (o i) |,
TV (c0) = 5k (F e + ) 8 (20 + i) |,

Proposition 4.10 The holomorphic, resp. anti-holomorphic derivative of a
C' function at a point is a linear, resp. anti-linear functional on Z, that is,
V.[f(20) € 2%, resp. V=f(z) € Z .
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Recall from the complex case of Def. 2.50 (1) that f possesses a (complex)
derivative at zy in the direction of w if there exists the limit

u—0 u

where u is a complex parameter.

Definition 4.11 Assume that Z is finite-dimensional and let U C Z be an open
set. We say that f : U — C is holomorphic in U if it possesses a complex deriva-
tive at each zg € U.

Proposition 4.12 A function f:U — C is holomorphic iff f € LL (U) and

loc

Vzf =0in U in the distribution sense. Then (4.7) equals w-V, f(29).

We consider also the realification of Z, denoted Zg, where the multiplication
by i is denoted by j.

Let V¥ denote the usual (real) derivative on Zg. We can express the holomor-
phic and anti-holomorphic derivative in terms of the real derivative:

1
w-V, = 3 (w-V]E — i(jw)~VH§) ,
1
Wz = 5 (wVE +i(jw)VI),
w-V, + Vs = w-VE. (4.8)

(On the left w is treated as an element of Z and on the right w as a real vector
in ZR.)

Note that if we make the identification Zg > w +— (w,w) € Z @ Z, as in (1.31),
then (4.8) can be written as V, + V- = VE.

4.1.6 Position and momentum operators
Definition 4.13 Forn e X* and ¢ € X we set

(n-z¥)(x) := na¥(z), Dom nx:= {\IJ cL*(X): /|77'x|2|\11(1')\2dx < oo} ,
(¢-DY)(z) := —ig-V¥(x), Dom ¢-D := {\If € L*(X): /|q-Vx\I/(a:)|2da:<oo}.

n-x and q¢-D are called respectively position and momentum operators and are
self-adjoint operators.

Remark 4.14 In the formulas above the symbol x is used with as many as three
different meanings:

(1) as an element of the space X, e.g. in ¥(x) or in n-x on the right of :=;
(2) as the name of the “generic variable in X7; e.g. in dx or V,;
(3) as a vector of self-adjoint operators, e.g. in n-x on the left of :=.
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96 Analysis in L? (R?)

This ambiguous usage of the same symbol, although sometimes confusing, seems
to be difficult to avoid and is often employed. Sometimes one tries to differentiate
the third meaning by decorating x in some way, e.g. writing &.

Proposition 4.15 The Schwartz space S(X) is the largest subspace of L*(X)
contained in the domain of position and momentum operators and preserved by
all the operators n-x and q-D.

The operator n-x and ¢-D, viewed as operators on S(X), satisfy the so-called
Heisenberg commutation relations:

[m-w,me-z] = [q1-D,q2-D] =0,  [n-w,q-D] = in-ql. (4.9)

Definition 4.16 The algebra of differential operators with polynomial coeffi-
cients will be denoted CCRP*' (X* @ X).

Elements of CCRP®!/(X# @ X) act naturally on S(X). By duality, they also act
on §'(X).

Remark 4.17 In Subsect. 8.8.1 we will define a more general class of algebras,
denoted CCRpOl(y), where Y is a symplectic space.

Remark 4.18 The algebra CCRP®/(X* & X) is sometimes called the Weyl alge-
bra. However, we prefer to use this name for a different class of algebras; see
Subsect. 8.3.5.

4.1.7 Fourier transformation

Definition 4.19 We denote by Coo (X) the Banach space of continuous functions
on X tending to 0 at co.

Definition 4.20 For f € L'(X) the Fourier transform of f, denoted either Ff
or f, is given by the formula

f©) = [ e a
It is well known that F extends to a unique bounded operator from L*(X, dz)
to L2(X*,d¢), where d€ is the dual Lebesgue measure on X'#.

The Riemann-Lebesgue lemma says that if f € L'(X), then f € Coo (X*#).
(27T)_%.7: is unitary, and we have the Fourier inversion formula

f(z) = (2m)~ / f(e)ein .

