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Abstract

We study smoothing of pencils of curves on surfaces with normal crossings. As a consequence we show that the

canonical divisor of M6,= is not pseudoeffective in some range, implying that M12,6, M12,7, M13,4 and M14,3 are

uniruled. We provide upper bounds for the Kodaira dimension of M12,8 and M16. We also show that the moduli

space of (46 + 5)-pointed hyperelliptic curves H6,46+5 is uniruled. Together with a recent result of Schwarz, this

concludes the classification of moduli of pointed hyperelliptic curves with negative Kodaira dimension.

1. Introduction

It has long been established that for 6 ≥ 2, the moduli spaces M6,= are all of general type except for

finitely many pairs (6, =) occurring in relatively low genus. The description of the Kodaira dimension

of M6,= is far from being complete, but it is unknown only for relatively small 6 and =. Since Severi’s

conjecture [Se] was disproved by Harris and Mumford [HM], computing the Kodaira dimension has

become a major task in the study of moduli spaces of curves; see [Se, CR1, CR2, EH1, EH2, BV, F,

FJP, T, FV2] for an account on the results for = = 0, and [Lo, FPo, FV1, Be, BM, KT] for = ≥ 1. In the

range 12 ≤ 6 ≤ 16, there is no known example of a moduli space M6,= of intermediate type. The state

of the art in this range is summarised in the following table:

M12,= M13,= M14,= M15,= M16,=

Uniruled = ≤ 5 = ≤ 3 = ≤ 2 = ≤ 2 Unknown

General Type = ≥ 11 = ≥ 11 = ≥ 10 = ≥ 10 = ≥ 9

Some of the moduli spaces in 12 ≤ 6 ≤ 16 are rationally connected or unirational, with the latest

contributions being [V, BV] and, recently, [KT]. Furthermore, Farkas and Verra [FV2], building on [BV],

very recently showed that M16 is not of general type – that is, the Kodaira dimension is bounded by

dimM16 − 1.

The standard argument in the literature to show that M6,= is uniruled is to start with a general =-

pointed curve and construct a surface ( such that � moves on a pencil with the = marked points in the

base locus. This becomes significantly harder as either 6 or = grows. As an alternative, one can show that
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M6,=

is not pseudoeffective to conclude uniruledness (compare [BDPP]). In the range 5 ≤ 6 ≤ 10, this

was used by Farkas and Verra [FV1] to obtain the uniruledness of M6,= for the highest = known. The

key point in this strategy is the computation of intersection numbers on M6,= with respect to curves in

M6,= arising as a pencil on a smooth surface (. To do so, it is essential to have a complete understanding

of the pencil Γ: our main technical result, Proposition 3.1, is a criterion for smoothing pencils on a

reducible surface (1∪(2. The analysis of the pencil can then be reduced to the two surfaces (8 , where it is

easier.

As a consequence, we have our main contribution to the Kodaira classification of M6,=:

Theorem 1.1. The moduli spaces M12,7, M12,6, M13,4 and M14,3 are uniruled.

Moreover, we can provide the following bound for M12,8:

Theorem 1.2. The Kodaira dimension of M12,8 is bounded by dimM12,8 − 2.

A mistake in [CR3, Proof of Thm. 0.1] asserting the uniruledness of M16 was recently found [T],

leaving open the question of the Kodaira dimension of M16. Farkas and Verra [FV2] recently proved

that M16 is not of general type. We re-prove their result with our methods, and improve the bound on

the Kodaira dimension by 1:

Theorem 1.3. The Kodaira dimension of M16 is bounded by dimM16 − 2.

Finally, in [Sc] it is proved that the moduli space of pointed hyperelliptic curves H6,= of genus 6 ≥ 2

is of general type for = ≥ 46 + 7 and has nonnegative Kodaira dimension for = = 46 + 6. Moreover, it

was already known to be rational for = ≤ 26 + 8 and uniruled for = ≤ 46 + 4 (compare [Ca, Be]). Our

result is that H6,46+5 is uniruled.

Proposition 1.4. The moduli space of pointed hyperelliptic curves H6,46+5 is covered by rational

surfaces for 6 ≥ 2.

The basic principle in our proofs is the following: when M6,= is covered by rational curves Γ ⊂

M6,=, the family of curves X −→ Γ is a covering surface for M6,=+1, and the same holds for H6,=.

Proposition 1.4 is obtained by simply observing that the family X over the covering rational curve of

H6,46+4 constructed in [Be] is a rational surface.

For genera 13 and 14, we apply the same principle to the constructions of [Be] and [V, BV] but in

these cases the covering surfaces X are no longer rational – they are in fact of general type. However,

we can find positive curves on (covers of) X that negatively intersect the canonical divisor of M6,=+1

to obtain uniruledness. This comes at the cost of having to compute intersection numbers in M6,=, for

which, as we said before, it is essential to have a complete understanding of the singular elements in the

rational curve Γ ⊆ M6,=.

In particular we have to rule out instability, and to do so we need to carefully analyse the curve Γ. In

the cases of genera 13 and 14, a general curve [�] ∈ M6 sits in a smooth canonical surface ( ⊆ P= in

such a way that the linear system |O( (�) | on ( is positive dimensional. Then Γ is induced by a pencil

in this linear system, and to study its properties we specialise to particular surfaces (. Specialising to

particular surfaces to obtain information about the behaviour of general curves has been extensively

used throughout the literature on curves and their moduli, with rational surfaces and K3 surfaces having

a distinguished role. Inspired by [V, BV], we specialise to canonical normal crossing surfaces

(1 ∪ (2 ⊂ PA ,

where (1 and (2 are rational.

In Section 3 we develop the aforementioned criteria for smoothing pencils on any normal crossing

surface (1 ∪ (2 and apply these to obtain Theorem 1.1, for genus 13 and 14. We hope that these criteria

will be useful for further applications.

https://doi.org/10.1017/fms.2021.28 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.28


Forum of Mathematics, Sigma 3

To deduce the remaining results in genus 12, we exploit pencils on K3 surfaces. The strategy in this

case is inspired by [CR3], where nef classes M6,= are obtained by taking a family of curves on M6−1,=+2

and gluing together the two last marked points.

Finally, the result in genus 16 is obtained in the same way, looking at the marked curves in M15,2

constructed in [BV, FV2].

The structure of this paper is as follows. In Section 2 we state the general principle more precisely and

prove Proposition 1.4. Moreover, we construct nef curve classes Θ on M6,=+: coming from a family of

genus 6 curves X over a pencil Γ in M6,=. We also compute the intersections of Θ with the generators of

the Picard group of M6,=+: , assuming that Γ is a good pencil in the sense of condition (★★). In Section 3

we study in general pencils on normal crossing surfaces and establish criteria for their smoothability.

In Section 4 we apply the previous results for 6 = 13, 14 and deduce Theorem 1.1 in these cases. In

Section 5 we use pencils on K3 surfaces to deduce the remaining results in 6 = 12, and finally in

Section 6 we combine the various approaches to prove Theorem 1.3 for genus 16.

2. A general principle

Let M be a moduli space of curves and C the corresponding universal family. We will keep this vague

but bear in mind that M is the moduli space of pointed curves M6,= or pointed hyperelliptic curves

H6,=. We start by discussing a very elementary principle that allows us to lift curves covering M to

varieties covering C. Suppose that Γ is a curve with a nonconstant map

Γ M.

We can complete this diagram naturally to a fibred square

X C

Γ M.

In other words, X is the family induced by the curve Γ. The obvious observation is that

(★) if the curve Γ passes through a general point of M, then the surface X passes through a general

point on C.

This means that there exists a fibration Y → � of generically relative dimension dimX such that X

sits in Y as the central fibre and Y dominates C. A situation where the principle works particularly well

is when Γ is a pencil of genus 6 curves on a smooth surface (. In this case, the variety X is the incidence

correspondence

X = {(�, ?) ∈ ( × Γ | ? ∈ �},

and we see by construction that the projection map X → ( is birational, since it is an isomorphism

outside of the base points of Γ. Hence, we see that in this case the universal family C is covered by

surfaces birational to (.

