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RANDOMIZATION MODULI OF CONTINUITY FOR ¢2-NORM
SQUARED ORNSTEIN-UHLENBECK PROCESSES

M. CSORGO, Z.-Y. LIN AND Q.-M. SHAO

ABSTRACT ~ We establish exact randomized moduh of continuaty for £2-norm squared
independent Ornstein-Uhlenbeck processes

1. Introduction. Let {Y(1),—0c0 < 1 < oo} = {Xi(t),—00 < 1 < 00}°, be a
sequence of independent Ornstein-Uhlenbeck processes with coefficients v, and A, i.e.,
X (-) are stationary Gaussian processes with EX;(f) = 0 and

EX ()X, (1) = % exp(—Mlt—s), k=1,2,...,
k

where v, > 0, \; > 0.
The process Y(-) was introduced by Dawson (1972) as the stationary solution of an
infinite array of stochastic differential equations

dXi(H) = —NXe (D dt+ Q7)) dWi(n), k=1,2,...,

where {W, (1), —00 <t < 00}°, are independent Wiener processes. Since EX*(1) = z—:
it is easy to see that for every fixed #, Y(¢) is almost surely in £? if and only if

(1.1) T = E(Zx,f(r)) =3 % < o0.
k=1

k=1 "k

The main purpose of this paper is to study the behavior of the real valued process
(1.2) X2t = S X2(1), —oo <t<oo.
k=1
We introduce first the following notations:

(1.3) o) = E(Xu(t + ) — X)) = —2)%:5(1 My,
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(14) Fh) = E(X2t+h) — X20) = 4 ( ) (1 — ¢ 2Ny,
(1.5) o*(h) = max ok(h) & (h) = malx Gr(h),
(1.6) o*(h) = 2 or(h) =2 Z —e M,
(17) Fhy =3 6Xh) = 4 Z(—k)“(l )
k=1 k=1 >‘k

We will need also the notion of a quasi-increasing function. A function f(x) defined
on (a, b) is called quasi-increasing if there exists a positive ¢ such that

fx) <cf(y)foralla <x<y<b.

The process XZ(') was studied by Iscoe and McDonald (1986, 1989), Schmuland
(1988), Csorgd and Lin (1990), Csaki and Csorgd (1992), Csaki, Csorgd and Shao (1991).
We note that the real valued process x(-) is continuous almost surely if and only if the
necessary and sufficient conditions of Fernique (1989) for the almost sure continuity of
Y(-) € £% hold true (cf. Corollary 5.1 of Cséaki and Csorgé (1992)). Csorgd and Lin (1990)
investigated the problem of moduli of continuity for x*(-) under the condition

(1.8)

< 00

Mg
=

k

and, in this case, they proved the following results: Assume that 7}, is non-increasing

1
ith limlog T}, / log + = oo. Th
w1th;l1_r’n0 ogT,/ og . = 00. Then

(19) lim su p su M
=0 |1, 0<s<h (8hM)? log(T,/ h)

where M = max;>, 7’%/)\,(.
Csaki, Csorgd and Shao (1991) obtained the following similar results to (1.9): Assume
that 5(h) / h® and 6*(h) / h“ are quasi-increasing on (0,1) for some o > 0. If

- 1z -
(1.10) G (h)(logz> = o(6(h)) as h— 0,
then
2 2

(L. 11) limsup sup sup M

h—0  o0<i<io<s<h 6G(h)(2 log )
If
(1.12) 5(h):o(5*(h)(1ogh)*) ash— 0,
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then

2 2
(1.13) limsup sup sup M

— 7 <T1as.
h—0  0<r<10<s<h a*(h) logz

At the end of their paper, Cséki, Csorgd and Shao (1991) conjectured that (1.11) remains
valid with equality instead of the inequality under condition (1.10) and that there is no
function 6(h) such that

limsup sup sup O(h)|x>(1+5) — x>(1)| = 1 ass.
h—0  0<1<10<s<h

if (1.12) is satisfied.

In this paper we give a partial answer to the above conjecture in that we give condi-
tions for exact, though randomized, moduli of continuity for the £2-norm squared process
x2(-). We present our main results in Section 2. Their proofs are given in Section 3.

Throughout this note we will use the following notations: log.x = In max(x, e), where
In is the natural logarithm; ®(x) denotes the standard normal distribution function; [x]
denotes the integer part of x.