The space S(X) is mapped by F continuously onto S(X*#). F can be extended
to a unique continuous linear map from &’(X’) onto S'(X*).
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4.1.8 Gaussian integrals
Let v € Ly(X, X*) be positive definite. Let n € CX*. Then
1

(2%)_% /e_%m"’a’“"‘”dx = (det v)"Tertv . (4.10)

Note that the determinant det v is defined w.r.t. the Lebesgue measure dx (see
Subsect. 3.6.6). In particular, if f(z) = e"ITVT then
F(&) = (2m)% (detv)~Fe 36 '€ (4.11)

If v € Ly(X, X*) is not necessarily positive definite and n € X#, then

R—o0

. _d Loyr+in- L iy _ip.t
lim (27)72 / e VI dy = |det v| " Ter ™M VeV 0, (4.12)
lz|<R

In particular, if g(x) = eF?Ve then
§(6) = (2m) et T (det ) "Fem 6V L,

We will sometimes abuse the notation and write det(—iv)~z for
|det1/|*%efﬂinerty.

4.1.9 Gaussian integrals for complex variables

Let Z be a complex space of dimension d. Recall from Subsect. 3.6.9 that the
integral of a function Z 3 z — F(z) over Z is interpreted as the integral of the
pullback of F' by

Z2zw (2,Z) €ERe(Z® 2)

on the space Re(Z @ Z), and i~?dzdz is used as the standard volume form.
Let us translate formula (4.10) into the context of complex variables. Let
8 € Ly(Z, Z*) be positive definite, and wy,wy € Z*. Then

(2mi)~¢ / e TP W TR 2 gz, — (det B)Le™ P T2 (4.13)

where det 8 is computed w.r.t. the volume form dz.

Let us explain the proof of (4.13). As mentioned above, the integral in (4.13)
is interpreted as an integral on the real vector space Re(Z @ Z). We choose
any scalar product on Z compatible with dz. Note from Subsect. 3.6.9 that
the volume form i~?dzdz is compatible with the Euclidean scalar product on
Re(Z @ Z). We identify 3 with an element of L(Z) using the unitary structure
of Z. Then, setting

v=1(2,%), m=2d, dv=i"%dzdz,

V= [gg] , &= (w1,Wy) € CRe(Z® Z) ~CRe(Z® 2)*,
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we see that (4.13) reduces to (4.10). To compute the determinant of v as an
operator on Re(Z @ Z), we use that

detv = det ve = det fdet 8 = det fdet 8 = det 32,

since 8 = 3*. Then (4.13) follows from (4.10).

4.1.10 Convolution operators

Definition 4.21 If f € §'(X), U € S(X), then their convolution product f x ¥
is defined by

fx¥(x /fx—xl U(z;)dez.
We have

F(fx¥) = (FHFY).
Recall that D = %Vm is a vector of commuting self-adjoint operators. Note that
FDF~! = ¢ where ¢ is the operator of multiplication by ¢ € X# on L*(X*).
Note the identities
FD)U(@) = (2m)" [ e () w(y)dedy
(2m)~ /f —2)¥(y)dy, feSXx*).
If v € Ly(X*, X), then

efiD VD,\II( )762 er\:[j( ) (414)

1

= (27r)_%(det v)"z /e_é(‘”_“’*)'”71<”’_"71)\11(x1)dm1.
As a consequence, we obtain the following identity for ¥ € CPoly(X):
(27‘(‘)7% /\I/(x)efé’”'”dx = |detv|? (e%’v"fI Ve \IJ) (0). (4.15)
As an example of (4.14) let us note
e P Deg(z,6) = (zm)—d/ =) )W (g, € )da

Let us write the analog of (4.14) on a complex space Z of dimension d, for
BeL(Z,2Z%) and 8 > 0:

eV VI (Z, 2) = (2mi) % (det B) / oG (7 2 )7 dy. (4.16)
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4.1.11 Sesquilinear forms on S(X)

Definition 4.22 A € B(L2 (X)) is called an S-type operator if it is given by an
integral kernel in S(X x X), that is, there exists A(-,-) € S(X x X) such that

V() i= [ Alw.)¥()dy.
The set of S-type operators is denoted CCRS (X* @& X).

Definition 4.23 Continuous linear functionals on CCR®(X* & X) are called
S'-type forms. Their space is denoted by CCR® (X* & X).