As an application, we can immediately prove the following:

Proposition 2.1. The moduli space of pointed hyperelliptic curves H6,46+5 for 6 ≥ 2 is covered by

rational surfaces.

Proof. We look at H6,46+5 as the universal family over the moduli space H6,46+4. Benzo shows in [Be,

Prop. 4.1] that the latter is uniruled as follows: if
(
�, ?1, . . . , ?46+4

)
is a general pointed hyperelliptic

curve, then� can be realised as a divisor on P1×P1 in the linear system of ! = O(2, 6+1). Furthermore,

the linear system Γ =
��! ⊗ I?1 ,..., ?46+4

�� of curves in |! | passing through the points ?1, . . . , ?46+4 defines
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a pencil on P1 ×P1, and � belongs to it by construction. Then the previous principle shows that H6,46+5

is covered by surfaces birational to P1 × P1, and thus rational. �

In the rest of the paper, we will take as M the moduli space M6,= of stable =-marked curves of genus

6. The universal family over it is then naturally identified withM6,=+1, via the map c : M6,=+1 −→ M6,=

that forgets the last marked point. According to the general principle, we want to lift curves covering

M6,= to surfaces covering M6,=+1. As before, this works particularly well in the case of good pencils,

defined as follows:

(★★) A general pointed curve (�, ?1, . . . , ?=) ∈ M6,= lies in a smooth surface ( such that the linear

system Γ =
��O( (�) ⊗ I?1 ,..., ?=

�� is a nonisotrivial pencil of genus 6 curves. We assume moreover

that the base locus of Γ is reduced, meaning that two general curves in Γ intersect transversally,

and that for every curve � ′ in Γ, the =-pointed curve (� ′, ?1, . . . , ?=) is stable. We also add the

last technical condition, that the induced curve Γ → M6,= does not intersect the boundary

divisor Δ1:∅.

The last assumption is not strictly necessary but makes formulas simpler; see Lemma 2.3 and

Proposition 2.4. For a reminder of the definition of boundary divisors in M6,=, see after the proof of

Proposition 2.2.

Now we place ourselves in the situation (★★). The incidence correspondence

X = {(�, ?) ∈ Γ × ( | ? ∈ �}

is identified with the blowup of ( at the base points of Γ, via the projection map X −→ (, and thanks

to our hypotheses (★★) we have a cartesian diagram

X M6,=+1

Γ M6,=.

5

c (2.1)

The surface X passes through a general point of M6,=+1 and is birational to (. However, in many cases

the surface ( is of general type, so this does not give us information on the Kodaira dimension of

M6,=+1. However, this construction provides us with a wealth of curves covering M6,=+1, namely all

those covering (. In particular, any smooth curve � ⊆ ( which avoids the base points of Γ can be lifted

isomorphically to a curve � ′ in X. Furthermore, if � is a covering curve in ( and(
� ′ · 5 ∗ 

M6,=+1

)
< 0,

then M6,=+1 is covered by curves that intersect the canonical class negatively. Hence the canonical

divisor class of M6,=+1 is not pseudoeffective, so that M6,=+1 must be uniruled thanks to [BDPP]. We

can also iterate this strategy: assume we are in the situation (★★) and let �1, . . . , �: be a collection

of smooth curves in ( away from the base locus of the pencil Γ, intersecting pairwise transversally and

such that (�8 ·�) ≥ 1 for a general element � ∈ Γ. Then the curves �8 lift isomorphically to X, so that

we have natural maps �8 → Γ. Consider the base change diagram

Y X (

Θ := �1 ×Γ · · · ×Γ �: Γ.

(2.2)
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The map Y −→ Θ comes with = + : many sections B1, . . . , B=+: , where the first = is pulled back from

Γ −→ X and the last : is induced by diagonals

B=+8 : (?1, . . . , ?: ) ↦→ (?1, . . . , ?: , ?8) ∈ Y,

for 8 = 1, . . . , : . After blowing up Ỹ −→ Y at all the pairwise intersection points of the last : sections,

and assuming that the proper transform of �8 does not meet the singular points of the fibres, we obtain

a family of stable pointed curves

Ỹ M6,=+:+1

Θ M6,=+:

Γ M6,=.

(2.3)

Furthermore, if the curves �1, . . . , �: cover (, then the curve Θ covers M6,=+: :

Proposition 2.2. Under the assumptions (★★), let �1, . . . , �: ⊆ ( be smooth covering curves that are

away from the base points of Γ, that intersect pairwise transversally and whose proper transforms in X

do not meet the singular locus of the fibres of X → Γ. Then the numerical class of the obtained curve

Θ ∈ #1

(
M6,=+:

)
is nef.

Recall the following fundamental fact: let - be a smooth projective variety and Ξ ∈ #1(-) be a

fixed curve class. Assume for a general point ? ∈ - that there is an irreducible curve � ⊂ - passing

through ? with fixed numerical class � ≡ Ξ; then Ξ is nef – that is, (Ξ · �) ≥ 0 for all effective divisors

� ∈ #1(-). Indeed, for any effective divisor � in - , if we fix a general point ? ∈ - outside �, then

since � passes through ?, we have � · � ≥ 0. The same holds for coarse moduli spaces of smooth

stacks, where divisors are taken with Q-coefficients.

Proof of Proposition 2.2. We iterate the principle established before. By assumption, Γ ⊂ M6,= is a

covering curve, and therefore the universal surface X is a covering surface for M6,=+1. Since �1 covers

X, the curve �1 → M6,=+1 is a covering curve. Again we look at the universal surface X1 over �1; this

is a finite base change X1 → X induced by the finite map �1 → Γ. Since �2 is also a covering curve

for X, its pullback to X1 is a covering curve for X1 and therefore for M6,=+1. Iterating this process, since

none of the choices made changes the numerical class of the resulting curve (see Proposition 2.4), the

resulting curve Θ = �1 ×Γ . . . ×Γ �: is a covering curve for M6,=+: . �

In particular, if Θ intersects the canonical class of M6,=+: negatively, then this is not pseudoeffective,

so M6,=+: is uniruled.

To pursue this strategy, we need to compute some intersection numbers. Recall from [ACG] that

when 6 ≥ 3, the group PicQ(M6,=) is freely generated by the class _, the k-classes k8 for 8 = 1, . . . , =

and the classes of the irreducible components of the boundary. One component Δ irr corresponds to

irreducible nodal curves. Instead, for any 0 ≤ 8 ≤ 6 and any subset ( ⊂ {1, . . . , =}, we denote by

Δ 8:( the component whose general point is a 1-nodal reducible curve with two components such that

one component has genus 8 and contains precisely the markings of (. We observe that Δ 8:( = Δ6−8:(2 ,

and we require |( | ≥ 2 for 8 = 0 and |( | ≤ = − 2 for 8 = 6. We then define the classes Xirr = [Δ irr],

X8:( = [Δ 8:(] and X = Xirr +
∑
8,( X8:( .
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The canonical class of M6,= can be computed using Grothendieck–Riemann–Roch, and is given by

the formula

 
M6,=

= 13 · _ +

=∑
8=1

k8 − 2 · X − X1:∅. (2.4)

Finally we recall from [ACG, CR3] how to compute the intersection of these classes with a smooth

test curve Γ −→ M6,=. This curve corresponds to a smooth family X −→ Γ of stable genus 6 curves

together with = disjoint sections B8 : Γ −→ X. The intersection numbers are

(Γ · _) = j(OX) − j(OΓ) · (1 − 6),

(Γ · X) = jtop(X) − jtop(Γ) · (2 − 26),

(Γ · k8) = −
(
B8 (Γ)

2
)
.

(2.5)

Here jtop stands for the topological Euler characteristic.

Now we can compute the intersection numbers we are interested in. First we start with the situation

of diagram (2.1):

Lemma 2.3. In the assumptions (★★), let � ⊆ ( be a smooth and irreducible curve which avoids the

base locus of Γ as well as the nodes of the curves in Γ. Let us denote by � ′ its proper transform in X

and � a general fibre of X → Γ. Then the following are true:

(i) (� ′ · 5 ∗c∗U) = (� · �) (Γ · U) for every U ∈ PicQ

(
M6,=

)
.

(ii) (� ′ · 5 ∗k=+1) = (� ·  () + 2(� · �).