2. Mainresults. Let x2(-) be the ¢2-norm squared process defined by (1.2). We put
2.1 N=#{k:v >0}
and define the real valued process

o0
2.2) k) =43 %(1 eI, 1k >0,
k=1 "k

THEOREM 2.1. Assume (1.1), N > 2 and thatas h — 0

23) 2 = o (h/ 10g)").
(2.4) Ak%:’ll(j\l;)z=0<h/log%>.
Then

2 2
2.5) lim sup ————IX (t+9) — x| =

su N (11— 9)% a.s.
—0o<i<nro<s<n T(¢,h)(2log 3)?

forevery 0 <0 < 1.

THEOREM 2.2. Assume (1.1), N > 1 and thatas h — 0

2.6) o2(h) = o (h/ loglog%)%),
2.7 E%(I_Z)z :0<h/10g10g%).
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Then
2 32
(2.8) limsup sup X+s) = x (t)|, =1la.s.
n—0 o<s<h I'(t,h)(2loglog })2
2 32

2.9 lim su X (+h) X(l[)_, =1las

n—o  T'(t,h)(2loglog 3)2
foreach t.

The next two corollaries follow from Theorems 2.1 and 2.2 immediately.

COROLLARY 2.1. Assume that

2

(2.10) 5
k=1

k
< 00,
k

>

(2.11) > Ve log Ay < 00.
k=1

Then (2.8) and (2.9) hold true if N > 1 and so does (2.5) if N > 2.

COROLLARY 2.2. Let M\ = k% Y, = k%, a > max(0, 1 + 3,2 +23). Then (2.5), (2.8)
and (2.9) hold true.

Our next example shows that Theorem 2.1 may fail if ¥V = 1.

EXAMPLE 2.1. Let Ay = 1,7, = 1,7, = 0 for each i > 2. Then, for all positive
functions f(h)

Xt +5) — X230

P(lim inf sup sup = oo) > 0.

—0 o<r<io<s<n L (& A)f(h)

The proof of this example follows by noting that, on account of an Ornstein-

Uhlenbeck process X(-) being nowhere differentiable, with positive probability there ex-

ists a random #o such that 0 < o < 1, X(to) = 0 and supy,;, X*(fo + s) > O for every
0 < h < 1. Hence

X2(to +s) — X2(to)
0<s<h 1X(20)]

for all A > 0, from which we conclude Example 2.1.

3. Proof of theorems. We start with a preliminary lemma.

LEMMA3.1. Let {£,,n > 1} be a sequence of independent standard normal random
variables and {a,,,n > 1} be a sequence of non-negative numbers with 5°7° | a, < 0.
Then

=
(ST

3.1) P{ > x} < 2exp(—L)

2 max,> q,

(Baet) - E(xa)
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for each x > 0.

PROOF. It is well-known that one can rewrite

Sag) = s Soale,
=1

el <ti=

where b = (b1, b2, ...). By Borel’s inequality (cf. Adler (1990)) we have

P[(Sag) - E(Sae) [

00 1 00 1
=P ’ sup » balé, —E sup ) balf, zx}
lIb]l,,<1:=1 16]ls,<11=1
2
§2exp( )
2supyy), <) T2 bia
§26xp( x )
2max,>1a,sup“b”/ <22 b;
2
= 2 _— |,
exp( 2max121a1)

as desired.

LEMMA 3.2, Let {X)(t), —00 < t < 00}2, be a sequence of independent Ornstein-
Uhlenbeck processes defined as in Section 1. Let 6(h) and 6*(h) be non-decreasing func-
tions such that o(h) < 6(h) and o*(h) < 6*(h). Assume that 6(h)/h* and 6*(h)/ h* are
quasi-increasing on (0,1) for some a > 0. Then

< 8a.s.

00 2
(3.2) limsup sup sup i ‘(X"([+s) ()
h0 0<i<i0<s<h  0*X(h)log § + 62(h)

PROOF. This is Theorem 4.1 of Cséki, Csorgd and Shao (1991) with minor mod-
ifications. It was assumed in their Theorem 4.1 that o(h)/h* and o*(h) / h* are quasi-
increasing.