Clearly, elements of CCRS'(X# @ X) are represented by distributions in
S'(X ® X). We have the obvious pairing for B € CCR® (X* @ X) and A €
CCRS(X* @ X):

B(A) ://B(x,y)A(x7y)dxdy.
Let
CCR®(X* @ X) > A B(A) e C (4.17)
be an S’-type form. Clearly, for any ¥, Uy € S(X), the operator |¥y)(¥|
belongs to CCRS(X# & X). Thus we obtain a sesquilinear form
S(X) x S(X) 3 (¥1,¥y) — B(|¥,)(¥]) € C. (4.18)

We can interpret (4.18) as the action of B¥y on Wy, where B is a continuous
linear map from S(X) to S’(X). Thus (4.18) can be written as (U1|B¥,). We
call it the “operator notation for (4.18)”, and we will use it henceforth.

We can write

CCRS(X* ® X) C B(L*(X)) C CCRS (X* & X).

Theorem 4.24 (The Schwartz kernel theorem) B is a continuous linear trans-
formation from S(X) to 8'(X) iff B belongs to CCRS (X* @ X), that is, iff there
exists a distribution B(-,-) € S'(X & X) such that

(\Ifl |B\IJQ) = / \111 (ml)B(xl s xg)\:[lg (I'Q)dxldl'Q, \Ifl s \IJQ S S(X)
Definition 4.25 The distribution B(-,-) € §'(X & X) is called the distributional
kernel of the transformation B.

Definition 4.26 We define the adjoint form B* by (V1|B*Uy) = (¥9|BYy). If
By or B are continuous operators on S(X), then we can define By o By as an
element of CCRS (X* & X) by

(\Ijl‘BQ O Bl\pg) = (\Ifl‘Bg(Blll’)), or (\I/1|B2 e} quIQ) = (BS\IJ|B1\I/)
In particular this is possible if By or By € CCRPOI(X# e X).
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4.1.12 Hilbert—Schmidt and trace-class operators on L*(X)

Note that B € B2(L?(X)) iff the distributional kernel of B belongs to L?(X @&
X). Moreover, if By, By € B?(L*(X)), then

TI‘BTBQ :/Bl(xg,xl)Bg(arl,xg)dxldxg.

Consider a trace-class operator B € B!(L*(X)). On the formal level we have
the formula

TrB :/B(x,m)dx.

The following theorem gives some of many possible rigorous versions of the above
identity:

Theorem 4.27 (1) If B € CCRS(X* @ X), then
TrB = /B(z,x)d:z:.

(2) Fiz an arbitrary Euclidean structure on X. If B € BY(L*(X)) then

TrB = 11\H(1)(27T/6)% /e*?m*I:’)?B(xl,xg)dxldxg.

Proof (1) is left to the reader. To prove (2) we set P, := e~50° Note that
0<P.<1 and w — lirréR = 1. By Subsect. 2.2.6, we know that TrB =

hII(l] Tr(P.B) = lim Tr(P, )2 BP,5). By (4.14), P, has the kernel

e—0

(2me) o2 (e mm2)”,
and P, /3 BP, /5 has kernel B x T, where T¢ (71, 22) = (ﬂe)*de*%m*zg). Now B %
T. € S(X @ X), and by (1) we get
Te(P. /2 BP.)y) = (me) ™" /e*%wﬂwzf%(r*xﬂzB(zl,IQ)dxlda:de.

Next we use (4.14) and the fact that e~ iD%e=0" = ¢=5D” to perform the inte-

gral in z, which yields

Tr(P./yBP,)3) = (2me) "¢ /e—%m—WB(xl,xQ)dxlde. O

4.2 Weyl operators

As in the previous section, X is a finite-dimensional real vector space with the
Lebesgue measure dz.

The Heisenberg commutation relations (4.9) involve two unbounded operators:
position and momentum. This makes them problematic as rigorous statements.
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In the early period of quantum mechanics Weyl noticed that for many purposes it
is preferable to replace the Heisenberg commutation relations by relations involv-
ing the unitary groups generated by the position and momentum, since then
called the Weyl commutation relations. These relations involve only bounded
operators, hence their meaning is clear. On the formal level they are equivalent
to the Heisenberg relations.

Linear combinations of the position and the momentum are self-adjoint. Their
exponentials are often called Weyl operators. They are very useful in quantum
mechanics.