(iii) � ′ intersects trivially all the boundary divisors X0:{8,=+1} of M6,=+1.

In particular,

(
� ′ · 5 ∗ 

M6,=+1

)
= (� · �)

(
Γ ·  

M6,=
+ 2 +

( ( · �)

(� · �)

)
,

and if � is a covering curve and this is negative, then M6,=+1 is uniruled.

Proof. We observe that the familyX�′ −→ � ′ consists of at worst nodal curves, since the same holds for

the family X −→ Γ. Furthermore, thanks to our assumptions on �, the sections B1(�
′), . . . , B=+1(�

′),

defined after diagram (2.2), are pairwise disjoint, and none of them passes through the nodes of the

fibres of X�′ −→ � ′. Hence, the family X�′ over � ′ is already a family of stable and irreducible

(= + 1)-pointed curves. Now we compute the various intersection numbers:

(i) This follows from the projection formula together with the fact that map X −→ Γ has degree

(� · �) when restricted to the curve � ′.

(ii) We have a cartesian diagram

X�′ X

� ′ Γ,
ℎ

and since � avoids the base locus of Γ as well as the nodes of the curves in Γ, it follows that

X� ⊆ � ′ × X is a smooth divisor of class pr∗
1
ℎ∗OΓ (1) + pr∗

2
OX(� ′), where � ′ ⊆ X is the proper
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transform of �. Then the adjunction formula shows that

� ′ · 5 ∗k=+1 = − (B=+1(�
′) · B=+1 (�

′)) = deg
(
B∗=+1 X�′ −  �′

)
= deg

(
B∗=+1 pr∗1( �′ + ℎ∗OΓ (1)) −  �′

)
+ deg

(
B∗=+1 pr∗2(OX (� ′) +  X)

)
= (� · �) + (� ′ · (� ′ +  X′)) = 2(� · �) + (� ·  ().

In the third equality, we have used the fact that the canonical class on X�′ can be computed by

adjunction as j�′ = pr∗
1
( �′+ℎ∗OΓ (1))+pr∗

2
 j + Oj (�

′). In the fourth equality, we have instead

used the fact that the composition pr1 ◦B=+1 is the identity, whereas pr2 ◦B=+1 is the inclusion of � ′

inside X�′ .

(iii) Since � does not meet the base locus of Γ, the assertion follows.

Now we compute the intersection with the canonical class. We know from equation (2.4) and standard

formulas for pullbacks of divisor classes via the map c : M6,=+1 −→ M6,= (compare [ACG, Chapter

17], that

 
M6,=+1

= c∗ 
M6,=

+ k=+1 − 2

=∑
8=1

X0:{8,=+1} + X1:{=+1} .

Hence, the previous points together with assumption (★★) show that

(
� ′ · 5 ∗ 

M6,=+1

)
= (� · �)

(
Γ ·  

M6,=+1

)
+ 2(� · �) + ( ( · �),

which is what we wanted to prove.

To conclude, the assumptions show that 5∗�
′ yields a nef curve class on M6,=+1, so that if(

5∗�
′ ·  

M6,=+1

)
is negative, then M6,=+1 is uniruled by [BDPP]. �

We next consider the more general situation of diagram (2.3):

Proposition 2.4. Under the assumptions (★★), let �1, . . . , �: ⊆ ( be smooth covering curves that are

away from the base points of Γ, that intersect pairwise transversally and whose proper transforms in

X do not meet the singular locus of the fibres. Then the following intersection products hold for Θ in

M6,=+: :

(i) (Θ · U) =
(∏:

8=1(�8 · �)
)
· (Γ · U) for all U ∈ c∗PicQ

(
M6,=

)
, where c is the map that forgets the

last : marked points.

(ii) (Θ · k=+8) =
∏
9≠8

(
� 9 · �

)
· [( ( · �8) + 2(�8 · �)] +

∑
1≤0<1≤: (�0 · �1) for all 8 = 1, . . . , : .

(iii)
(
Θ · X0:{=+8,=+ 9 }

)
=

(
�8 · � 9

)
for all 1 ≤ 8 < 9 ≤ : , and Θ intersects trivially all the boundary

components X0:{8,=+ 9 } for 8 = 1, . . . , =.

In particular,

(
Θ ·  

M6,=+:

)
=

:∏
8=1

(�8 · �) ·

((
Γ ·  

M6,=

)
+ 2: +

:∑
8=1

( ( · �8)

(�8 · �)

)

−
∑

1≤8< 9≤:

(
�8 · � 9

)
;

and if this is negative, then M6,=+: is uniruled.
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Proof. The projection formula gives us (i). Let c=+8 : M6,=+: → M6,=+1 be the map that remembers

the first = marked points and the (= + 8)th one. Consider the diagram

Ỹ Y X�8
X

Θ �8 Γ.

�;

(2.6)

The push-forward c=+8,∗(Θ) in M6,=+1 is given by

(∏
9≠8

(
� 9 · �

))
�8 ,

where the curve �8 −→ M6,=+1 is induced by the middle vertical arrow in diagram (2.6). From

Lemma 2.3 it follows that if Δ 8 ⊂ Y is the diagonal section, then

−
(
Δ2
8

)
=

∏
9≠8

(
� 9 · �

)
·
[ (
 ( · � 9

)
+ 2

(
� 9 · �

) ]
.

After blowing up Y at the intersection of the diagonal sectionsΔ1, . . . ,Δ : , we obtain (ii) and (iii). For the

canonical class, we see that if c : M6,=+: → M6,= is the map that forgets the last : marked points, then

 
M6,=+:

= c★ 
M6,=

+

:∑
8=1

k=+8 − 2
∑

1≤8< 9≤:

X0:{=+8,=+ 9 }+

©­«
∑

(⊂{=+1,...,=+: }

X1:( − 2
∑
(

X0:(
ª®¬
,

where X0:( denotes the remaining X0-boundary components intersectingΘ trivially. By assumption (★★),

(Θ · X1:() = 0, and the formula follows.

To conclude, the assumptions show thatΘ yields a nef curve class onM6,=+: , so that if
(
Θ ·  

M6,=+:

)
is negative, then M6,=+: is uniruled by [BDPP]. �

3. Smoothing pencils on reducible surfaces

Now we need to find good pencils satisfying condition (★★). The trickiest part is to check that all curves

in the linear system Γ are stable. To do so, we will construct a pencil on a reducible surface (1 ∪ (2 with

this property, and we will show that this deforms to a pencil on a smooth surface.

More precisely, let us consider two smooth and irreducible surfaces (1, (2 ⊆ PA which meet transver-

sally along a smooth and irreducible curve �. We also consider two smooth and irreducible curves

�1 ⊆ (1, �2 ⊆ (2 which intersect the curve � transversally. We have the intersections

/1 = (�1 ∩ �) \ �2, /2 = (�2 ∩ �) \ �1, , = �1 ∩ �2,

which we can also consider as divisors on �. We observe that the divisor �> = �1 ∪�2 on the reducible

surface (> = (1 ∪ (2 fails to be Cartier exactly at the points of /1, /2: we can fix this by considering the

blowup Y> : (̃> → (> along these points. This can be seen also as the blowups Y8 : (̃8 → (8 along /8 for

8 = 1, 2 glued together along the proper transform of �, which we denote with the same letter. We see

that the proper transforms of �1 and �2, which we denote by �̃1 ⊆ (̃1, �̃2 ⊆ (̃2, intersect � precisely at
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the points of, . Hence, �̃> = �̃1 ∪ �̃2 is a Cartier divisor on (̃>, and the corresponding line bundle fits

into an exact sequence

0 −→ O
(̃>

(
�̃>

)
−→ O

(̃1

(
�̃1

)
⊕ O

(̃2

(
�̃2

)
−→ O� (,) −→ 0,

where the last map is (f̃1, f̃2) ↦→ f̃1 |� − f̃2 |�. Pushing forward along Y>, we obtain another exact

sequence

0 −→ Y>,∗O(̃>

(
�̃>

)
−→ (O(1

(�1) ⊗ I/1 ,(1
) ⊕ (O(2

(�2) ⊗ I/2 ,(2
) −→ O� (,) −→ 0, (3.1)

where the map on the right is the difference of the canonical restriction maps O(8 (�8) ⊗ I/8 −→

O� (�8 −/8) � O� (,). In particular, this shows that the sequence (3.1) is right exact. Then each section

in �0
(
(>, Y>,∗O(̃>

(
�̃>

))
which is nonzero on both (1 and (2 corresponds to a union of curves � ′

8 ⊆ (8

such that � ′
8 ∩ � = /8 ∪,

′, where, ′ = � ′
1
∩ � ′

2
is a divisor in |O� (,) |.