PROOF OF THEOREM 2.1. We first list two facts.
(3.3) T?(t,h) is a non-increasing function of 4 for each ¢ fixed,
(34) T, h)/hé is a non-decreasing function of 4 on (0, ) for each ¢ fixed if
(35) Tyt 2 Xi(0) < g7 k) for0 <h < 8.
Let {W,(¢),t > 0} be a sequence of independent standard Wiener processes. It is easy
to see that
{ (ﬁ)% Wi(e) >

,—00 <t < 00 and {X,(1), —o0 < t < 00}
Ak e/\k[ 1 { k() }k—l
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have the same distribution. Hence, we can redefine

Vi \ 3 Wi(e?)
(36) Xk(t): ()\—k) —7\“——, k: 1,2,...,
5 B X /Yy 2 ok le(eZAu)
(3.7) l"(t,h)—4k2::l<)\—k) (1= 2o o,
Fort, s > 0, we have
(3.8)
N 49) =0 = 230 (Xult +5) = Xe () Xu(0) + Y- (Xt +5) — Xi(1)
k=1 k=1
—9 20 Y, Wi(ePMHH9)) — Wi(eXM') Wy(eP M)
- :\— eM(1+5) Mt
k=1 Mk
v, W (eZAkr) s 0 )
—22 k "ew (1= ™)+ 3 (Xt +5)— X))
Therefore,
x v, W (euk(rﬂ)) — W, (eZAAI) W, (eZAAr)
2 2 k Wi k k
X (t + S) -X (t) S 21(:] /\—k e/\k(f-H) e/\u
(3.9) Vi Wi s
—22 : T2t (e
= A(t,s) — Az(t, s),
where
Ve Wk(e2)\k(l+s ) _ Wk(é’Z/\“r) Wk(ez*")
(3.10) Ai(t,s) =2 Z e v
00 ) W2 2)\kl ]
(3.11) A(t,s) =2 Yi —&—)(1 — e M),

e Ak 62/\“

We show first that

2 —_—
(3.12) limsup sup M

<(1 9) a.s.
h—0  o<i<n0<s<h L['(t,h)(21o gh)
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Letl <é6<2and hy = 6% k=1,2,... . Then, by (3.8) and (3.3)

i @ +5) = X2
imsup sup —_—
h—0  o<i<nt 0<s<h 1(¢,h)(2log h)'

2 2
<limsup sup lX (t+s)— (t)l
J700 0<t<h 0<s<h, I, )2 log 7 )

2t + 2t
< 62 lim sup sup M
J00 0<i<h! 0<s<h, I'(t,h)(2 log i )'

A (t
<6 limsup sup —J—'(—L—
00 0<I<h! 0<s<hy (¢, hy)(2 log i )2

Ay (t, h)
+2limsup sup ————2——
Joo 0<e<t T'(t, hy)(2 log - 7 )z

T2 (Xt +5) — X ()2

(.13) +2limsup sup sup 7
jooo 0<i<loss<h,  T(t )2 lOgE)i
<62 lim sup max sup sup
J—00 0<<", : (=D, <t<@+1)(y— Dk 0<s<h,
Y. W, 20 (1+5) W, 2Mp1 W, 2Ak1h on
2’2001 A’; e A,(zm) s k(fkm ) )‘
131
['(t, h)(2log h—/) b
Ao (8, hy)

+32limsup sup ————
Joo 0<r<t T(t, )2 log 7 )2

X (t+5) — Xp(1))?
+32limsup sup sup 2 (Xt +5) kl( )
J—00 0<r<10ss<h r(f,hj)(Zloghi)i

= 671, + 321, + 3215,
It follows from (3.3) that
(3.14) inf T2(t,h) > h inf T2(s, 1) foreach 0 < h < 1.
0<r<1 0<r<1

Since N > 2, there are at least two of the {7} which are positive. Without loss of
generality, assume 7Y,V > 0. Then

Vi \? —2y 2N 2 Mt 20 ot
> — k k 1 2
G.15) o<<1l"(’ 1> 4m1n2()\k)(1 e e Olsr;;(w,(e )+ W3(e™h)
> 0as.

by a theorem of Kakutani (1944) (c¢f. Theorem 2.10 of Knight (1981)). Therefore,

(3.16) ing Mosit T B)

> 0a.s.
J>1 h,
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by (3.14) and (3.15). Using Lemma 3.2 and (2.3), we obtain

S22 (Xi(t +5) — Xp ()

3.17 limsup sup sup , ] =0as.
h—0  0<t<10<s<h h2(log 1)z
A combination of (3.17) with (3.16) yields
(3.18) I; =0as.
Notice that
3, W) ok

mdx0<,<h DIre )\k (u“h (1 — e Mh)