One of the central results of mathematical foundations of quantum mechanics
is the Stone—von Neumann theorem, which says that the properties of the position
and momentum, up to a unitary equivalence, are essentially determined by the
Weyl relations.

4.2.1 Definition of Weyl operators
Let us consider the one-parameter unitary groups on L?(X)
X* 5T e U(LX(X)),
X3qm P eU(L*(X))
generated by the position and the momentum operators.

Theorem 4.28 Let n € A%, g € X. We have the so-called Weyl commutation
relations,

em-:zceI(I'D — e—lﬂ'quI'Dem‘-T/. (419)

The operator n-x + q-D is essentially self-adjoint on S(X). For ¥ € L?(X) we
have

STt ED)Ny () = e ITITY (1 4 g). (4.20)
Moreover, the following identities are true:
ellrataeD) — e%’"‘qei”'“ei‘{‘D = e_%’”'qeiq'Def”'gz (4.21)
— et D ot — okq-DginwotaD
Proof Clearly, we have
1P (z) = V(x + q).

This easily implies (4.19).
Define

P42
U (t) = ezt K qelt" Jseltq D7
or

Ut)¥(z) = e%t277'Q+itn‘m\I/(a: +tq).
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We compute
U ()Y =i(nx + ¢D)U(t)T, ¥ e S(X).
Clearly, it ¥ € S(X), then U(t)¥ € S(X) for all ¢. Therefore, by Nelson’s invari-
ant domain theorem, Thm. 2.74 (2),
U(t) _ eit(r]'.z'+q~D)

and S(X) is a core of n-x + ¢-D. This implies (4.20).
The identities (4.21) follow from (4.20). O

Theorem 4.29 If B € B(LZ(X)) commutes with all operators in

{ere, 1P s peXxt, ge X}, (4.22)
then B is proportional to identity. In other words, the set (4.22) is irreducible in
B(L2 (X)) .

Proof L% (X), identified with multiplication operators in L?(X), is a maximal
Abelian algebra in B(LQ(X )) By the Fourier transformation, linear combina-
tions of operators of the form €% are #-weakly dense in L*>°(X). Hence if B
commutes with all operators 7% it has to be of the form f(z) with f € L°°(X).

We have ¢'7? f(z)e P = f(z + ¢). Hence if f(x) commutes with ¢'??, then
flx+q) = f(z). If this is the case for all ¢ € X, f has to be constant. O

Theorem 4.30 Let ¥ € L*(X). Then ¥ € S(X) iff
Xt QXD (n,q) — (P71 W) (4.23)
belongs to S(X* @ X).

Proof (4.23) is a partial Fourier transform of the function X & X 3 (z,q) —
W (x)¥(x + q). Thus (4.23) belongs to S(X* @ &) iff U(z)¥(z + ¢) belongs to
S(X @ X), which is equivalent to ¥ € S(X). O

4.2.2 Quantum Fourier transform

Operators can be represented as an integral of 7' %¢l¢"P | This fact resembles the
Fourier transformation; therefore we call it the quantum Fourier transformation.

The following proposition will be used in our analysis of the x, D and Weyl
quantizations:

Proposition 4.31 (1) Let w € L'(X* & X). Then the operator
(2m)~¢ / w(n, q)e e’ dndg (4.24)

belongs to Boo(L?(X)) and is bounded by (27)~¢|w]|; .
(2) Let B € BY(L?(X)). Then the function

w(n,q) = Tr Be 1P e71 (4.25)
belongs to Coo(X* ® X) and is bounded by Tr|B]|.
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(3) If B € BY(L*(X)) and w is defined by (4.25), then

B=(2m)"" /w(n,q)ei”"’”eiq'andq, (4.26)

as a quadratic form identity on S(X).
(4) If, moreover, w € L*(X* @ X), then (4.26) is an operator identity on L*(X).

Remark 4.32 Note that (4.26) follows from the following formal identity:
Trel”#eld D = (27r)d(5(77)6(q).

Proof (1) Let w, € S(X* & X) be a sequence such that w,, — w in L' (X* & X)
and

B, = (27T)_d/wn (n,q)ei”'xeiq'andq.

Then the integral kernel of B,, belongs to S(X), hence B,, is Hilbert—Schmidt.
Besides, B, — B in B(LQ(X)); therefore B is compact as the norm limit of
compact operators.