Now the idea is that a pencil of reducible curves in �0
(
(>, Y∗O(̃>

(
�̃>

))
can be smoothed out to a

pencil on a smooth surface.

Proposition 3.1. In the foregoing notation, let C ⊆ S be two flat families over a small pointed disk

(Δ , >) such that

(a) S> � (> and C> � �>,

(b) SC ,CC are smooth for C ≠ > and

(c) C is smooth.

Let Y : S̃ → S be the blowup along /1 ∪ /2 and let C̃ be the proper transform of C. Then C̃ is a Cartier

divisor on S̃, and the restriction of the sheaf Y∗OS̃

(
C̃

)
to the fibres of S −→ Δ is given by

Y∗OS̃

(
C̃

)
|S>

� Y>,∗O(̃>

(
�̃>

)
, Y∗OS̃

(
C̃

)
|SC

� OSC
(CC ).

In particular, if ℎ0
(
(>, Y>,∗O(̃>

(
�̃>

))
= ℎ0 ((C ,OSC

(CC )) for every C ∈ Δ , then sections of Y>,∗O(̃>

(
�̃>

)
deform to sections of OSC

(CC ) on nearby fibres.

To prove this, we need information on the local shape of S and C around the blown-up points. This

is explained in the following:

Lemma 3.2. In the hypotheses of Proposition 3.1, the threefold S is smooth away from the points of

/1, /2, where it has local equation

{GH − CI = 0} ⊂ CG,H,I × Δ ,

where (1 = {G = 0} and (2 = {H = 0}. Moreover, C has local equations {G = I = 0} and {H = I = 0}

around the points of /1 and /2, respectively.

Proof. Recall the following deformation theoretic sheaves and vector spaces (see [Fr, Ha]):

T8(> = EGC8
O(>

(
Ω1
(>
,O(>

)
, T8(> = Ext8

O(>

(
Ω1
(>
,O(>

)
.

The sheaf T1
(>

parameterises local first-order deformations, and T2
(>

local obstructions. The vector space

T1
(>

parameterises global first-order deformations, and T2
(>

global obstructions. Recall that complete

intersections are unobstructed, so first-order deformations can be lifted to a flat family over a small
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pointed disc (Δ , >) (compare [S-P, Tag 0DZG]). The local-to-global spectral sequence induces an exact

sequence

0 → �1
(
)(>

)
→ T1

(>
→ �0

(
T1
(>

)
→ �2

(
)(>

)
, (3.2)

where )(> = T0 is the tangent sheaf of (> and �1
(
)(>

)
parameterises locally trivial first-order de-

formations. The sheaf T1
(>

is supported on � and isomorphic to the line bundle N�/(1
⊗ N�/(2

. The

family S → Δ induces an element in T1
(>

with image under the map in sequence (3.2) given by

5 ∈ �0
(
�,N�/(1

⊗ N�/(2

)
. The local equation of S around the central fibre is given by

{GH = C 5 (I)} ⊂ CG,H,I × Δ .

The 3-fold S is singular at the zeroes of 5 . On the other hand,

T1
�>
� O(�>)B8=6 � O, and T1

(>
⊗ O�>

� O�>∩� .

The restriction of the standard normal bundle sequence of (> to �> induces the map

T1
�>

→ T1
(>

⊗ O�>

given by the natural inclusion O, → O�>∩� (compare [BV, Thm. 3.11]). The family C → Δ is induced

by an element in T1
�>

, whose image under the composition

T1
�>

→ �0
(
T1
�>

)
→ �0

(
T1
(>

⊗ O�>

)
(3.3)

coincides with the image of 5 ∈ �0
(
T1
(>

)
under the restriction map. The family C in S has local

equations given by {GH = C 5 (I), I = 0} around the points , , and by {GH = C 5 (I), I = 0, G = 0} and

{GH = C 5 (I), I = 0, H = 0} around the points of /1 and /2, respectively.

Note that the smoothness assumption on C forces 5 to be nonzero at , , whereas the condition that

the image of 5 in �0
(
T1
(>

⊗ O�>

)
must lie in the image of formula (3.3) forces 5 to vanish at /1, /2.

This makes the total family S singular at the points /8 . This does not come as a surprise, since the

smooth divisor C restricted to the central fibre of S fails to be Cartier.

To conclude, we observe that 5 has simple zeroes at the points of /1 and /2, otherwise the surface

(C = {GH − 5 (I)C = 0} would not be smooth for C ≠ 0. �

With this we can prove Proposition 3.1.

Proof of Proposition 3.1. Since the statement is essentially local, we can restrict to a small neighbour-

hood of S around a point ? ∈ /1, but we keep the same notation. Thanks to the local description of

Lemma 3.2, we can compute that the blown-up 3-fold Y : S̃ → S is smooth, so that C̃ is a Cartier divisor

on it. The exceptional divisor of the blowup is the smooth quadric surface � � P1 × P1, and the central

fibre of S̃ → Δ consists of the normal crossing surface (̃> ∪� = (̃1 ∪ (̃2 ∪� . We set �8 = (̃8 ∩� : inside

the smooth quadric � , these correspond to two intersecting lines. Instead, �� := �̃ ∩ � is another line,

in the same ruling as �2.

Now we fix the line bundle L := O
S̃

(
C̃

)
. It is clear that Y∗L |SC

� OSC
(CC ) for C ≠ 0. We need to

prove that Y∗L |S>
� Y>,∗OS̃>

(
C̃>

)
. To do so, consider the diagram

(̃> (̃> ∪ � S̃ C̃

(> S C.

Y>

8

` Y X

E

9 D

(3.4)
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First we are going to show that

9∗Y∗L � `∗8
∗L. (3.5)

We observe that the pair of morphisms (1 ∪ (2 → S and S̃ → S are Tor-independent, and therefore we

have an isomorphism in the derived category ! 9∗'Y∗L � '`∗!8
∗L (compare [Li, Thm. 3.10.3]). We

see that !8∗L � 8∗L, since L is locally free. Then, to obtain formula (3.5), it is enough to show that

'1Y∗L = '2Y∗L = 0. (3.6)

Indeed, in this case we have an isomorphism ! 9∗L � '`∗L in the derived category, and taking

cohomology in degree 0 we get exactly formula (3.5). To prove equation (3.6), consider the exact

sequence

0 → O
S̃
→ L → E∗OC̃

(
C̃

)
→ 0.

We know that '1Y∗OS̃
= '2Y∗OS̃

= 0, since it is the blowup of a rational singularity. From the

commutativity of the right square in diagram (3.4), we conclude that

'8Y∗L � '
8Y∗

(
E∗OC̃

(
C̃

))
� D∗

(
'8X∗OC̃

(
C̃

))
for 8 = 1, 2.

Since we restricted ourselves to a small neighbourhood of ? ∈ /1 in S, we can assume that both lC and

D∗l( are trivial. Then by adjunction we get

O
C̃

(
C̃

)
� O

C̃
(�� − E∗�) � O

C̃
,

and since X is the blowup of a smooth surface at a smooth point, we see that '8X∗OC̃

(
C̃

)
= 0 for 8 = 1, 2.

This shows that equation (3.6) and consequently formula (3.5) hold.

Now we need to show that `∗8
∗L � Y>,∗O(̃>

(
�̃>

)
. We see that C̃ and the central fibre (̃> ∪ � meet

transversally, so that 8∗L fits into the exact sequence

0 → 8∗L → O
(̃>

(
�̃>

)
⊕ O� (�� ) → O�1∪�2

(�� ) → 0.