3.19) I, <2limsup
J—00 info<,< T(2, hj)(2 log E)S

T2 (Xi( + 5) — Xi(D)?
+2limsup sup sup
J—00 0<i<t0<s<h, info<<1 T2, h))(2 log 0 )‘

MaXg<,<p 1 Z;?i| f\f(l ~/\Ahj)M_j_”_
= 2limsup — as.
J—00 mfog,gl F(t, hj)(2 lOg h~j)3
by (3.18). It follows from Lemma 3.1 that
o~ Yk o WE(EMH) 2 2 1
P{l; )\—k(l—e k /)—em— > 16(0 (hy)) + 0*“(h)) log h,)
1
00 Vi o W’%(eZ/\kthj) 3
< —(1 — yy k7
- P‘(kz::l )\k(l e 2wl
1
00 Vi —/\kh W’%(eb\“h,) 3 N 1 %
_ K AN S S— > —
E(; k(l Ry > 20 (hj)(l()g h,)
1
< — il
< 26xp( 4log h]>
= 2h
and hence
MaXge, <1 g %-’:(1 — e My ﬁ#
(3.20) lim sup — ; <l16as.,
J—00 o%(hy) + 0*2(h)) log i

which, together with (3.16), (2.3) and (3.19), implies

(3.21) I =0a.s.
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Note that

TR (1 — e MNX (1 +5) — Xe(1)?

limsup sup sup
J—00  0<r<10<s<h, h}

. 02 (2h) S0 | (Xt + 5) — Xu(0))?
<limsup sup sup
(3.22) J00 0<I<I0<s<h, hy

0?(2h)) + 0*2(2h)) log - oo 2
< limsup sup sup ; (Xe(r +5) = X, (1))
J—o0 0<r<10<s<h, h, log i k=

<

=0a.s.

by (3.17) and (2.3). We conclude from (3.22) and (3.16) that

infys—na,<i<aeiyo—m T By)
TG@ — Dy hy)

lim  max
IR0 0<< g hl !

— 1{ =0a.s.

Thus, we have (putting i,, = i(6 — 1)h))

(3.23)
2‘ Z -7’( Wk(euk(’“)) Wk(ez”\k') Wk(euk ],)‘
. k= [ /\ (r+5) Ak
I, <limsup  max sup  sup ‘ — et
J00 OSISHIN/(6=1) by, <t<h, . 0<s<h, F( h.,h)(2log i)’
2‘ Zfol % W,((en"(”’h;”);Wk(eu"h/') W (fuk /,)’
=1 \ (s+h, )
<élimsup  max sup : e I
J—oo O<i<h? 1/(6—1)0<s<h, I'(hy,,0h)(21log ,—)5
22, BN W) !’L(e“*"“)‘
/\k(Hs) ’\khjx
+limsup  max sup  sup —
Jooo Oi<H! /@E=1) by, <t<h, . 0<s<h, l"(h,,,,h,)(2 loghi/)i
=1+ 1;

by (3.3). We write

;- 2.
\ §00 1 A L Y A A Wk(ez*khf‘)}
1 PRYIEoN Yo

I11(i,j) = sup

1,4
0<s<6h, ['(hy,, h)(21og E)Z
2[5, & W) —Wy(e™*1) W (e‘***ﬂ),
k=1 X, e+ R

L2(i,j)) = su sup
St 0258, Tl — Dh)(2log 1)F
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For 0 <" <s < éh,;, we have

£l 7y, Wk(eZ)\k(th,)) _ Wk(eZ)\kh],) Wk(eZ/\k(v’-o-hj,)) . Wk(eZ/\kh],)
kz::; M ( M5+ ) a MG+ ,) )

2Mh 1)
Eg__Q|ww”WL k:Ll~J

2( 2 \h
Y 2W e~ M) _ _ / A (s— _ ’
k) ( (1 e 28 F e 208 e Ar(s—s") oy Ar(s+s ))

ek
00

4>

(3
XY\ 2 WZ(eZ)\khj )
E ( ) 2/\kh/'

k=1

I
= 21 (I 55— s’))

>~

IA
o0

(1 _ e*)\k(vf.&‘/))

k

and

’Yk W, (eZAk(Hh,,)) — W, (e2/\khj.) Wk(ez’\k 1) 12 .
( , ey W ’ Wi(e”™), k:1,2,...)

ek

=T? (h,,,,s).