(2) The map X* @& X > (n,q) — e 0"Pe™* € B(L*(X)) is continuous for the
weak topology and e 4" Pe~1"% tends weakly to 0 when (1, q) — oo. This easily
implies that w € Coo (X" @ X).

(3) Let us fix ¥ € S(X). It is enough to show that

(¥15) = (2x)* [ wn, o) (Ul e W)y (4.27)

For B of finite rank, (4.27) follows by a direct computation. Let us extend it
to B of trace class.
From (2) we know that the map

BY(L*(X)) 2 B w € Coo (X" @ X)

is continuous. Clearly, (n,q) +— (¥]e"%e?P W) belongs to S(X* & X). The
maps

BYL*(X)) > B — (¥|BY),
Coo(X* ©X) 3w — (27)7¢ /w(n,q)(\I/|ei7"weiq'D\If)d77dq

are continuous. Hence we can extend (4.27) to an arbitrary B € B(L*(X)) by

density.
(4) Clearly, if we L'(X* @ X), the r.h.s. of (4.26) is a norm convergent
integral. O

Proposition 4.33 Let us equip X with a Euclidean structure. Let Py :=
|®0)(Pg|, where @y € L?(X) is given by
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(1) P W,

(2) T Poe f( = Py [ f(a)de, for f € L'(X),
(3) y = (271_ dfean 7Tq +12q7]el7]x ig- Dd?]dq
(4) Span“l{emz 4Dy, ne Xt ge X} =L*X).

Proof (1) is immediate, since [®f|=1. To prove (3), we note that
e " Pje14'D has the kernel 71'_;"e_%;‘le‘”’we_%(“‘nz7 which belongs to
S(X @ X). Hence, by Thm. 4.27,

—in-z _—iqg- _d _ 1,2 L2 124 0.
Tr(Pye ""e Py =7 2/e eI gy (0 a) g — o~ F T Fa g

Then we apply Prop. 4.31. (2) and (4) are left to the reader. O

4.2.3 Stone—von Neumann theorem

Theorem 4.34 (Stone-von Neumann theorem) Suppose that X is a finite-
dimensional vector space and we are given a pair of strongly continuous unitary
representations of the Abelian groups X* and X on a Hilbert space H,

X" 5n = V(n) e UH),
X 3q—T(q) e UH),

satisfying the Weyl commutation relations
V(T (q) = e T (q)V (n).
Then there exists a Hilbert space KC and a unitary operator
U:L*(X)@K —H
such that
V(U =Ue"* @ 1,

T(qQ)U = Ue? @ l.

Proof Step 1. Clearly, the groups V(n) and T'(¢) can be written as

V(n) =€, T(q)=e"7,
for some vectors of self-adjoint operators on H, & and D. We can define

Py = (27r)—‘1/e—%ffz—%q2+%n-qeinieiqﬁdndq

= (27r)*d/e =k *%"‘qeiq'bei"'jdndq, (4.28)
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and I := Ran Fy. The definition of F} is suggested by Prop. 4.33. The identities
of Prop. 4.33 are true for Py defined in (4.28), since they only rely on the Weyl
commutation relations. Hence we get

Py=P; = PZ,
77 Pye’ f(3)Py = Py /f(x)dx, ferLl'(x). (4.29)
Step 2. Let
Ud @V :=rTer™ &)U, for ® € S(X), ¥ e K.
(Note that, by (4.29), f € L2(X) implies 2% f(#)Py € B(H).) We have

U1 @V |UD, @ W) = 77%(‘1’1|ei2¢’1(~)‘1)2(~)‘1’2)
T(U, |Rye® By (2) Dy (2) Py Us)

- <\If1|%>/¢1< s ()

by (4.29). Hence U uniquely extends to an isometry from L?(X) ® K into H.
Step 3. We prove that U intertwines the Weyl commutation relations. To this
end, using (4.29), we first obtain

=T

Q1D Py = ¢=17 -4’ Py (4.30)
Thus, for ¥ € I,
1Dy — o=0i-50"
Hence
d1IPUD @ W = nieltDer® O(F)W
= nier(@+a)’ O (7 + q)ei‘l'f)\ll
P O(F4q)¥ =U 1P IR
It is easier to check that U intertwines the position operators:
MIUD @ W =TTt Y(7)D = U TP @ T,
Step 4. Finally, let us show that U is surJectlve Clearly, if ¥ € K, then U®y ®
VU = U, where we recall that &y =7~ fe~77 Hence K C RanU. Thus, using