Pushing forward along ` we get the sequence

0 → `∗8
∗L → Y>,∗O(̃>

(
�̃>

)
⊕

(
�0(�,O� (�� )) ⊗ O?

)
→ �0

(
�1 ∪ �2,O�1∪�2

(�� )
)
⊗ O? ,

and since�� is a line on � and �1 ∪�2 is the union of two lines in different rulings, it is straightforward

to check that the restriction map

�0(�,O� (�� )) → �0
(
�1 ∪ �2,O�1∪�2

(�� )
)

is an isomorphism, so that the last sequence shows that `∗8
∗L � Y>,∗O(̃>

(
�̃>

)
.

The last part of the proposition follows from Grauert’s theorem, since the sheaf Y∗OS̃

(
C̃

)
is torsion

free and hence flat over Δ . �

Now we can apply Proposition 3.1 to obtain good pencils in genera 13, 14 and 15.
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4. Pointed curves in genera 13, 14 and 15

4.1. Genus 13

We recall the construction of a good pencil satisfying condition (★★) for M13,3. We follow the con-

struction of [Be, Proof of Proposition 3.7]. Let [�, ?1, ?2, ?3] ∈ M13,3 be a general curve. Then

dim,2
11 (�) = d(13, 2, 11) = 1,

so that there exists a line bundle ! which is a complete g2
11

that does not separate the points ?1, ?2, ?3.

Furthermore, when such (�, ?1, ?2, ?3) and ! are general, the residual  � − ! is a very ample g3
13

that embeds � as a curve in P3 such that dim|I� (5) | = 2. Let ( ∈ |I� (5) | be a general quintic surface

containing �. The surface ( is canonical – that is,  ( = O( (�), where � is the hyperplane class of P3.

Then O� (�) = !, so that ℎ0 ((,O( (�)) = 4. Moreover, since ! does not separate the points ?1, ?2, ?3,

we see that

Γ =
��O( (�) ⊗ I?1 , ?2 , ?3

��
is a nonisotrivial pencil. Now we need to prove that Γ satisfies condition (★★).

Lemma 4.1. For a general choice of the curve (�, ?1, ?2, ?3), the linear series ! ∈ ,2
11
(�) and quintic

( as before, the pencil Γ satisfies condition (★★).

Proof. We first prove that ( is smooth and that all curves in Γ are at worst nodal. Indeed, in this case the

curves are automatically stable, because the corresponding dualising sheaf is given by the restriction

to the curve of O( (� +  () � O( (� + �), and since O( (�) is globally generated and O( (�) is very

ample, we see that the dualising sheaf is ample.

We check this by an explicit degeneration, with the help of Macaulay2 [M2] code [AB], which is

inspired by [KT]. As usual in these cases, the explicit computations are done over a finite field F? , but

by semicontinuity an explicit example over F? shows that there is another example over Q and then C.

Benzo considers in [Be, Proof of Proposition 3.7] a degeneration where the quintic is the union of

a smooth quartic and a plane; instead, we consider a degeneration where the quintic is the union of a

quadric and a cubic, because when both surfaces are rational the computations can be made explicit.

Thus, let (1 ⊆ P3 be a smooth cubic surface and (2 ⊆ P3 be a smooth quadric that intersect (1

transversally along a canonical genus 4 curve � = (1 ∩ (2. We can look at (1 as the blowup of P2 at six

points, embedded by the linear system − (1
∼ 3! − � , where ! is the class of a line in P2 and � is the

exceptional divisor of the blowup.

Let (> = (1 ∪ (2 as in Section 3. We can choose on (2 a general curve �2 of class O(2
(3, 1): this is a

rational curve of degree 4 and intersects � transversally along 12 points. Amongst these, we can choose

a subset, of eight points and then take a general curve �1 ⊆ (1 of class 13! − 5� passing through, :

this is a smooth curve of genus 6 and degree 9 in P3, and the union �> = �1 ∪ �2 has arithmetic genus

13 and degree 13.

Since the Hilbert scheme of genus 13 and degree 13 curves in P3 is irreducible, �> can be smoothed

in a smooth family C (compare [Be, Proof of Proposition 3.7]). Furthermore, it is easy to check via

Macaulay2 that ℎ0
(
P3, I�>

(5)
)
= 3 and that a general quintic that contains �> is smooth, so that (> can

be smoothed out to a family S. Then we are in the setting of Proposition 3.1, and to show that sections

of Y>,∗O(̃>

(
�̃>

)
smooth to sections of O(C (�C ), we need to prove that ℎ0

(
(>, Y>,∗O(̃>

(
�̃>

))
= 4. By

construction, �0
(
(>, Y>,∗O(̃>

(
�̃>

))
is the kernel of the difference map

�0
(
(1,O(1

(�1) ⊗ I/1 ,(1

)
⊕ �0

(
(2,O(2

(�2) ⊗ I/2 ,(2

)
−→ �0 (�,O� (,)),

where we have kept the same notation as in formula (3.1). Via Macaulay2 [AB], we can easily compute

ℎ0
(
(1,O(1

(�1) ⊗ I/1 ,(1

)
= 5, ℎ0

(
(2,O(2

(�2) ⊗ I/2 ,(2

)
= 4, ℎ0 (�,O� (,)) = 5;

https://doi.org/10.1017/fms.2021.28 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2021.28


Forum of Mathematics, Sigma 13

and moreover we can check that the restriction map �0
(
(1,O(1

(�1) ⊗ I/1 ,(1

)
→ �0 (�,O� (,)) is

an isomorphism and that the map �0
(
(2,O(2

(�2) ⊗ I/2 ,(2

)
→ �0(�,O� (,)) is injective. Hence the

kernel of the difference map has the expected dimension 4, and therefore Proposition 3.1 applies, so

that sections in �0
(
(>, Y>,∗O(̃>

(
�̃>

))
extend to sections in �0((C , �C ).

Then we can explicitly compute a pencil Γ in �0
(
(>, Y>,∗O(̃>

(
�̃>

))
where all curves are stable, and

by the previous discussion this can be smoothed out to a pencil with property (★★). To compute this

pencil, we start with a general pencil Γ2 ⊆
��O(2

(�2) ⊗ I/2 ,(2

��: we can check that the points of /2 are

general in (2 so that all curves in Γ2 are at worst nodal with at most one node. Moreover, all the nodes

are away from the curve �. Via Macaulay2 [AB], we can then compute a pencil Γ1 ⊆
��O(1

(�1) ⊗ I/1 ,(1

��
whose restriction to |O� (,) | coincides with that of Γ2. This gives a pencil Γ in �0

(
(>, Y>,∗O(̃>

(
�̃>

))
,

and we can compute with Macaulay2 [AB] that all curves in Γ1 are also at worst nodal and that the

nodes are away from �.

To conclude, we need to check the last condition of (★★), namely that the pencil Γ does not intersect

the boundary divisor Δ1:∅. First we observe that since the pencil Γ2 is general, every element there is

either smooth or a union of two smooth components meeting at one node. Then we need to prove that

every curve in the pencil Γ1 is irreducible and with at most one node. With the help of Macaulay2 [AB]

we can prove that all the curves in the pencil Γ1 have at most one node. Now we see from [dR] that �1 is

very ample on (1, and then [BL, Theorem A] shows that any curve in Γ1 is 2-connected and in particular

is not the union of two components meeting at one node – thus every curve in Γ1 is irreducible.

This argument shows that every curve in the resulting pencil Γ on (1 ∪ (2 has one of the following

dual graphs (see [ACG]):

0
8

6 0
8

5

6

0 1

0 0

5

0 1

0 0
(4.1)

A number on an edge represents how many edges are present between the adjacent vertices; if no

number is specified, it is one. By 0 and 1we mean nonnegative integers subject to the condition 0+1 = 8.

Recall from [ACG] that if � is a dual graph and 4 an edge between vertices E1, E2, a smoothing of �

along 4 is the dual graph obtained from� by removing 4 and replacing E1, E2 with a single vertex E with

6(E) = 6(E1) + 6(E2). Observe that if there is more than one edge between E1 and E2, smoothing along

one forces the remaining edges to become self-edges at E. If 4 is a self-edge on E, then a smoothing along

4 consists of removing 4 and increasing 6(E) by 1. A smoothing of a dual graph is an iteration of the

described surgery on edges. Let � be a curve with dual graph � and let � be another dual graph. Then

[�] ∈ M6 lies in the boundary strata Δ� if � is a smoothing of �. One can easily see from graph (4.1)

that no curve on Γ lies in Δ 8 , for 8 = 1, . . . , 6. In particular, the last condition of (★★) is fulfilled. �

Proposition 4.2. The moduli space M13,4 is uniruled.