We prove below that T2(k,,,s)/s'/® is a.s. non-decreasing on (0,6h,). It follows from
(3.1) and (2.4) that for each ¢ > 0

W2 (™K
fH (G
=1 =1 0<h<h, h -
i
00 BETD o 00 vy 2W2(e2)"‘hl') 2[71
< P( (2) = > )
j:Zl Py [z::() /\Ei >‘k 2 hy, hj
1
o0 (éfl)hj 00 00 2 2/71
<3y e 8 (F)wo- 2 (3) 255
=ast =0 N\ Sy A aor M 2 h
oo @ ‘nhj 00 62[ zh 1
< 2exp(~ )
Z:l =1 fX::o 2maxAk>z,(A )2
00 (ﬁ—ll)hj 00 2[
<> ZZexp<—4log—)
J=1 1=1 (=0 ]
< 00.

This proves that I“z(hj‘,, s)/sl/9 is a.s. non-decreasing on (0, 0k,) forall j, i, by (3.4), (3.14)
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and (3.15). Applying now Lemma 2.2 of Cséki, Csorgd and Shao (1991), we arrive at
(3.24)
P(11.1G.j) > 821 = 0)* ) = EP(I),(i.j) > 8*(1 — 07

Mk =1,2,...)
1
< K; exp(—é(l —6)log —)
hy
5(1—6)
< Kb
where Kj is a constant depending only on é. Therefore
(3.25) Iy <8(1—0)? as.

by (3.24) and the Borel-Cantelli lemma.
Similarly, we can obtain that

(3.26) lim sup max 12(i,)) <4(1 — 9)2 a.s.
Joo 0<ish 1l

Hence

(3.27) Lo <41 —0)1(6 — T as.,

since I'(h,,, s)/s$ is a.s. non-decreasing on (0, /).
Putting the above together, we conclude that

2
(3.28) limsup sup sup M < 9)‘ +4(1 -9)%(6 — 1)% a.s.
h—0  o<i<h?0<s<h T (¢, h)(2 logh)z

This proves (3.12) by the arbitrariness of 6 > 1.
We show next that

X2t +5) — X))

(3.29) liminf sup >(1— )7 as.
=0 g<<pro<s<n L(t,h)(2 logh)'
Again, welet 1 <6 <2,h, = 6/. Then
(3.30)
2+ 2t 2(t+ 2t
liminf sup M > liminf sup su e+ =0
h=0  g<i<pro<s<n T'(t,h)(21log h)‘ J70 0<i<ht 0<s<h (e, -2 log L i )2

2(¢ _ 2
\f yoo o<,<hao<s<;. I, h)(2logh)z

| 2((i + Dhy) — x*(ih
> — liminf max x i+ Dh) (l'j)
\/g 00 ()<1<h9 1 F(ih,,h/)(z log hl)i

i Ay (ih, h
> 1 liminf max 10 ) J) 1
\/—5 J—00 O<1<h‘9 ! r(l hj)(z lOg hl)5

1 Ao (ihy, hy)
— limsup max
VB o o<i<i? ' T(ihy, h))(2 log - )z

::./1—
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by (3.3), (3.9), (3.10), (3.11). From (3.18), we get

(3.3D) Jr=0as.
Since T2 % W"(eukw;:'(.{ .);,W () wk(fk'h' is anormal random variable when conditioned
on W, (e”k"'/), k=1,2,..., we have
(3.32)
] 7h —
P{ max A1 (iR, by) 531 — 0)%}
o<e<h? ") T'(ihy, hy)(2 logh )‘
A (ihy, h _ 1
:51{ max 16 ’), ‘563(14));}
o<e<tn! "1 T'(iky, by)(2l0g 57)?
91
( A, . B) <6 - )} W@ Ty k= 1,2,...,)
((R% "k, h)(21og 7)?
J Y
| N Ai(ihy, by _ 1
_q>(5*3(1—9)%(210g—)2)1>{ b)) 3(1—9)%}
h, 0<1<lh0 1TGh;, )2 log 0 )‘
\ 1 1oy
_ =31 _ Ay —\2
= (cb(zs (1= ) (210g, ) ))
exp(—67%(1 — 0) loghi) W
<|1-— i
( 463(1 fH)%(Zlog hi)i +1))
7
h(b’*l)(l*b’ﬁ)
S €xXp ( - ! 1 1 )
4631 —0)2(2log )z +1)
Consequently,
(3.33) N >6741 —0) as.

by (3.32) and the Borel-Cantelli lemma.
This proves (3.29) by (3.30), (3.31), (3.33) and the arbitrariness of § > 1. The proof
of Theorem 2.1 is now complete.