Prop. 4.33 (3) and the intertwining property of U, it is enough to show that the
span of

{ei""ieiq'D\Il :neX?, geX, VeK} (4.31)

is dense in H. i

Let =€ H and f(n,q) := (Ele"7e!?P=). Assume that = is orthogonal to
(4.31). Then

0= (""ei7/~.’i‘ iq~ﬁP e—in L —ig-D

(2m) dfd(hd??lf(??h(h)

=),
=
1
IT

- =im-a+ilem —n-a)—ien
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By the properties of the Fourier transformation, f(n,q) =0 a.e. (almost every-
where). But (1,q) — f(n,q) is a continuous function and f(0,0) = ||Z|*. So
=2=0. O

4.3 x, D-quantization

As in both previous sections, X is a finite-dimensional real vector space with the
Lebesgue measure dz.

Looking at operators on L?(X) as a quantization of classical symbols, that is,
of functions on the classical phase space X @ X* | has a long tradition in quantum
physics. In mathematics the usefulness of this point of view seems to have been
discovered much later. Apparently, among pure mathematicians this started with
a paper of Kohn—Nirenberg (1965). The calculus of pseudo-differential operators
introduced in that paper proved to be very successful in the study of partial
differential equations and originated a branch of mathematics called microlocal
analysis.

In this section we discuss the two most naive kinds of quantizations, com-
monly used in the context of partial differential equations — the x, D, and D, z-
quantizations. Other kinds of quantization, in particular the Weyl quantization,
will be discussed later in Chap. 8.

We will start with a discussion of quantization of polynomial symbols, where
certain properties have elementary algebraic proofs. (Actually, these proofs
generalize to the case where the symbols depend polynomially only on, say,
momenta.) The definition of the x, D- and D, z-quantizations has a natural gen-
eralization to a much larger class of symbols, that of tempered distributions,
which we will consider in the following subsection.

4.3.1 Quantization of polynomial symbols

Recall that CCRP°!(X# @ X) denotes the algebra of operators on S(X) generated
by x and D.

Clearly, if f € CPoly(X), then f(z) is well defined as an operator on S(X).
Such operators form a commutative sub-algebra in CCRP® (X* @ X).

Likewise, if g € CPols(X*), then g(D) is well defined as an operator on S(X).
Such operators form another commutative algebra in CCRP!(X# @ X).

Definition 4.35 We define the x, D-quantization, resp. the D, z-quantization
as the maps

CPoly(X @ X*) 3 b — Op™” (b) € CCRPN(X* @ X),
CPol (X ® X*) 3 b+ Op”*(b) € CCR™'(X* @ X),
as follows: if b(x, &) = f(x)g(§), f € CPols(X), g € CPoly(X*), we set

Op™” (b) := f(x)g(D), (4.32)
Op”*(b) := g(D) f (). (4.33)
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We extend the definition to CPols(X @ X*) by linearity.

We will treat the ordering x, D as the standard one. Instead of Op”” (b) one
often uses the notation b(z, D).

Remark 4.36 The x, D-quantization is sometimes called the Kohn—Nirenberg
quantization.

Definition 4.37 The maps inverse to (4.32) and (4.33) are denoted

CCR™ (X" & X) 5 B siy” € CPol (X & X*), (4.34)
CCORP!(X* @ X) 3 B 5" € CPol, (X @ %), (4.35)

and the polynomaials s‘g‘D and sg"r are called the x, D- and D, z-symbols of the
operator B.

Theorem 4.38 (1) If b € CPoly(X & X*), then
op”? (b)* = Op”* (b). (4.36)
(2) If b_,b, € CPoly(X ® X*), and Op”"(b_) = Op™ (by), then
by (x,8) = P+ Peb_(x,€)

= (2m)~¢ / e T €=y (g, €))dadE; . (4.37)

(3) If by, by € CPoly(X @ X*) then Op™ (b))Op™? (by) = Op™ P (b), for

b(z, &) = &P Praby (21, 6)ba (22, 6)

T =Ty =0T,

&s=86&=¢
— (2m)~ / Ty (26 by (21, €)dar dy . (4.38)

The operator eP+P¢ in (4.87) and the similar operator in (4.38) are under-
stood as the sums of differential operators. In the case of this theorem, the
sum is finite, because we deal with polynomial symbols.