Proof. We use the principle described in Proposition 2.4. Let [�, ?1, ?2, ?3] be a general point in M13,3

and Γ be a good pencil as constructed in Lemma 4.1. Observe that in order to resolve the pencil we have
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to blow up the quintic surface ( at 11 points. Let � be a quintic plane curve � ∈ |O( (1) |:

X� (̃ (

� Γ.

�;11

Recall that � ⊂ P3 has degree 13 and ( is a canonical surface, giving us

(� · �) = 13 and ( ( · �) = 5.

Moreover, we compute that

jtop

(
(̃
)
= 66 and j

(
O(̃

)
= 5.

Equations (2.5) give us (
Γ ·  

M13,3

)
= −4.

Then by Proposition 2.4 we conclude that M13,4 is uniruled. �

4.2. Genus 14

Pencils in genus 14 rely on the existence of a smooth (2, 2, 2, 2) complete intersection surface in P6

containing the curve in question. We will construct pencils satisfying (★★) by smoothing pencils in

the union of two rational surfaces meeting along a canonical curve of genus 7 in P6. This is inspired

by [V]; we borrow the description of a general curve of genus 14 from [V]. A general curve � of genus

14 admits finitely many line bundles ! of degree 8 such that ℎ0(�, !) = 2. For every such line bundle,

the residual  � − ! is very ample and induces an embedding � ⊆ P6 realising � as a degree 18 curve

in a 6-dimensional projective space. Moreover, the space �0
(
P6, I� (2)

)
of quadrics vanishing at � is

5-dimensional. In particular, � lies in a (2, 2, 2, 2) complete intersection surface

� ⊂ ( = &1 ∩ · · · ∩&4.

The surface ( is canonical, hence by adjunction we see that O� (�) � !, the g1
8

that we started with. In

particular, we see that dim|O( (�) | = 2, and for a general point ? ∈ (, the linear system consisting of

curves in |O( (�) ⊗ I? | is a general pencil Γ in |O( (�) |.

Now we should check that Γ satisfies condition (★★). The idea is to degenerate to a reducible surface

(> = (1∪(2 as before. We summarise here the construction in [BV, Section 3]: let (1 ⊂ P6 be a degree 6

del Pezzo surface and&1, . . . , &4 be four general quadrics containing (1. Recall that I(1/P6 is generated

by quadrics. By [BV, Lemma 3.2] and the subsequent discussion, the scheme-theoretic intersection of

the quadrics is reduced and

&1 ∩ · · · ∩&4 = (1 ∪ (2,

where (2 is a smooth irreducible rational surface of degree 10. Moreover, (1 and (2 meet transversally

along a quadric section � = (1∩(2 ∈ |O(1
(2�) |. The curve � is a smooth canonical curve of genus 7 and

degree 12 inP6. By the discussion after [BV, Lemma 3.2], the surface (2 is isomorphic to the blowup ofP2

at general points ?1, . . . , ?11, and the hyperplane class� is given by 6!−2(�1+· · ·+�5)−(�6+· · ·+�11),

where ! is the class of a line in P2 and the �8 are the exceptional divisors of the blowup. Instead,

[BV, Equation (3.6)] shows that the class of � in (2 is given by � −  (2
. A general curve �2 ∈

|2! − �1 − �2 − �10 − �11 | is a smooth rational normal curve in P6. Finally, we fix the intersection
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, := �2 ∩ �, which consists of eight distinct points, by [BV, Proposition 3.8], and we take a general

element

�1 ∈
��O(1

(�) ⊗ I, /(1

�� .
Now let (> = (1 ∪ (2 and �> = �1 ∪ �2. The curve �> ⊆ P6 has degree 18 and arithmetic genus 14,

and the pair ((>, �>) smooths out as in Proposition 3.1:

Lemma 4.3. The pair ((>, �>) smooths out to families C ⊆ S as in Proposition 3.1, where S is a family

of (2, 2, 2, 2) complete intersections. In particular, when � ∈ M14 and ! ∈ ,1
8
(�) are general, the

general complete intersection surface ( is smooth.

The proof is completely analogous to the proof of [BV, Thm. 3.11] in genus 15. We summarise the

construction for the sake of completeness.

Proof. Consider the exact sequences

0 → )P6 ⊗ O�>
→ )P6 ⊗

(
O�1

⊕ O�2

)
→ )P6 ⊗ O, → 0,

0 → O�2
→ O�2

(�)⊕7 → )P6 ⊗ O�2
→ 0,

where the second one is the restriction of the Euler sequence to �2. The map �0
(
)P6 ⊗ O�2

)
→

�0 ()P6 ⊗ O, ) is an isomorphism and ℎ1 ()P6 ⊗ O�1
) = 0, since �1 is a canonical curve. This implies

ℎ1 ()P6 ⊗O�>
) = 0 (see [BV, Proof of Prop. 2.6] for details), placing�> ↩→ P

6 in the unique component

H of the Hilbert scheme of curves of genus 14 and degree 18 in P6 that dominates M14. Moreover, the

Kodaira–Spencer map

)[�>↩→P6]H −→ )[�> ]M14

is surjective, and �> can be smoothed as a degree 18 curve of genus 14 inside P6 in such a way that the

total family C → Δ is smooth.

Let # ⊂ (1 be one of the (−1)-curves in (1. The curves�> and # intersect transversally at two points

not in, . Moreover, ℎ0
(
P6, I(1∪�2/P6 (2�)

)
= ℎ0

(
P6, I�>∪# /P6 (2�)

)
= 4 and ℎ8

(
P6, I�>∪# /P6 (2�)

)
=

0 for 8 ≥ 1 (compare [BV, Prop. 3.10]). From the exact sequence

0 −→ I�>∪# /P6 (2) −→ I�>/P6 (2) −→ O# −→ 0,

we conclude that ℎ0
(
P6, I�>/P6 (2)

)
= 5 and ℎ8

(
P6, I�>/P6 (2)

)
= 0 for 8 ≥ 1. Let

H̃ −→ H (4.2)

be the Hilbert scheme parameterising flags in P6

[
� ↩→ ( ↩→ P6

]
∈ H̃,

where
[
� ↩→ P6

]
∈ H and ( is a complete intersection of four independent quadrics containing �.

Map (4.2) is generically a P4-bundle. Let U ⊂ H̃ be the open subset where map (4.2) restricts to a

P4-bundle. The argument before places the flag
[
�> ↩→ (> ↩→ P

6
]

in U. The same argument as in [BV,

Theorem 3.11] shows that for a general point in U, the surface ( is smooth. �

Now we are in a position to show the stability of every element on a general pencil.

Lemma 4.4. For a general choice of curve (�, ?) ∈ M14,1, linear series ! ∈ ,1
8
(�) and (2, 2, 2, 2)

complete intersection surface ( as before, the pencil Γ =
��O( (�) ⊗ I?

�� satisfies condition (★★).
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Proof. As in the proof of Lemma 4.1, we start by showing that all curves in Γ are at worst nodal. We

keep the same notation as before. Lemma 4.3 puts us in the setting of Proposition 3.1, and in order to

show that sections of Y>,∗O(̃>

(
�̃>

)
deform to sections of O(C (�C ), we have to show that

ℎ0
(
(>, Y>,∗O(̃>

(
�̃>

))
= 3.