PROOF OF THEOREM 2.2.  Without loss of generality, assume ¢ = 0. Note that
I%0,h
(3.34) ( ) >T120,1) =2 Z( ) — e MWE) > 0as.

Proceeding again as in the proof of (3.12), we can obtain

2 2
(3.35) limsup s X +5) = x|
h—0 0<\<h I'(0, h)(21oglog h)z

<1la.s.

For establishing the lower bound, it suffices to prove only that

2 h) — 2
(3.36) lim sup X = x© - > las.
n—0 T(0,h)(2loglog ;)2
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Let 1 <6 < 2 and define
_ K _
(3.37) h=e"*, k=12,....

Then

2 2 2 22
XW-xO . “w x“(h) — x*(0)

lim sup — > lim —
I'(0, h)(2 log log 5)7 7~ 1(0, h,)(2 loglog h—j)i

2\h
. 2%, Xf _&_*Tf;%j—_wxm W, (1)
> lim sup £ ™
J—00 I'(0, h)(2loglog E)E

252, (1 — e MWL)

— lim sup I
J—00 I'(0, h,))(2loglog h—])i
(3.38) 2 zk‘ n Wi I)::;'Vk(ezz\khj*l ) We(1)
> lim sup e ]
J00 r(o, h))(2 loglog hl)z

2z, R W Wby, ()
— lim sup
J—00 'O, h)(2 ]og log ;T)‘
_ 2552, E(1 = e MW
— lim sup
J—00 I'(0, h))(2loglog h—j)z
= Ll - L2 - L3’

by (3.9).
In terms of Lemma 3.1 and (2.6), similarly to (3.21), we have

(3.39) L; =0 as.

Noting that =72, "i m@_k%'h)_w& W, (1) is a normal random variable when conditioned
on W, (1), k=1,2,..., we have

2' Zlc:ol hrs Wk(é‘n"";"h) Wk(l)Wk(l)‘
at P> xy = (20 — 1)
(@2, (G2 i — WD)

for each x > 0, which yields immediately that

2‘ 2’30] % W‘(eZAAh{\:(Ih)_W"“)W (1)‘
(3.40) lim sup

<1as.
oo (4572, ()2 (e — DWA(1)H (2 loglog 1)}

We show next that for each j > 1

(3.41)2(%) e (e — W) < 3( f*‘)%f( ) — e MWL),

k=1
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We note that we have

5

=1\ Ak

(kN2 e W 2
< Ky — ol ~
'1;:1()\/) e Wil —e YW (1)

2
) ¢ (Ml _ I)W,f(l)

-( ¥ + ¥ )(%)ze‘*“’]u—e*2*k"ﬁ'>wf<1>

k
NSUho) b NSy

ey T2
DD (/\_k) 2k Wi+ Y <X‘~> e Y w21
M=ty NSOy 3O
'7k 2 2>\kl’lj th 5
< K22 TR 20k WAL
> .(/\k) Te2nh fy O T EMWD

M) 2

2 oM
+2 Z <’_/\Y_li) e (;,/”)7(1 _e72/\4h,)u/£(l)
)\k>(h,h,+|)7% k

géj (1+2(hj'i")%) ) (%)2(14*2*"11)%2(1)

!
M<(hhyy) 2

_ 3 2
w2 W00 () = e iy
Ak

N> ()™

< 3(}';1—;') g(z—i)z(l — e W),

94—

This proves (3.41). A combination of (3.40) with (3.41) implies
(3.42) L, =0as.

It is easy to see that we have

B . L
P T <é ", j>n
I'(0, hj)(21oglog ;-)?

k=1 il

) 2\h 20h4
250 b el (1
(3.43) SP{ S isa

T'(0, hy — hys1)(2 loglog )

=11 <I>((S’3(2loglog ;:;)l>

izn

An elementary calculation yields

(3.44) H(D((S";(Zloglog%)%)—»0asn—»oo.

jzn i
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Therefore,
(3.45) L >6%as.

and (3.36) now follows from (3.38), (3.39), (3.42), (3.45) and the arbitrariness of § > 1.

This completes the proof of Theorem 2.2.
The proofs of Corollaries 2.1 and 2.2 are trivial by Theorems 2.1 and 2.2, and hence
omitted.
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