The integral formulas in (4.37) and (4.38) should be understood in the
sense of oscillatory integrals.
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Proof To prove (4.37) it is sufficient to consider monomials. By a simple com-
binatorial argument,

(m-x) - (mn-z)(q1-D) - (g D)

min(n,m)

Z Z Z (i a5 ) - (Wi -a5,)

i <--<ir  distinct ji,....5

X 1T (¢:-D) 11 (mi-)
ie{l,...om\{j1,...jr } ie{l,....,n\{i1,....ix }

min(n,m)

=OpD"”< > %(—ivz-vg)k(qrf)'-~(qm-§)(m~x)~-~(77n~x))~

k=0

(4.38) follows easily from (4.37). In fact, it is enough to assume that b;(z,£) =
fi(2)gi(§). Set a(z,£) = fo(x)g1(£). Then

Op” " (b1)Op™” (by) = f1(x)Op”** (a)g2 (D)
= fi(2)0p"” (b)g2(D) = b(, D),

where
b(x, &) =e Ve Vea(n,€),  b(z,&) = fi(x)b(x,€)g (&)
O

Formulas (4.37) and (4.38) follow also (in a much larger generality) from inte-
gral formulas considered in the next subsection.

The following formula is a version of Wick’s theorem. It follows from (4.38).
We will see similar theorems later on for other quantizations.

Theorem 4.39 Let by,...,b,,b € CPoly(X ® X*) and
b(x, D) = by (z,D) -+ b, (z, D).
Then

b(a.&) = exp (13 DD, Jbu(1,60) - buln &),

i<j

4.3.2 Quantization of distributional symbols

Recall that CCRS/(X * @ X) denotes the family of operators (or, actually,
quadratic forms on S(X)) whose distributional kernels belong to &'(X x X).
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Definition 4.40 Ifb € S'(X @& X*), then we define Op®? (b) and Op”-*(b) as
the elements of CCRS (X* @ X) whose distributional kernels are

Op™ " (B)(@r,a2) = (2m)™" | blay, e 77 Ede,
X

0P ()2 = (2m) [ ban e (430)
Xt
Theorem 4.41 (1) For b€ CPoly(X & X*) C §'(X & X*), the above defin-
ition coincides with (4.32) and (4.33).
(2) The maps

S(X®X*) 3 b 0p™P(b) € CCRS (X* @ X),
S (X ®X*) 3 b OpP7(b) € CCRY (X* & X)

are bijective. Denote their inverses (symbols) as in (4.34) and (4.35). Then
for B € Op(S'(X & X*)) we have

2P (z, ) = /X Bla,x — y)e €vdy,

576 = [ Blatyaje oy, (4.40)

(3) The formulas (4.36) and (4.87) are true.

(4) The formula (4.38) is true, for instance, if either by € §'(X @ X*) and by €
CPoly(X @ X*), or the other way around.

(5) (4.38) is also true if the Fourier transforms of by and by belong to
LYX* @ X).

(6) We have b(x, D) € B2(L*(X)) iff b € L*(X & X*). Moreover,

Trb(z, D)*a(x, D) = (2r)~¢ /X@X# b(z,€)a(x,£)dzdé, a,be L*(X ©X7).

Proof (2) follows from (4.39) by the inversion of the Fourier transform. (4.37)
follows by combining the first formula of (4.39) with the second formula of
(4.40). O

Example 4.42 Fix a Fuclidean structure in X. Let Py be the orthogonal projec-
tion onto the normalized vector &y = x~Te~z%" (as in Prop. 4.33). The integral
kernel of Py is

1,2 2

Py(z,y) = T re vt TRV

Its x, D- and D, x-symbols are

Sgo’m (1‘, 5) = 2%67%12 7%§2+11.§'
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4.4 Notes

An exposition of the theory of distributions can be found e.g. in Schwartz (1966)
and Gelfand—Vilenkin (1964).

The Stone-von Neumann theorem was announced by Stone in 1930, but the
first published proof was given by von Neumann (1931). Proofs can be found in
Emch (1972) and Bratteli-Robinson (1996).

The =z, D— and D, x— quantization goes back to a paper by Kohn—Nirenberg
(1965).
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