Note that /2 = ∅ and /1 = �1 ∩ � \, with |/1 | = 16. By construction, �0
(
(>, Y>,∗O(̃>

(
�̃>

))
is the

kernel of the map

�0
(
(1,O(1

(�1) ⊗ I/1 ,(1

)
⊕ �0

(
(2,O(2

(�2)
)
−→ �0(�,O� (,)). (4.3)

By [BV, proof of Proposition 3.8], the restriction map �0
(
(2,O(2

(�2)
)
−→ �0 (�,O� (,)) is an

isomorphism, and moreover, ℎ0
(
(2,O(2

(�2)
)
= ℎ0 (�,O� (,)) = 2. Then the exact sequence

0 −→ O(1
−→ O(1

(�1) ⊗ I/1/(1
−→ O� (,) −→ 0

shows that ℎ0
(
(1,O(1

(�1) ⊗ I/1/(1

)
= 3 and that the map �0

(
(1,O(1

(�1) ⊗ I/1/(1

)
−→

�0 (�,O� (,)) is surjective. Thus, the kernel of map (4.3) has dimension 3 as expected, and we can

apply Proposition 3.1.

To conclude, we construct a general pencil in �0
(
(>, Y>,∗O(̃>

(
�̃>

))
. To do so, choose a general

pencil Γ1 ⊆
��O(1

(�1) ⊗ I/1/(1

��: since the restriction from �0
(
(1,O(1

(�1) ⊗ I/1/(1

)
to �0 (�,O� (,))

is surjective, this induces the complete pencil Γ� = |O� (,) |, and since the restriction map from

�0
(
(2,O(2

(�2)
)

to �0(�,O� (,)) is an isomorphism, this corresponds to the complete pencil Γ2 =��O(2
(�2)

��. This builds a pencil Γ on (>; to prove that the corresponding curves are at worst nodal, it is

enough to show the same for the curves in Γ1 and Γ2, and we should also check that all the nodes are

away from the curve �. This is easily verified for Γ2, since this is just a pencil of conics passing through

four general points in P2. For Γ1 we can prove with Macaulay2 [AB] that all the curves in this pencil are

at worst one-nodal and that the nodes are away from �. At this point, we see from [dR] that the linear

system
��O(1

(�1)
�� is very ample, and then it follows from [BL, Theorem A] that all the curves in Γ1 are

2-connected, so they must be all irreducible.

Finally, we prove that the resulting pencil Γ on (1 ∪ (2 trivially intersects Δ1 in M14. As in the

proof of Lemma 4.1, by looking at the possible dual graphs we conclude that Γ does not intersect Δ 8
for 8 = 1, . . . , 7. �

As a corollary, we can prove the following:

Proposition 4.5. The moduli space M14,3 is uniruled.

Proof. Recall that the following intersections hold in the canonical surface ( ⊂ P6:

(� ·  () = 18,
(
 2
(

)
= 16,

(
�2

)
= 8.

Let Γ be the pencil
��O( (�) ⊗ I?

��, where ? is a general point on �. To resolve the pencil ( d Γ, we

have to blow up ( at eight points corresponding to the base locus of Γ. Observe that by equations (2.5),

the following intersections hold in M14,1:

(Γ · _) = 21, (Γ · k) = 1, (Γ · X) = 140.

Let �1, �1 be two independent curves in |O( ( () | away from the base locus of Γ. By Proposition 2.4,

the curve Θ induced by base change,
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Ỹ (̃ (

Θ = �1 ×Γ �2 Γ,

�;8

defines a nef curve on M14,3. Since

(
Θ ·  

M14,3

)
= 182

(
−2 +

16

9

)
− 16 < 0,

Lemma 4.4 and Proposition 2.4 show that the moduli space M14,3 is uniruled. �

4.3. Genus 15

The construction in genus 15 relies on the same (2, 2, 2, 2) complete intersection surfaces ( ⊆ P6 as in

genus 14. In particular, we will use the same normal crossing surface (> = (1∪(2 used in genus 14 and a

nodal reducible curve�> = �1 ∪�2; the only difference is that now we define�1 to be a general element

�1 ∈
��O(1

(� + #) ⊗ I, /(1

�� , (4.4)

where, := �2 ∩ � is as in Section 4.2 and # is one of the (−1)-curves on (1.

We recall the setting from [BV]. When� is a general curve of genus 15, the two Brill–Noether spaces

dim,1
9 (�) = 1 and dim,6

19 (�) = 1

are residual to each other. For a general ! ∈ ,1
9
(�), the residual line bundle  � − ! is very ample

and induces an embedding � ⊆ P6 such that ℎ0
(
I�/P6 (2)

)
= 4. The intersection of all the quadrics

containing � is a complete intersection surface:

� ⊆ ( = &1 ∩&2 ∩&3 ∩&4.

We observe that the surface is uniquely determined by ! ∈ ,1
9
(�).

The surface ( is canonical, meaning that  ( � O( (�), where � is the hyperplane class in P6.

Then adjunction implies that O� (�) = O� ( � − �) � ! is the g1
9

that we started with, and moreover,

ℎ0 ((,O( (�)) = 3, meaning that � moves in net on (. Furthermore, since there is a 1-dimensional

family of g1
9
, given a general two-pointed curve (�, ?1, ?2) ∈ M15,2 we can choose an ! that does not

separate ?1, ?2, so that the linear system

Γ =
��O( (�) ⊗ I?1 , ?2

��
is 1-dimensional. Farkas and Verra in [FV2, Proposition 4] show that Γ satisfies condition (★★);

moreover, Γ has only irreducible curves.

Lemma 4.6 ([FV2, Proposition 4]). For a general choice of the curve (�, ?1, ?2) ∈ M15,2 and the

linear series ! ∈ ,1
9
(�) as before, the pencil Γ satisfies condition (★★).

We add an alternative proof as an application of Propositio 3.1: in [BV, Theorem 3.11], Bruno

and Verra prove that the surface ( is smooth by considering a degeneration to the reducible surface

(> = (1 ∪ (2 of Section 4.2. We consider pencils on the same surface in order to apply Proposition 3.1.

Proof. In [BV, Theorem 3.11], it is shown that the analogue of Lemma 4.3 holds in genus 15 as well.

Then the proof is completely analogous to that of Lemma 4.4. We use the same notation here, keeping

in mind that the curve �1 is as in formula (4.4).
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We wish to apply Proposition 3.1, and to do so we need to show that the kernel of the map

�0
(
(1,O(1

(�1) ⊗ I/1/(1

)
⊕ �0

(
(2,O(2

(�2)
)
−→ �0 (�,O� (,)) (4.5)

has dimension 3. We recall from the proof of Lemma 4.4 that the map

�0
(
(2,O(2

(�2)
)
−→ �0(�,O� (,))

is an isomorphism between two spaces of dimension 2. Then the exact sequence

0 −→ O(1
(#) −→ O(1

(�1) ⊗ I/1/(1
−→ O� (,) −→ 0

shows that ℎ0
(
(1,O(1

(�1) ⊗ I/1/(1

)
= 3 and that the map �0

(
(1,O(1

(�1) ⊗ I/1/(1

)
−→

�0 (�,O� (,)) is surjective. Thus the kernel of map (4.5) has dimension 3 as expected. Now, as in the

proof of Lemma 4.4, it is enough to show that every curve in a general pencil Γ1 ⊆
��O(1

(�1) ⊗ I/1/(1

��
is at worst one-nodal and with all nodes away from �. This can also be done with Macaulay2 [AB].

Finally, by an analysis on possible dual graphs analogous to the proof of Lemma 4.1, we conclude that

the resulting pencil Γ on (1 ∪ (2 does not intersect Δ 8 for 8 = 1, . . . , 7. �

5. Kodaira dimension of M12,=

We turn our attention to pointed curves of genus 12. The strategy is inspired by [CR3, FV2]: we provide

a bound by constructing nef curves that come from covering curves ofM11,=+2, pushed forward toM12,=

via the Δ irr-boundary map. This is the map

\ = \6,= : M6−1,=+2 → M6,=

that glues the last two marked points. Standard formulas [ACG, Ch. 17, Lemma 4.36] in PicQ

(
M6−1,=+2

)
give

\∗Xirr = Xirr − k=+1 − k=+2 +
∑

X8:{=+1},

\∗ 
M6,=

= 13_ + k1 + · · · + k= + 2k=+1 + 2k=+2 − 2X − X1:∅ − X0:{=+1,=+2} .
(5.1)

Recall that if - is a variety and � a Cartier divisor on it, then the Iitaka dimension is defined as

^ (-, �) = dim

(
∞⊕
<=0

�0 (-, <�)

)
− 1

when the quantity on the right is nonnegative, and −∞ otherwise.

