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AN ELEMENTARY PROOF OF ABRAMOV'S RESULT

ON THE ENTROPY OF A FLOWυ

SHUNJI ITO

§1. Preliminaries

Let T be an automorphism on a probability space (Ω,B,P). Given a

finite partition a of Ω, into disjoint measurable sets A19 A2j , An, its

entropy is

(D.I) H(a) = - J^ΛHogΛΛ).

Put

(D.2) h{a,T) = lim
n->co . "

then, the entropy h[T) of T is defined by

(D.3) h{T) = sup/*(<*, T),
a

where the supremum is taken over all finite measurable partitions.

When {Tt} is a measurable flow on a Lebesgue space (Ω,B,P), L.M.

Abramov [2] proved the formula

(F) h{Tt) = \t\h{Tx) for every t^R.

He proved with use of representation of measurable flow and formulas of

entropy of derived automorphism and skew product automorphism. Recently,

G. Maruyama [4] pointed out that measurability for {Tt} can be raplaced by

the continuity of {Tt}.

In this paper we will given a simple proof of (F), when {Tt} is subject

to the continuity assumption

Received April 14, 1969.

!) This paper is chiefly due to Pinsker's work [1].
2 ) aVβ means the partit ion formed by the sets At Π BjAi Gcf,
3 ) According to [3], the limit exists.
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(D.4) limP(TtAAA) = 0 for every A<=B.

In what follow, (Ω,B9P) denotes an arbitrary abstract probability space.

For later use, we will mention the well-known relations for the entropy

[3]:

(1.1) 0<H(alβ),

(1.2) H(aVβlΐ) = H(alT) + H(βlT\/a),

(1.3) if a> β (modO)

then H(alϊ) > H(βlϊ) and H(Πa) < H(Πβ),

(1.4) if T is an automorphism on Ω then H(alβ) = H{TalTβ).

§2. The theorem.

We need the following lemma.

LEMMA. Let {a19a29 ,αM}, {a'l9a
f

29 •,«£} έ^ sequences of finite measur-

able partitions, and ε be an arbitrary positive number.

If HiaίM <ε for i = l,2, -,n, then H{ V αt) - H( V αί) > - we.
z = l ί = l

Proof (1.1) (1.2) and (1.3) together imply

#( V α*) -H(V al)
ί=l i=l

= #(( VffJVίV αί)) - ίί( V α,7 V α4
ί = l i = l ί = l ί = l

- ff(( V α4) V ( V αί) + H( V αt/ V αί)
i = l t = l ί = l i = l

> -H{V all V α4)
i l f l

> - Σ ff(«ί/( V er4) V ("v
A l i l i l

- Σ H(aίlak) > - nε.
k=l

PROPOSITION. If {Tt} is a continuous flow on a probability space (Ω, B, P)

and if a is a finite measurable partition, then

(2.1) ^ 4 r Ha,Tt) = lim-i- h(a,Tt) .
i+o
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Proof. Since

lim H(Tta/a) = lim (H(aVTta) - H{a)) = 0

b y ( D . I ) a n d ( D . 4 ) , for a n y ε > 0 , t h e r e exists a δ>0 s u c h t h a t

(2.2) H(Ttala)<ε for \t\<δ.

On the other hand, if T and t' are arbitrary positive numbers, there exists

an integer n such that T — t' < (w — 1)*'< T. For any ί satisfying 0 < t <

min{δ,t')9 there exists an integer m such that {m —1) t <T < mt.

Consequently, there exists a subsequence {mk}lz\ of 1,2, , w such that

5 for fc = 1,2, , n - l .

From (2.2) one obtains

(2.3) H(Tt,
kalT?*a) = H (Γ^-^α/α) < e.

From Lemma and (2.3) follows

(2.4) HΓVTU) > H*V Tnkta) > HiVTtfa) - nε.
k=0 k = 0 k=0

Then, since limT/m= t and HmT/w = t', on making T->oo in (2.4) divided
T^oo T->oo

by T and in view of (D.2) we have the relation

Since ε is arbitrary and since

h{a,Tt) = h{a,T-t) for all

(2.5) lim-~i-A(a,Te) > jψ-v h{a,Ttr)

holds. We obtain from (2.5),

lim -jγp h{a, Tt) > sup -r—- k(a, Tt/).

Thus, there exists lim-πrr h(a,Tt)ί->o \t\

and

lim -r^p λ(α Tt) = sup - ^ h{a, Tt).
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THEOREM. If {Tt} is a continuous flow, then

h{Tt)= \t\h{Tx) for any real t.

Proof. Define now h{{Tt}) = sup-ĵ -v- h(a, Tδ), where the supremum is
*Φo 1*1

taken over all finite measurable partitions and all non-zero numbers.

On the one hand, from (D.3)

(2.6) h({Tt}) = sup -jl h{Tt)

On the other hand, from (2.1)

(2.7) lim - i - h{Tt) > lim -r^- h(a, Tt)
T^ \t\ T^ό IH

,Tt) for all a.
t^o \t\

According to (2.1),

(2.8) h({Tt}) = sup (lim-^y-A(α,τA

Combining (2.6), (2.7) and (2.8), we obtain

(2.9) lim-^
ί0 \t

Finally by the formula h{Tk) = |Jk|A(Γ) in [3], which holds for any auto-

morphism T and integer k, one gets for any real t (=¥ 0)

h(Tt) n = l , 2 , . . . ,
\t\

so that from (2.9),

2n

A(Tt) = lim A(T t) =

for any real ί (=¥0).

This proves the theorem.

In conclusion I would like to express my thanks to Professor G. Maru-

yama for his encouragement and valuable discussions.
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