The following lemma is completely standard – see, for example, [CR3, FV2] – but we include a proof

for completeness.

Lemma 5.1. Let W ∈ #1

(
M6−1,=+2

)
be a nef curve class such that (W · \∗Xirr) > 0. If

(
W · \∗ 

M6,=

)
< 0

then M6,= is uniruled. If instead
(
W · \∗ 

M6,=

)
= 0, then

Kod
(
M6,=

)
≤ ^

(
M6−1,=+2, \

∗ 
M6,=

)
.
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Proof. Suppose first that
(
W · \∗ 

M6,=

)
< 0 and assume that < 

M6,=
is effective, for some < > 0.

Then this is numerically equivalent to a class 0 · Xirr + �, where 0 ≥ 0 and � is supported outside Δ irr.

Hence \∗� is an effective divisor on M6−1,=+2, and then (W · \∗�) ≥ 0. But then

<
(
W · \∗ 

M6,=

)
= 0 · (W · \∗Xirr) + (W · \∗�) ≥ 0,

which is a contradiction.

If instead
(
W · \∗ 

M6,=

)
= 0, the same reasoning shows that the class < 

M6,=
− Xirr is not effective

for any < ≥ 1. From the exact sequence

0 → �0
(
M6,=,O

(
< 

M6,=
− Xirr

))
→ �0

(
M6,=,O

(
< 

M6,=

))
→ �0

(
Δ irr,O

(
< 

M6,=

))
,

we see that

ℎ0
(
M6,=,O

(
< 

M6,=

))
≤ ℎ0

(
Δ irr,O

(
< 

M6,=

))
.

The map \6,= : M6−1,=+2 → Δ irr has degree 2 and is simply ramified along Δ0:{=+1,=+2}. In any case,

the following inequality holds:

ℎ0
(
Δ irr,O

(
< 

M6,=

))
≤ ℎ0

(
M6−1,=+2,O

(
< · \★ 

M6,=

))
.

�

Now we can conclude the proof of Theorem 1.1.

Proposition 5.2. The moduli spaces M12,6 and M12,7 are uniruled.

Proof. Let ((, �) be a general polarised K3 surface of genus 11 and G1, . . . , G9 be general points on (.

Fix a general pencil Γ ⊆ |O( (�) | passing through the points G8 . By Mukai’s construction (see [M] and

our proof of Theorem 5.3), the pencil gives a nef curve class W ∈ M11,9 and equations (2.5) give us that

W intersects the generators of the Picard group of M11,9 as follows:

(W · _) = 12, (W · k8) = 1, (W · Xirr) = 84, (W · X8:() = 0. (5.2)

Let us consider the gluing map \ : M11,9 −→ M12,7: from equations (5.1), we compute (W · \∗Xirr) = 82

and
(
W · \∗ 

M12,7

)
= −1. Then Lemma 5.1 shows that M12,7 is uniruled, and thus M12,6 is uniruled as

well. �

Finally, we can bound the Kodaira dimension of M12,8.

Theorem 5.3. The Kodaira dimension of M12,8 is bounded by dim
(
M12,8

)
− 2.

Proof. Let ((, �) be a general polarised K3 surface of genus 11 and G1, . . . , G10 be general points. The

pencil Γ =
��O( (�) ⊗ IG1 ,...,G10

�� induces a nef curve class W on M11,10, and for its push-forward along

\ : M11,10 → M12,8, we see that

(
W · \∗ 

M12,8

)
= 0 and (W · \∗Xirr) = 82.

Then Lemma 5.1 shows that

Kod
(
M12,8

)
≤ ^

(
M11,10, \

∗ 
M12,8

)
.
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We proceed to bound the right-hand side. Recall Mukai’s construction [M]: there exists birationally a

P1-bundle P over the moduli space F11,10, where the general fibre over ((, �, G1, . . . , G10) ∈ F11,10 is

the linear system of curves in |� | passing through the points G8:

P1
�

��O( (�) ⊗ IG1 ,...,G10

�� . (5.3)

The natural mapP d M11,10 is birational and is defined on the complete general fibre ofP → F11,10 –

that is, every 10-pointed curve in the general linear system (6.3) is stable. Moreover, the push-forward

of the general fibre intersects \∗ 
M12,8

trivially. Thus,

^
(
M11,10, \

∗ 
M12,8

)
≤ dim

(
M11,10

)
− 1,

and we conclude. �

6. Bound on the Kodaira dimension of M16

Finally, we turn our attention to curves of genus 16. The proof is the same as in [FV2], but their

key technical result [FV2, Proposition 4] is replaced by our Lemma 4.6, which we have proved via

Proposition 3.1. Furthermore, we observe that the bound on the Kodaira dimension can be pushed lower

by 1.

More precisely, we provide a bound by constructing nef curves that come from covering curves of

M15,2, pushed forward to M16 via the Δ irr-boundary map.

Thus, let (�, ?1, ?2) be a general 2-pointed curve of genus 15 and

Γ =
��O( (�) ⊗ I?1 , ?2

��
be the pencil of Lemma 4.6. Standard computations and equations (2.5) lead to the following intersection

numbers between Γ and the generators of PicQ

(
M15,2

)
:

(Γ · _) = 22, (Γ · X) = 145, (Γ · k1) = (Γ · k2) = 1. (6.1)

Theorem 6.1. The Kodaira dimension of M16 is bounded by dimM16 − 2.

Proof. Let \ : M15,2 → M16 be the Xirr-boundary map that glues the two marked points. By construction,

the curve Γ is a covering curve for M15,2. Now, from equations (5.1) and (6.1) we have

(
Γ · \∗ 

M16

)
= 13(Γ · _) + 2(Γ · (k1 + k2)) − 2(Γ · X) − (Γ · X1:∅) −

(
Γ · X0:{1,2}

)
= 0, (6.2)

and Lemma 5.1 applies:

Kod(M16) ≤ ^
(
M15,2, \

★ 
M16

)
. (6.3)

We will bound the right-hand side. Let G be the moduli space of smooth (2, 2, 2, 2) complete intersection

surfaces ( ⊆ P6, together with two marked points ?1, ?2 ∈ (, all up to a linear change of coordinates.

This space can be seen as the geometric invariant theory quotient by PGL7 of an appropriate universal

family over an open subset of Gr
(
4, �0 (OP6 (2))

)
.
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Also let W be the space that parameterises isomorphism classes of tuples (�, !), where � ∈ M15 is

a genus 15 curve and ! ∈ ,1
9
(�). This dominates M15 with a 1-dimensional general fibre. We consider

the incidence correspondence

Σ ⊂ G ×W

G W

? @

consisting of points ((, ?1, ?2, �, !) ∈ Σ ⊂ G×W such that� ⊂ (, ?1, ?2 ∈ �, O� (�) � ! and ! does

not separate the points ?1, ?2. We consider the fibre of the map 5 : Σ d M15,2: for a general pointed

curve [�, ?1, ?2] ∈ M15,2, the space ,1
9
(�) is 1-dimensional and there are finitely many ! ∈ ,1

9
(�)

which do not separate ?1, ?2 (see also [FV2, Section 2, page 6]. Then the discussion in Section 4.3

shows that each such ! uniquely determines an element ((, ?1, ?2) ∈ G. Thus the map 5 is generically

finite. Moreover, the map ? is birationally a P1-bundle over the image. The fibre over a general point in

the image ?((, �, ?1, ?2, !) = ((, ?1, ?2) ∈ G is given by the pencil

Γ �
{
((, �C , ?1, ?2, !) | �C ∈

��O( (�) ⊗ I?1 , ?2

��} ,
where �C is always stable (compare Lemma 4.6). Let � ⊂ G be the image of ? and consider the

generically finite map to M15,2

Σ M15,2.

�

5

?

The map 5 is defined over the complete general fibre � of ?, and the computations of equation (6.2)

show that (
5∗� · \∗ 

M16

)
= 0.

Thus, the Iitaka dimension of \∗ 
M16

is bounded by the dimension of �, and this, together with

inequality (6.3), gives us the desired bound. �
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